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PREFACE 



This te^ has grown out of some seven years' eiq^erience in the 
teaching of large classes of engineeritig students in general phys- 
ics in the University of Michigan. Throughout the course of 
this work one hour a week waa devoted wholly to the soliUion of 
pracH€(d problems bearing upon the fundamental principles treated 
in the lecture room and hboralory. This phase of the work proved 
so satisfactory that it was deemed desirable to incorporate the 
typewritten exercises into the form of the present volume. This 
was done both for the convenience of our own students and iu- 
Btructors, and also with the hope that the exercises may be of 
service to other teachers of physics. These exercises are intended 
to supplement the usual one year's course in general physics, with 
a supply of material of such rai^e and variety as will be likely 
to stimulate the student's interest and clarify his understanding. 

The chief characteristics of this text may be summarized 
briefly as follows: 

1. Staietneni of Fundamental Principles. — Accompanying each 
set of problems there is a brief statement of the fmidamental 
principles involved, and also a large number of illustrative ex- 
amples which enable the student to proceed with his work with 
a minimum of time and attention on the part of the instructor. 

2. Character of the Problems. — The problems are practical, care- 
fully graded, and are thoroughly workable. 

3. Range of Problems. — The one thousand and twenty-five 
problems herein contained offer a range and variety which will 
enable the instructor not only to select examples suitable for 
special groups of students, but also to vary the assignments 
from year to year. 

4. Data Modem. — The data presented in connection with these 
exercises are thoroughly modem and in accordance with the rec- 
ommendations and practice of the United States Bureau of 
Standards, and of our Scientific Societies and Engineering 
Associations. 

5. Problems Original.— Most of the problems of this set are 
original, having been written by the author, in conjunction with 
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Prof. N. E. ^Villiams of the Department of Phy»cB, UniTersity 
of MichigaD. It should be stated, however, that in the prepara- 
tion of the exercises many sources of iofonnatioD have been 
drawn upon, acknowledgment in each individual case not always 
being considered necessary, or convenient. 

The author cannot hope that these problems are entirely free 
from errors. He will consider it a favor, therefore, if teachers 
who use the text will inform him of corrections or criticisms. 

The author wishes to thank Professors N. H. Wilhams and 
D. L. Rich, both of the Department of Physics, University of 
Michigan, for helpful criticisms and valuable suggestions. 

W. D. H. 

Ann Abbor, MicmoAN. 
Avguit, ldl6. 
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PROBLEMS IN PHYSICS 

CHAPTER I 

MECHANICS OF SOLIDS 

imiTS OF HEASUKEHEHT 

1. Fnadamentol TTnite. — ^The fundamental units of measurement are 
those of length, mass, and time. In the United States the legal units of 





length and mass are derived from the standards of the metric system, which 

was legalized by Act of Congress in 1866. The English imits of this country 

(the foot, the pound, etc.) come historically from the units of Great Britain; 

they are, however, defined in terms 

of the metric system. The U. S. 

English units of length and mass, 

therefore, differ somewhat from 

the corresponding British nnit«. 

For example, the U. S. inch is 

1/30.37 of a standard meter; the 

British inch, 1/36 of a standard 

British yard. The U. S. inch is 

just a little longer than the British f^ 

inch, as may be seen from the 

following; 1 meter = 39.37 U. S, 

inches = 30.37079 British inches. 

S. Metric Standards.— The In- 
ternational metric standards of i 
length and mass are kept at the ' 
International Bureau, at SSvres, I 
near Paris, France, The U, S. I 
metric standards are the National 
meter and kilogram, kept at the 
Bureau of Standards, Washington, D. C. Our national metric standards are, 
as nearly as possible, exact copies of the international standards. There is 
shown in Fig. 1 a reproduction of a photograph of the U. S. national meter; 



FiQ. 3. — U S. standard kilogram. 
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2 PROBLEMS IN PHYSICS 

in Fig. 2, a cross-section of the national tneUir (actual Kte) ; in Fig. 3, the V. 
S. national kilc^iam. 

S. Spelling and Abbreviation of Units. — According to Ciioular No. 47, 
issued July 1, 1914, the National Bureau of Standards offers certain recom 
mendations with refcTence to the spelling and abbreviations of units. 
Among the rules adopted by the Bureau are the following: 

1. "The period is omitted after abbreviations of metric units, while it 
is used aft«r those of. the customary system." For example, we should 
write cm for centimeter, mm for millimeter, m for meter, and so on; in the 
case of unite of the English system, however, we write ft. for foot, 16. for 
pound, m. ft. for cubic foot, etc, 

2. "The exponents * and * are used to signify area and volume respec- 
. lively, in the case of the metric units, instead of the loiter prefixes Bq. cm. 

or cu. cm." In accordance with this rule, therefore, we should write cm* 
for aquare centimeter, and cm' for cubic centimeter. It must be noted in 
this connection, however, that it is customary in chemical practice, as well 
as in physics, to employ the symbol cc to demgnate the milliliter; that is, 
1/lOOQof aliter. 

3. "The use of the same abbreviations -for both mngulai and plural is 
recommended." Thus, cm may stand for centimeter or centimeters. 

4. Uetrlc Units of Length. — The metric unit of length is the meter. A 
meter is the distance between two points on a platinum iridium bar kept 
at the Bureau of Standards at Washington, the measurement being made at 
0°C, In designating fractions of the meter we use the Latin prefixes, 
deei, emit, milli; multiples, the Greek prefixes, deka, heclo, k{io. The divi- 
uons and multiples of the meter are given in tjie following tables: 

Fractiacia Uultipls* 

1 decimeter (dm) = l/IO meter 1 dekameter (dkm) » 10 meters 

1 centimeter (cm) = 1/100 meter 1 hectometer (hm) " 100 meters 

I millimeter (mm) = 1/1000 meter 1 kilometer (km) = 1,000 meters 

5. Metric Unit of Volume. — The metric unit of volimie is the cubic meter 
(m*). The fractional units of volume are the cubic decimeter (dm') and the 
cubic centimeter (cm*). 

6. Metric Unit of Capadty. — Hie metric unit of capacity is the liter. 
A liter is the volume of 1 kg of air^ree distilled water at 4''C. The 
feason for definii^ the liter in terms of the volume of a kilogram of air^ree 
distilled water at 4°C, instead of defining it directly as 1,000 cc is because 
of the convenience in calibrating glass flasks and similar vessels. 

1 Uter - 1,000 cc - 1,000.027 cm' 

1 CO = l/lOOO liter = 1 milliUter (ml). 

Since a kilogram of water at 4°C has a volume which is very neariy equal 
to a cubic decimeter, a liter will be considered as equivalent to 1,000 cm' 
unless specifically stated to the contrary. 

Bureau of Standards Circular No. 9 contains the following statement: 
"In all volumetric work the unit of volume employed is the miUUiter 
and not the cubic centimeter, but in this country it ia ordinarily desig- 
nated by the letters cc. This designation is so firmly established both 
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MECHANICS OF SOLIDS 3 

in the trade and in laboratory practice tliat it is for the present retained 
in this circular, though in Htrictness the abbreviation m{ should be used. 
It is hoped that the correct usage may soon replace the present inexact 
use of the term cc." 

7. UeMc Units of Hub. — The U. S. standard of mass is the kilogram. 
A kilogram is a mass equivalent to the National Standard Kilogram. A gram 
is 1/1000 of a kilogram. For all practical purposes a gram may be con- 
Eudered as equivalent to the mass of a cubic centimeter of ur-free distilled 
water. The divisions of the kilogram and gram are given in the following 

1 gram (g) » I/IOOO kilogram (kg) 

1 dec^ram (<^) •■ 1/10 gram 
1 centigram (eg) — 1/100 gram 
1 milligram (mg) = 1/1000 gram 

8. Unit of Time. — ^The tmit of time is the second. A second is 1/86,400 
of a mean solar day. A solar day is the interval between two successive 
passages of the sun across a given meridian. Solar days vary in lei^th 
throughout the year. A mean solar day is the averse length of all the 
solar days taken throughout the year. The time recorded by watches and 
clocks is expressed in mean solar time. 

9. Metric Units and U. S. English Equivalents. — The following table 
contains the metric units of length, capacity, and mass and their legal 
English equivalents. 

Metrio Unita Encluh Equivalents 

1 meter = 39.37 inches 

1 Uter = 1 .0567 quarts (liquid measure) 

1 liter ^ O.OOSquarte (dry measure) 

. 1 kilogram ^ 2.204622 pounds 

1 gram = 15.432 grtuns 

10. U. S. English Units and Metric Equivalents.— The following table 
Qont^ns the U. 3. English unita of length, fig. 4, capacity, and mass, 
together with certain recently adopted standards. 



|| l i| y ii| V('/| i|i|li yi| i i' i 'l i nt ''|'''i' . '|'' ' i'i '| i 'il' | 

Fia. 4. — Relation of inch to centimeter. 

U. S. Bn^uh Unita 

L inch — 1/39.37 meter = 2.54 centimeters 

1 quart (L.M.) - 946.333 cubic centimeters 

1 quart (D.M.) = 1,101.2 cubic centimeters 

1 pound = 1/2.204622 kilogram = 453.592 grama 

I gallon = 231 cubic inches 

1 bushel •■ 2,160.42 cubic inches 

1 standard barrel = 7,056 cubic inches 
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4 PROBLEMS Ilf PHYSICS 

U. XJ. S. Colna. — According to the rules of the United States Mint, Gm 
following pieces of money, as legalised by act of Congress, are coined in 
terms of tiie metric units of mass. The mass of a 

S-cent piece (nickel) — fi.O grama, 

10-cent piece (dime) — 2.5 grama, 

2fr«ent piece (quarter) — 6.25 grams, 
50-cent piece (half dollar) — 12.5 grams. 

Problems 

Note. — In the solutioD of all problems involving the ratio 

3.1416 the symbol t should be used, unless stated to the contrary. 

Example. — Find the area of a circle the radius of which is 10 in. 

Ans. Area = lOOrsy. in. 

1. (a) Find the value of 2.6 km in meters, centimeters, milli- 
meters, (h) Find the value of 104 cm in millimeters, meters, 
kilometers. 

2. In 10 mUes there are how many rods? yards? feet? kilo- 
meters? 

3. The ordinary country highway is 4 rd. wide. This is 
equivalent to how many feet? meters? 

4. At the 1912 Olympiad held in Stockholm, Sweden, the 
"100-meter dash" was won in the record time of 10.6 sec. At 
this rate, find the average speed of the runner in (a) feet per 
second ; (ft) miles per hour. 

6. The great cannon used by the Germans in the reduction 
of the Belgium forts in 1914 were known as "42-centimeter 
guns." Find the diameter of the bore of these guns in inches. 

6. The train known as the "Twentieth Century Limited" of 
the New York Central R. R. is scheduled to run from Chicago 
to New York, a distance of 1,003 miles in 20 hr. Find the aver- 
age speed of this train in (a) miles per hour; (b) kilometers per 
hour; (c) feet per second; (d) meters per second. 

7. The beat speed ever made by a vehicle running on rails, 
up to the present time (1916), was that recorded in the Berlin- 
Zosaen tests of electric cars, Oct. 27, 1903, when a rate of 210 km ! 
per hr. was attained. Find the speed attained by this car in 
miles per hour. 

8. The highest speed (1916) ever travelled on the surface of 
the earth in a vehicle was made in an automobile run during a 
speed test over the hard and level surface of the crystallized 
salt beds at Salduro, Utah, Aug. 12, 1915. The best time for 1 
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MECHANICS OF SOLIDS 5 

mile was 25.2 Bee. Find the equivalent speed in (a) miles per 
hour; (6) kilometers per hour. 

9. The radius of a circle is 10 cm. Find the area of this circle 
in (a) square centimeters; (6) square inches. 

10. Find the cross-sectional area of the bore of a 42-cm gun 
in (o) square centimeters; (6) square inches. 

11. According to Act of Congress, 1916, the diameter of the 
"head" of a standard barrel for "fruits, vegetables, and other 
dry commodities," shall be 17K in- Find the area of the end 
of this barrel in (a) square inches; (b) square centimeters. 

12. The circumference of a cylindrical water tank is 20t 
ft. Find in feet and meters (a) the i:adius; (fi) the cross-section^ 
area. 

13. The height of the tank (problem 12) is 20 ft. Find in 
square feet (a) the lateral area of the tank; (b) the total area. 

14. Find the volume of the tank (problem 12) in (a) cubic 
feet; (b) liters. 

16. Find the capacity of the tank (problem 12) in gallons 
(Uquid measure). 

16. A cubic foot of water weighs 62.4 lb. Find the weight 
of the water in the tank (problem 12) when it is full, (a) in pounds; 
(b) in kilograms. 

17. The radius of a sphere is 10 cm. Find (a) its area in square 
centimeters; (b) its volume in cubic centimeters. 

18. The radius of a sphere is 1 ft. 8 in. Find (a) its area in 
square inches; (b) its volume in cubic inches. 

19. Find the ca[>acity of the sphere (problem 18) in (a) quarts; 

(b) liters. 

20. The volume of a sphere is 2304n- cu. in. Find in square 
feet (a) the area of a sphere; (b) the area of a great circle of the 
sphere. 

21. The radius of a base of a right cone is 4 ft. Its height is 
10 ft. Find (a) the lateral area of the cone; (b) the total area; 

(c) the volume. 

22. The cone (problem 21) is filled with water. Find the 
weight of the water in (a) pounds; (b) kilograms. 

23. The spherical bulb of a thermometer is 0.6 cm in diameter 
(inside measurement). It is filled with mercury, density 13.50 
grams per cm*. Find in grams the mass of the mercury in the 
bulb. 

24. Twelve bicycle balls, each having a diameter of 1 cm are 
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6 PROBLEMS IN PHYSICS 

dropped into a liquid having a density of 0.8 grams per cm*. 
Find (a) the volume of the liquid displaced; (&) the mass in 
grama of the liquid displaced. 

26. An overflow vessel is full oi distilled water having a 
temperature of 4°C. Into this vessel there is dropped six 
spherical metal balls of uniform size, causing a displacement of 
13.824r grams of water. Find the diameter of one of the balls. 

26. Out of a circular piece of metal of radius 10 in. there is 
cut a sector having an arc of 1 ft. Find the area of the sector. 

27. According to the rules of the U. S. Mint, a 5-cent nickel 
coin has a mass <tf 5 grams; a 10-cent piece, a mass of 2.5 grams; 
a 25-cent piece, a mass of 6.25 grams. Find the weight in pounds 
of $10 in (a) nickels; (6) dimes; (c) quarters. 

SOME FUnCAMENTAL EQUATIONS 

13. Dlmentiontl Fonnnla. — It is frequently of advantage to expreu 
phj^cal quantities in tenna of length (Z>), mass (,M), and time (T). For 
example, the dimeiiBional formula for aa area (a lengtii multiplied hy a 
length) is £>*; likewise the dim.eiiBioDaI formula for a volume is LK Denntj 
is equal to maas per unit volume; that is, D — M/V. The dimensional 
formula for density, then, is M/L* = ML~ '■ 

13. Angular Ueasnre. — An angle may be measured in degrees <a radians. 
In a complete circle there are 360°, or 27r radians. Suppose that the radius 
r. Fig. 5, rotates about the point from A to A', sweeping out the angle 0. 
The angle la measured by the arc < and may be ex- 
pressedinradiansordegreea. In this text, unless stated 
to the contfaiy, angles designated by the Greek letters 
0, 0, a, (0, etc., represent angles measured in radians. 
In a complete circle there are 2ir radians, or 360°. 




radians = 
2t radians = 
1 radian 



rc/radius 



s/r 



180/ir = 180/3.1416 - 57.296" 



Fig. 5. — Curvature. 



14. Curvature. — Curvature is the space rate of 
change of direction. From Fig. 5 we may write, 

Citnalure - angle/arc ■= 0/s = 1/r 



15. Hie Right-angled Triangle. — Trigonometrical functions relate pri- 
marily to the relation of the sides of a r^t-angled 
triangle to the direction angle (fi), Fig. 6. 



16. Projection on Rectangular Axes. — It is fre- 
quently of importance to get the projecljon of a f,q_ g_ — Functions of 
(pvea vector quantity upon the x- and y-axes. the angle $. 
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MECHANICS OF SOLIDS 



For example, the projectiooa of b upon the x- and y-oxea ai 
the quantities a and cf. Fig. 7; that ia 





IT. SiiaB and Angles of a Triangle. — In solutions involving the sides . 
and angles of a triangle, Fig. 8, there are three important equations which 
should be learned by the students. These are: 



6- - a' + C + 
6' = Q' + C - 
a/sin A — b/m 



B - c/sin C 



Example. — Consider the triangle, F^. 8. The side a is 20 units; c ia 
15 units; and the d ia 60°. Find the magnitude and direction of b, with 
respect to a. 

SoIirfMm.— 6' = 400 + 225 + 2 X 
300 X 0.fi. Hence Ike magnitude of 
b = 30.4. Now the direaion of h i» 
determined by the angle C, Angle B ■• 
120°; then 30.4/0.866 = IS/sin C. 
Angle C = 25° 18'. 

The composition and resolution 4^ 
velocities, accelerations, and forces, 
or any other factors which may be 
treated by the vectorial method, may 
be considered as problems in trigo- 
nometry, in which we have to deal 
with the sides and angles of a triangle. 

fzdtnpJe. — Suppose that a smoke- 
stack, I^ig. 9, is supported in a given 
pifme by two steel cables which are 
fastened to a staple S, attached to a post. At a given time the wind 
pressure is so distributed that the force exerted on SO is 240 lb., and the 
force exerted on SP is 180 lb. The angle OSP is 20°. We wiah to 
find the magnitude and direction of the resultant force acting on the 
staple 8. We represent the two forces (180 and 240} as the aides of a 
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8 PROBLEMS IN PHYSICS 

triangle, a and c, Pig. 10, the angle being 20°. Our problem is to find tha 
Bide b, and the angle C. 

Solution.— By equaHcn 6' - a' + c* + 2<ic cos S, b' - 180' + 240' + 
2 X 180 X 240 X 0.9397. Hmee b - 413.7, and bg equation of AH. 17, 
(wifle C = 10* 41'. 




Problems 

28. Velocity (p) = length/time. Show that the dimensional 
formula for velocity is LT - '■ 

29. Acceleration (a) = velocity/time. Show that the dimen- 
sional formula for acceleration is LT~'- 

30. Force {F) = mass X acceleration. Show that the dimen- 
sional formula for force ia MLT ~ *■ 

31. Momentum (mi;) = mass X velocity. Write the dimen- 
sional formula for momentum. 

32. An angle (9), measured in radians, = arc/radius. Explain 
what is meant when we say that the dimensional formula for 
9 is LyLt'^- 

33. Show that the dimensional formula for curvature (ff/s) = 
L->- 

34. A body moving in a circle passes over an arc of 20 cm in 
a given time. Find the curvature when the angle awept out is 
(a) 40°; (b) ir/8 radians. Be sure to name the units in vjhich 
your answers are expressed, 

36. Find the curvature of a body moving in a circle when the 
radius is (a) 12 cm; (6) 12 in.; (c) 1 ft. 

36. A body moves in a circle, through an arc of 2 ft., sweeping 
out an angle of 30°. Find the curvature. 

37. Two forces, F and F', act on a body ftt the point 0, F to 
the eastward (right) and F' to the northeast, making an angle of 
45° with F. The magnitude of F is 30 lb.; that of F', 20 lb. 
lilnd the magnitude and direction of the resultant R. Make 
sketch to illustrate the solution of the problem. 

38. Find the vertical and horizontal components of the 
resultant B (problem 37). 
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MECHANICS OF SOLIDS 6 

39. Consider the resiUtant force R actii^ on the staple S, 
Fig. 9, to be 500 lb. The distance QP' is 80 ft.; the distance 
SQ is 110 ft. Find (a) the angle which the resultant R makes 
with the ground SQ; (6) the horizontal component of the force 
acting on the staple S; (c) the vertical component. 





FiQ. n. 



Fig. 12. 



40. A man rows a. boat in a northeasterly direction OA, 
Fig. 11, with a velocity of 3 miles per hr. At the same time the 
boat drifts, due to the wind, in the direction OB with a velocity 
of 21^5 ft. per sec. The angle AOB is 30°. Find (a) the 
mfigiiitude of the resultant velocity and (b) the direction in which 
the boat actually moves with reference to an . „ 
east- west line. 

41. Find (problem 40) (a) the easterly, and 
(6) the northerly velocity of the boat. 

42. Suppose that the man (problem 40) rows 
the boat in the direction OA with a velocity 
of 3 miles per hr., and the wind and currents 
carry him westward at the rate of 3 miles per 
hr. How far west of 0, Fig. 11, will he be 
in 1 hr.? 

43. Suppose that a force F, of 100 lb., Fig. 
12, acts vertically on the rope passing over 

the pulley A. The rope b makes an angle pjg ^3 Com- 

with the vertical at W of 30°, and c makes poaenta of water 
an angle of 10°. Neglecting the friction of P'**™^- 
the pulleys, and assuming that the force appUed at F is trans- 
mitted undiminished to all parts of the rope, find (a) the force 
with which W is lifted vertically; (fr) the magnitude of the hori- 
zontal component of the force acting on W. 

44. A boat is moored to a wharf as shown in Fig. 13. The 
current is running "bow on," so that the bow of the boat tends 
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10 PROBLEMS IN PH YSICS 

to swing outward from the wharf. The force acting on the 
cable PA is 200 lb., and that on DB ia 300 lb. The angle DAB 
is 80° ; DBC is 100°. Find (a) the magnitude and (&) the direction 
of the resultant of the forces acting at D. 

46. Find (a) the west, and (6) the south components of the 
resultant force acting on i> of problem 44. 

46. Suppose that a body at has impressed upon it a force 
OA of 120 lb., and a force OB of 80 lb., the two making an angle 
<rf 120°. Force OA makes an an«le of 30° with OX. Find (a) 
the magnitude and (b) the direction of the resultant R, with 
reference to OX. 

47. The resultant of two forces OA and OB has a magnitude 
of 600 lb., and makes an ai^e ctf 30° with OA, the value (rf which 
is 300 lb. Find the m^nitude of OB. 

48. A hill Used for coasting in winter has a rise (tf 1 ft. in 4; 
that is, a vertical rise of 1 ft. for a horizontal distance of 4 ft. 
A boy sliding down the hill has at a given instant a velocity of 
20 miles per hr. I^^cE (a) his vertical velocity, and (b) his 
horizontal velocity. 

ACCELERATION 

18. Z>«finltioit and Formuln. — Acceleration is the chan^ (imcreaae or 
decreaee) of velocity per unit of time. When the acceleration is positive 
we use the q^mbol + a; when n^ative, — a. Let v' be the initial which 
a body has at a given instant; c, the final velocity at the end <tf the time t; 
and a, the acceleration. Let » be the space paaaed over in the time (. We 
may write the fmidomental equations connecting v, a, s, and (, as follows: 
e =0' ±at 
s -v't±H'U* 
v' ''v"±2at 

In the case of falling bodies, the acceleration is represented by the symbol 
g. The numerical value of the acceleration due to gravity, employed in 
the solution of problems in this text, is ; — 32 ft. per see. per sec. = 980 
cm per sec. per sec. 

The resultant of two or more accelerations is the vectorial sum of the 
components. For example, if an elevator move downward with an ac- 
celeration of S ft. per sec, per sec., the resultant or total acceleration is 
32 + 8 >■ 40 ft. per sec. per sec. If the elevator start to move upward 
with a negative acceleration of 8 ft. per sec. per sec., the resultant accelera- 
tion is 32 — 8 •• 24 ft. per sec. per sec. 

Problems 

49. A body starts from rest and sUdes down an inclined plane 
with uniform accelerated motion. At the end of the first second 
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ita vdqcity is 10 cm per sec; at the end of the second second, 
20 cm per sec; and the third, 30 cm per 8ec.,,and so on. (a) 
What is the acceleration? Is it positive or negative? (6) 
What is the velocity at the end of 10 sec? (c) The space passed 
over in 10 sec.? 

60. Consider a body as moving tlown an incUned plane for 
10 sec, with an acceleration of 10 cm per sec. per sec. (o) What 
is its velocity at the end of the fifth second? At the end of the 
tenth second? What is the initial velocity at the beginning of 
the sixth second? 

(6) What is the average velocity during the first 5 sec? 
During the last 5 sec, (sixth to tenth seconds inclusive)? (c) 
How far does the body move during the first 5 sec? Durii^ 
the Utst 5 sec? 

61. A body falls from rest under the force of gravity for 10 
sec Find the final velocity, and the space passed over in (a) 
centimeters; (6) feet. 

62. A body is thrown vertically downward with an initial 
velocity of 10 ft, per sec. How far will it fall in (a) 5 sec; (6) 
during the fifth second? 

63. A body is projected vertically upward with an initial 
velocity of 320 ft. per sec. (a) In what time will it come to rest? 
(6) How high will it rise? 

64. A body is projected vertically upward with an initial 
Telocity of 8,820 cm per sec. How high above the starting point 
wiU it be in (a) 6 sec? (b) 9 sec? (c) 12 sec? 

66, A body is projected vertically upward with an initial 
velocity of 6,860 cm. per sec. Find in what time it will be 22,050 
cm above the starting point. How do you account for the two 
values of (? 

66. A body starting from rest, is acted Upon by a constant 
force. At the end of the first second its velocity is 5 ft. per sec. 
(a) Find velocity at end of tenth second, (b) How far did it 
travel during the 10 seconds? (c) During the tenth second? 

67. (a) What is the velocity of the body (problem 56) at the 
beginning of the seventh second? (6) How far did it travel 
during the seventh second? (c) If all force had ceased to act on 
it at the end of the tenth second, how far would it have travelled 
the eleventh second? 

68. A ball is projected upward with an initial velocity of 160 
ft. per sec Consider the acceleration of gravity (3) to be 32 
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ft. per sec. per sec. (a) How high will the ball rise? (fc) Velocity 
at end of 4 sec.^ (c) At end of 6 sec? 

69, (a) How far will the ball (problem 68) travel the first 
second? (b) the fifth second? (c) the seventh second? 

60. A train running at the rate of 36 miles per hour comes 
to rest in 10 seconds, (a) Find acceleration in feet per second 
per second. (6) What - distance did it travel duriog the 10 
seconds? 

61. A train 300 ft. long passes another train c^ equal length, 
having an equal velocity, and going in an opposite sense. 
The two trains are clear of each other in 10 sec. (a) What is 
the velocity of the train with respect to the track? (6) With 
resj)eot to the other train? 

62. A body is projected upward with a velocity <d 96 ft. per 
sec. Where will it be at the end of (a) 2 sec.? (6) 4 seo.7 (c) 
When will it reach the ground? 

63. A sled starting from rest runs down hill with a uniformly 
accelerated motion. Its velocity at the end of the fourth 
second ia 20 ft. per sec. Find (a) the acceleration; (6) the 
velocity at the end of the tenth second; (c) the space passed 
over during the 10 seconds; (d) space passed over during the 
tenth second. 

64. A stone is thrown downward with an initial velocity of 10 
ft. per sec. Find (a) its velocity at the end of 10 seconds; (h) 
the distance traversed during the 10 seconds; (c) the distance 
during the tenth second. 

66. A train running at the rate of 30 

' miles per hr. comes to rest in 8 sec. 

(a) Find the acceleration in feet per 

second per second, (b) What distance 

did it travel during the 8 seconds? 

' 66. A bullet is shot horizontally from 

""lnciined"p'iane'! "" » lighthouse tower 64 ft. high, with a 

velocity of 400 ft. per sec. Where will 

it strike the water? (Neglect air resistance.) 

67. A body ^des without friction down an incline, as shown 
in Fig. 14. Consider the mass m of the body to be 10 grams 
and the value of g 980; angle ABC 60°. Find (a) the acceleration 
down the incline; (6) the velocity of the end of the fourth second; 
(&) the distance passed over during the fourth second. 
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FORCE 

19. Units of Force. — Force is that which produces or tends to produce 
motion. Force may be measured in two ways : First, by the puah or pull 
which it exerts; second, by the acceleration which it imparta to a given 
mass. The pull which a force exerts may be measured by means of a 
spring balance (dynamometer) ; in the second case the magnitude of the 
force may be measured in terms of the product of the mass times the ac- 
celeration, as represented by the equation, F = ma. 

PreaauTe ia Force per unit area; that is P = F/A. 

There are two sets of units of force, known as (a) gravitational or practical 
units, and (6) absolute units. Practical and absolute units may be expressed 
in both the English and metric system. The relation of the two sets of 
units is shown in the following outline: 

( pound of force = weight of a 
\ pound. 

j gram of force — weight i^f a 
\ gram. 

I Absolute i English ■^ poujidal, 

\ Metric = dyne. 

A pound of force (the force of a pound) is a force equivalent to the attrac~ 
tion of gravity for a pound mass at sea level, 45° N. 'latitude. A gram of 
force (force of a gram) is equivalent to the attraction, of gravity for a gram 
mass. A force of a kilogram is equal to 1,000 grams of force. 

A poundal is a force that will give to a mass of 1 lb. an 
acceleration of 1 ft. per sec. per sec. A dyne is a force that 
will give to a mass of 1 gram an acceleration of 1 cm per 
sec. per sec. 
' The relation of gravitational to absolute units is: 



I Gravitational 



I Engliak = 
\ Metric -^ 



1 pound of for. 
1 gfam offora 



•" 32 poundaU 



20. Weight. — The term "weight" is used in two entirely 
different senses. It may refer either to an object, or to a 
force. For example, we say, "Lift the weight from the 
floor to the table," or "Put the weight on the scale pan," 

using the t«rm in both caaes to refer to an abject. On the „ . , 

other hand we may speak of the we^ht of a body, meaning Motion of con- 
thereby the force by which it is attracted to the earth. In nected bodies 
this sense weight is a force. When we say that a stone in vertical 
weighs 10 lb., we mean that it is attracted to the earth direction, 
by a force of 10 lb. 

Example. — In general when the equations F = ma, or W = m^ are used 
F or W, &a the case may be, is expressed in absolute units. A force of 10 
grams will impart what acceleration to a mass of 5 grams? 

Solution. — SiTice we desire to vse the equation F = ma, the force musi be 
exprsated in abaolute units. A force of 10 grams = 9,800 dynes. Then from 
F - ma, we write 9,800 - 5a, and a = 1,960 cm/sec./sec. 
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Example. — ^A force of 10 lb. will impart to what masa an acceleration 
of 10 ft. per Bee. per sec. 7 

SolulioH. — A force oj 10 16. •• 320 pwivdala. Than 320 = m X 10, and 
hence m = 32 (6. 

21. Hotlon of Connected Haues. — Consider two masses m and m' to be 
connected by a flexible cotd, hung over a vertical fixed pulley. Fig. IS, as 
illustrated by the case of the Attwood machine. Let m,'<m, in which 
case m'willinoveupwaTd, and m will move downward. If a be the accelera- 
tion of the system, then 



(m + m')o - mff 




Fio. 16. — Motion of connected bodies on inclines. 

K we let / be the force (tension) in the strii^, we have 

/ - (mff - nw) = {m'g + m'a) - 2amin'/{m + m'), 

it being understood that the sign or sense of / depends on whether we con- 
sider the body as moving upward or downward. 

If the two masses move on an inclined plane, Fig. 16, our equations become 



/ = {mm's) (sin 9 + sin ff')/(m + m'). 

If one of the masses move in a vertical direction 
and the other move in a horizontal direction, Fig. 
17, sin — ), and am 0' — 0, and the equation 



/ - Mm'ff/('» + ">')- 
, Example. — Given masses m and m' on inclines, 
M as shown in Fig. 16. The angle fl is 60°, and 9' 
^ is 30°. The mass of m' is 120 grams, (o) Neg- 

t:< I t ti >■ I lecting all friction in the moving system, find what 

rIG. 17. — Motion 01 .,, - . 1 . . ... 1. 

connected bodies at ™*^ *" ^"^ "^ required to give an acceleration of 

right angles. 10 cm per see. per sec. (6) Find the pull in the 

Solufions.— (a) 10m + 10 X 120 = (m X 0.6 - 120 X 0.866) 980, vihenet 
m - 214.7 grama and (6) / = 103,046 dynes. 



Problems 

68. Define gravitational and absolute units of force, : 
the English and metric systems. 
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69. Write dimensional formulfe for (a) force; (b) pressure. . 

70. Wliat force in (a) dynes; {b) grams will give a mass of 10 
grams and acceleration of 10 cm. per sec. per sec? 

71. What force in (a) poundals; (6) pounds will give a mass of 
10 lb. and acceleration of 10 ft. per see. per sec? 

72. A mass of 10 lb. lies on the table. It is acted on by a 
force (gravitation) that tends to give it an acceleration of 32 
ft. per sec per sec Find the force which it exerts upon the table 
in (a) pounds; (&) poundals. 

73. A "ten-pound weight" lies upon the table. Assuming 
that the term "ten-pound weight" refers to a body having a 
mass of 10 lb., find the force which it exerts upon the table in 
(a) gravitational units; (b) absolute tmits. 

74. A mass of cement exerts a force of 1,000 lb. on a surface 
5 by 10 ft. rind the pressure in (a) pounds; (6) poundals. 

76. A force of 1 kg is exerted on a surface S by 10 cm. Find 
the pressure in (o) grams; (ft) dynes. 

76. Define: gram mass, pound mass, gram weight, force of 
a gram, gram of force, pound weight, force of a pound, poundal, 
dyne. 

77. When the mass is given in grams and the acceleration in 
centimeters per second per second, how is (o) F expressed in the 
equation F = mal (ft) W, in the equation W = mg'i 

78. When the mass is given in pounds and the acceleration in 
feet per second per second, in what units is (o) F expressed? 
(ft) W1 

79. A mass of 220.4622 lbs. lies on the fioor. Find the force 
which it exerts upon the floor in (a) pounds; (&) poundals; (c) 
kilograms; (ci) dynes. 

80. A mass of 10 kg. is acted upon by a force which imparts to 
it an acceleration of 10 ft. per sec. per sec. Find the force in 
(a) poundals; (6) pounds; (c) dynes; (d) grams. 

81. A metal cylinder having a radius of 10 cm, he^t 20 cm, 
and density 8 grams per cm' rests on one end upon a table. Find 
the pressure which it exerts upon the table in (o) grams; (6) dynes. 

82. A mass of 10 grams is moving with a velocity of 10 cm 
per sec. It is then acted upon by a force for 4 sec, after which 
it has a velocity of 50 cm per sec. Find the force in dynes. 

83. A mass of 5 lb. at rest is acted upon by a force for 5 sec, 
giving it an acceleration of 20 ft. per sec. per sec. Find the 
force in (a) poundals; (ft) pounds. 
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84. A force of 20 lb. acting on a mass of 20 lb. will give it 
what acceleration? 

85. Wliat velocity will the body (problem 84) acquire in 5 
sec? 

86. A mass of 5 tons is acted upon by a force which imparts 
to it a change in velocity of 8 ft. per sec. in 4 sec. Find the force 
in pounds. 

87. A given force acts upon a mass of 10 grams for 5 sec. caus- 
ing the velocity to chaise from 10 cm per sec. to 30 cm per 
sec. Find" (a) the force in dynes; (b) in grama. 

88. Solve problem 87, substituting pounds for grams and feet 
for centimeters, giving the result in (a) poundals; (6) pounds. 

89. A ma^ of 6 ^. is acted upon by a force which imparts 
to it a change of velocity of 8 m per sec. in 4 sec. Find the force 
in (a) dynes; (ft) grams. 

90. In problem 89 substitute tons and inches for kilograms 
and meters, and solve for the force in poimds. 

91. A mass of 20 grams has an initial velocity of 10 cm per 
sec. It is acted upon by a force of 120 dynes for 5 sec. Find 
(a) its velocity at the end of 5 sec; (6) the change of velocity; 
(c) the acceleration imparted. 

92. A mass of 20 grams is moving with a velocity of 5 cm per 
sec. It is acted upon by a force for 2 sec. after which it has a 
velocity of 15 cm per sec. Find the force in (o) dynes; (6) grams. 

93. A force of 20 dynes acting on a mass of 10 grams will 
impart to it (a) what acceleration in 1 sec? 10 sec? (b) What 
will be its velocity in 1 sec? 10 sec? 

94. A force of 1 lb. acting on a mass of 320 lb. will impart to 
it what velocity in 10 sec? 

96. Given a mass of 100 lb. at sea level. What is its weight 
in (a) [>ounds; (6) poundals? If the body be taken to Denver, 
Colo., say, how will its mass be affected? its weight? 

96. Given a 10-lb. weight (mass of 10 lb.) at sea level, (o) 
What is its weight in pounds? (b) If it be carried to a point 
below sea level, how will its weight be affected? 

97. A force of 5 lb. will give a mass of 5 lb. what acceleration? 

98. A force of 10 lb. acts for 10 sec on a body which is free to 
move, and which has a mass of 10 lb. Find the velocity of the 
body. 

99. A mass of 10 grams is suspended by means of a strii^. 
Find the force in dynes exerted on the string (a) when the system 
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is at rest; (5) when it is drawn upward with a uniform velocity 
of 10 cm per sec; (c) when it descends with a uniform velocity 
of 10 cm per sec; (d) ascends with a uniform acceleration of 
10 cm per sec. per sec. ; (e) descends with a uniform acceleration 
of 10 cm per sec. per sec; (f) descends with an acceleration of 
980 cm per sec, per sec? 

100. A mass of 10 lb. is suspended by means of a spring balance 
from the roof of an elevator. The spring balance is cahbrated 
to give readings in absolute units (poundals). Consider the 
value of g to be 32 ft. per sec. per sec. What is the reading of 
the spring balance when the elevator is (a) at rest? (6) ascend- 
ing with the uniform velocity of 10 ft, per sec, ? (c) descending 
with a uniform velocity of 10 ft. per sec? (d) ascending with a 
uniform acceleration of 10 ft. per sec per sec? (e) descending 
with a uniform acceleration of 10ft. per sec. per sec? {/) descend- 
ing with a uniform acceleration of 32 ft. per sec. per sec? 

101. The spring balance (problem 100) is calibrated to give 
readings in gravitational units (pounds). Find the reading of 
the balance in each of the cases given in problem 100., 

102. A man we^hing 160 lb. (gravitational units) stands on 
the floor of an elevator. What is his weight with reference to 
the floor of the elevator in poundals and pounds, when the 
elevator is (a) at rest? (6) moving with a uniform velocity? 

(c) ascending with a uniform acceleration of S ft. per sec. per sec? 

(d) descending with a uniform acceleration of 8 ft. per sec. per 
sec? 

103. A body havii^ a we^ht of 1 ton is suspended by means 
of a rope. The body is pulled upward with an initial acceleration 
of 4 ft. per sec. per sec. What is the force in pounds sustained 
by the rope? 

104. Two equal masses of 100 grams are hung by a flexible 
cord over a frictionless pulley. A mass of 10 grams is placed 
upon one of the himdred-gram masses, Fig. 15. Find (a) the 
acceleration of the system; (b) the force exerted on the cord in 
dynes. 

105. A mass of 100 grams hanging by a flexible cord, Fig. 17, 
drags a mass of 96 grams along the top of a smooth table. 
Neglecting frictional forces, find (a) the acceleration of the 
system, and (b) the stretching force in the cord. 

106. A 100-lb. weight is attached to a rope which is wound 
around a cylinder. The cylinder rotates so that the weight 
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descenda with an acceleration of 12 ft. per sec. per sec. What 
is the stretching force exerted on the rope in (a) poimdals; (b) 
pounds? 

107. A mass of SO lb. rests upon a smooth horizontal plane. 
A string fastened to this mass passes over a fnctionless pulley 
and supports vertically a mass of 30 lb. Neglecting frictional 
forces, find (a) the acceleration of the masses; (b) the force in 
the strit^. 

108. A mass of 30 lb. rests upon a smooth plane which is 
inclined 30" to the horizontal. A string fastened to this mass 
passes to the top of the plane, over a fnctionless pulley, and has 
a mass of 50 lb. suspended from it. Neglecting friction, find 
(a) the acceleration of the masses; [b) the force in the string. 

109. A 5-ton safe is drawn up an incline, which makes an 
ai^le of 30° with the horizontal. The frictional force is 200 lb. 
Find the total force required to move the safe. 

110. A car having a mass of 40,000 lb. runs up a I per cent, 
grade (tangent of angle = sine). The frictional resistance 
amounts to 600 lb. What force will move the car up the grade 
with uniform speed? 

CIRCULAR MOTION 

S8. Cvntrlft^tl and Ceatrip«tal Forces. — Cooaider a bod; oC mam m, 
attached to a string of length r, whirling around in a circle with a uniform 
Telocity about a given point. In accordance with the first law of motion, 
the body tends at every instant to fly off in a straight line. It is constrained 
to travel in a circular path by a force, the normal comptonent of which is 
called the centripetal force. A force equal and opposite to the centripetal 
force is called the centrifugal force. The centripetal force acts on the body, 
and is directed from the circumference toward the center of the circle; the 
centrifugal force is exerted by the body, and is directed from the center 
toward the circumference. 

Centripetal and centrifugal forces may be represented by the equation. 



where P ■■ force in absolute imits; m » mass of the body; and a' — accelera- 
^ou toward the center. 

It miQ' be shown that in the case of a body moving with a uniform velocity 
around a circle, the acceleration a' toward the center is ■ 

a' - w'/r - In-V/r' - toV 

where V — linear velocity ; T — period (time of one revolution); u — angular 
velocity. 
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Problems 



111. A body of mass 100 grams moves uniformly around a 
circle of radius 10 cm 60/t times per minute. Find (a) the 
period T; (h) the linear velocity v ia centimeters per second; 

(c) the angular velocity «; (d) the acceleration a'; (e) the centri- 
fugal force F in absolute units; (/) centrifugal force in gravitational 
units. 

Ans. (o) T "= X sec; o = 20 cm/aec; (c) w = 2 radians/sec; 

(d) a' = 40 cm/sec/sec; («) F ~ 4,000 dynes = 4.08 g. 

112. A mass of 2 lb. attached to a string 4 ft. in length is whirled 
around, making 30 revolutions per minute. Find (a) the period 
T; (b) the linear velocity v; (c) the angular velocity w; (d) the 
centrifugal force in absolute imits; (e) gravitational units. 

113. A mass of 32 lb. is attached to a striog 2 ft. in length 
and is whirled around with a uniform velocity, making 15 revolu- 
tions per minute. Find (a) the centrifugal force in poundals; 
(b) pounds. 

114. A body of 2-lb. mass attached to a string 2 ft. in length 
moves in a circle with a linear velocity of 8 ft. per sec. Find 
the centripetal force exerted upon the body in (a) absolute units; 
(6) gravitational units, (c) What is the centrifugal force exerted 
by the body? 

lis. Draw a circle to represent the motion of the rotating 
body of problem 114. Draw XX' and YY' axes passing throi^ 
the center of the circle. Find the resultant force on the string 
due to the centrifugal force and the force of gravity, at the points 
Y, X, Y'. 

116. A stone on the end of a string 2 ft. long revolves in a 
vertical circle. Find the least velocity it could have so that 
it will maintain its path at the highest point of the circle. 

117. A body of 10-lb. mass moves around a circle of 2 ft. radius 
with a linear velocity of 10 ft. per sec. Find (a) the centrifugal 
force in pounds; (&) the centripetal force. 

118. A car of mass 40,000 lb. runs around a curve of radius 
200 ft. with a speed of 20 fti per aec. Find the horizontal force 
in pounds exerted on the outer rail. 

119. (a) find in pounds the centrifugal force exerted by a 
mass of 32 lb. at the equator, the radius of the earth being 
taken as 4,000 miles. (&) What is the weight of this body, if 
measured by a spring balance? 
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SIMPLE HARHOmC MOTION 

U. nittBtrmttoa of S.H.M. — A body represented by Uie light figures 
A, B, C, etc., moves with a unifoim velocity around the circle. Fig. IS. 
Consider the motion of the projection of this body on an axis of the circle, 
The projections of A, B, C, as the body moves around the 
circle in a positive (counter-clock- 
wiae) sense, are represented by the 
heavy figures a,b, e, and so on. 

The vibratory motion of the dark 
figure on the x-axia is an illustration 
of linear simple harmonic motion. 

S4. ChuuteristlcB of S^.H.— 
The main characteristics of the 
S.H.M., as represented on the ^ 
axis, Fig. 13, are as follows : (a) The 
motion is vibratory, (b) The body 
eicecuting S.H.M. has its maximum 
velocity at the middle of its path 
(at the point a), and has zero 
velocity at the extremities of its 
path joints C and G). (cj The 
body has its maximvm acceleration 
at the extremities of its path (C 
and Q), and zero acceleration at the middle point (a). 

SO. Definitions. — (a) The circle drawn around the diameter OC is called 
the circle of reference, (b) The radius of the circle of reference is the amjdi^ 
ttide of vibration, (c) The time required for the body executing S.H.M. 
to make one complete vibration (that is, the time required for the body on 
the circle of reference to make one complete revolution) is the period T. 
(d) Phase is the time which has elapsed »ncB the body executing S.H.M. > 
last passed through the middle point, going in the positive sense. For 
example, when the body is at a, going toward the right, the phase is tero; 
when it is at 6, the phase is one-^ghth of a period (that is, T/S), and the 
corresponding phase angle (m1) is AaB, in 
this case 45°. When the body has reached 
the extremity of its path (that is at C), 
the phase is T/4, and the corresponding 
phase angle is 90°, and so on. The 
maximum value of the phase angle is, of 

course, 360% or 2jr radians. ° ~*~7 " 

SO. Examples of S.H.H.— (a) The 
motion of the bob of a very long pendu- 
lum. Fig. 1% in which the arc ABC is 
practicfdly a straight line is ant illustration of S.H.M. In this case the 
arc ABC represents the x-axis diameter of the circle of reference, (b) 
The vibration of a body attached to a spiral spring, fig. 20, is an example 
of S.H.M. on the ^-axia. The tine DE represents the ^axis diameter of the 
circle of reference, (c) The vibratory motion of a torsional pendulum. 
Fig. 21, is an example of angular S.H.M. 
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S7. Equations of S.H.H. — The condition of a body executing S.H.M. la 
determined at any time t by three defining equations, which determine 
the displacement x, the velocity V,, and the acceleration a, 
of ^e moving body. These fundamental equationa may be 
derived geometrically, or by means of the calculus. These 
equations are, for the x-axis, 

X — r sin (col), 
F. -wrcos{«0, 
a, = - to¥ Bin («() = - w'j, 

in which r — amplitude of vibration; to •> angular velocity 
(u — 2t/T); ( •= time which has elapsed since we begin to 
count time; wt = phase angle; x •= displacement from the 
middle point in time (; V, = velocity of the particle in time 
t; and a, = acceleration. ', 

The equation ai = <ii*z givee us the basis for the fundamental ! 

definition of 8.H.M., namely: Simple Harmonie Motitm is a ' 

tStratory vu>lion of *ucA a nature that the acceleration ia propor- ("l K 

tionai to the dUpIacemenl. t 1 

It should be noted that in alt problems in this text it is Fig. 20. — 
understood that we begin to count time when the body ia S. H. M. 
pBSeing through its aero phase, going in the positive sense, **' . Bpi'« 
In each case then, ut represents the phase angle. ^ ^' 

Fzami^.^-Consider Fig. 13 in which a body is ex- 
ecuting S.H.M. on the x-axis. At a given instant the 
body is at the point d, going in a negative sense. The 
corresponding body on the circle of reference is at D. 
The period T ia 4 sec. ; the amplitude r, 2 ft. Find the 
displacement x, the velocity V,, and the acceleration a., 
in 1.6 sec. after passii^ throi^ the middle point, going 
in the positive sense. 

Soluticn. — In thw ease <o — 2ir/T « ir/2 radiana per 
teamd; t •= l.S see. The phase angle at - (ir/2} XH ^ 
FiQ 21 — Toi- 3""/* radians - (Ji) (180°) = 135'. Now sin ISS" - 
sional S. H. M. «(» 46° - 0.707; aUo cos 46° - 0.707. It fdlotes Utat 
(a) a - 2 X 0.707 - 1.414 ft. from middle point; F, - 
(t/2) X 2 X 0.707 - a707 wfu per tec; a, - (ir*/i) X 2 X 0.707 - 
a354r* ft./iee./sec. 

Problems 

120. Consider Fig. IS. What is the phase, and the phase 
angle when the body executing simple harmonic motion on the 
«-axifl is at o? 6? c? d? /? ff? 

121. Suppose we start to count time when the body is at h, 
F^. 18, going in the positive sense, (a) What is the time angle 
when it reaches dt (6) What is its phase? (c) What is the , 
phase angle? 
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122. What is the maximum value which the phase an^e may 
have, measured in (a) degrees? (b) radians? Suppose that we 
start to comit time at a, Fig. 18, and the body makes two and a 
quarter complete vibrations, (c) What is the time angle in 
this case? (d) What is the phase angle? 

123. A body moves around in a circuit of radius 10 cm with a 
uniform linear velocity (v) of 20 cm per sec. Find (a) the period 
T; (6) the angular velocity; (c) the position of the body with 
reference to the at-axis l/ir sec. after passing the middle point, 
in a positive sense. 

124. Consider the simple harmonic motion of the projection 
of this body (problem 123) on an x-axis passing through the 
center of the circle. Find the displacement x when the phase is 
(o) r/8; (6) T/4; (c) TZ/8; (d) T/2. 

126. Find the displacement x (problem 123) when the phase 
angle (wi) ia a 30°; (&) 45°; (c) % v radians; (d) x radians. 

126. Bind the displacement x (problem 123) (a) t/S sec. 
after the particle has passed through the middle point of its 
path (a) going in the positive sense; (b) going in the negative 
sense. 

127. Find the velocity V., for phase conditions as in problem 
124. 

128. Find the acceleration a., phase conditions as in problem 
124. 

129. A body attached to a spiral spring. Fig. 20, executes simple 
harmonic motion. The amplitude of its vibration is 10 cm. 
Its period 7* is 4 sec. Counting time from the middle point, 
find its displacement x in (a) 1 sec; (b) 1.5 sec; (c) 2 sec; (d) 
3 sec. 

130. Find the velocity Y, ior conditions as given in problem 
129. 

131. Find the acceleration a„ conditions as in problem 129. 

132. Find the time required for the body (problem 129) to 
travel 5 cm from the middle point. 

133. An iron weight attached to a spiral spring executes S.H.M. 
in a vertical direction. The amplitude of vibration is 6 In.; 
the period, 2 sec. Consider that we begin to coimt time as the 
body passes through its middle point going in the positive 
(upward) sense. Find the displacement x when the time ( is 
(a) }4 Bee. ; (b) H sec. ; (c) ^ sec. ; (d) 1 see. ; (e) ^ sec. ; (/) % sec. 

134. Find the velocity V, for each of the cases of problem 133. 
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136. Find the acceleration a, for each of the cases of problem 
133. 

136. Consider that a particle P movea with a unifonn velocity 
around a circle of radius 10 in. with a linear velocity of 5t in. 
per sec. Find (o) the period T; (ft) the angular velocity w; (c) 
the time angle in degrees when t is 10 sec.; (d) the phase angle in 
degrees, assuBaing that we start to count time at the middle 
point, in positive sense. 

137. Consider the S.H.M. of the projection of the particle P 
(problem 136) on the x-axis. Consider that we count time from 
the middle point. Find the displacement under the following 
conditions: (a) ( = 1 sec; (6) 2 sec.; (c) 3 sec; (d) 8.5 sec; 
(fi) 10.5 sec. 

138. Find the displacement (problem 137) when the phase 
angle is (a) 45°; (6) 135°; (c) 225"; (d) 270°. 

139. Find the displacement (problem 137) when the phase 
angle is (a) »/4 radians; (&) jr/2; (c) t; (d) %t; (e) %«-. 

140. Find the velocity under the conditions of problem 137. 

141. Find the acceleration under conditions of problem 137. 

142. In a 8.H.M. of amplitude 10 in,, and period 4 sec, 
find the dbplacement, velocity, and acceleration of the body 
0,5 sec. after leaving one extremity of its path. 

143. In a S.H.M. of amphtude 10 ft. and a period of 20 sec 
find the time (t) occupied in traveling 5 ft. from the middle point, 
going in the positive sense. 

144. A particle executing S.H.M. has a period of t sec 
Its amplitude is 4 ft. Find its velocity when the phase an^e is 
r radians. 

146. Assume that a body O moves from X to X' executing 
S.H.M, (a) At what point does have its greatest velocity? 
(jb) Its greatest acceleration? (c) What is its phase when is 
atX? (d) atX'? 

146. In a S.H.M. find the period T when the acceleration at 
a distance of 0.5176 ft. from the center is 2 ft. per sec. per sec, 
the amplitude being 2 ft. 

147. The bob of a very long pendulum executes S.H.M.; that 
is, its motion is practically straight-line motion. Its amplitude 
of vibration is 4 ft.; its period 10 sec. Find the time required 
for the bob to travel 2 ft. from the middle point, going in the 
positive sense. 

148. Given a S.H.M. of ampUtude 8 in., and a period of 4 
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sec. Find the velocity and acceleration of the body 0.5 sec. 
after leaving one extremity of ita path. 

149. A particle having a S.H.M. has a velocity of 4 ft. per sec. 
vhen passing throng the center of its path. Its period is t 
sec. (a) What is the amplitude of vibration? (b) What is 
the velocity of i,he particle when its displacement is 1 ft. from the 
position of rest? 

160. A body executing 8.H.M. has an acceleration of ir'/i ft. 
per sec. per sec. when the displacement is 1 ft. Find its period. 
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MECHAmCS OF SOLIDS (Contiiiued) 
WOKE AND POWER 

58. WcM-k and Energy. — Work is the product of force times displace- 
ment, the displticement being measured in the direction of the force. 

Work -W "Ft. 

Energy is the capacity which a body haa for doing work. Energy ia of 
two kinds, potential and kinetic. Potential energy (P.E.) is energy of posi- 
tion; kinetic energy (K.E.) ia enei^ of motion. Both P.E. and K.E. are 
measured in terms of work; that is, 

P.E. =W -Ft, 
K.E. =W- yinwK 

59. Units irf Work. — With reference to the units of force employed, th« 
unite of work are of two Idnds, namely, gravHaliowU and ahsolJiU; with 
reference to the syatem considered, imita of work are also of two kinds, 

Engluh and metric. 

^ \ Metric = erg. 

Tbo foot-pound is the woric done by the force of a pound acting through 
the space of a foot. Foot-pounds = pounds of force X feet. The gram- 
centimeUr is the work done by the force of a gram acting through the space 
of a centimeter. A kHogrammeler is the work done by the force of a kilo- 
gram acting through the apace of a meter. One kilogrammeter — 10' gram- 
centime tera. 

The foot-^nntndal is the work done by the force of a poundal actii^ through 
the space of a foot. Foot-poundals = poundals X feet. The erg is the 
work done by the force of 1 dyne acting through the space of 1 cm. 
Erga — dynea X centimeters. One j'ouk = 10' ergs. 

In the derivation of the equation for kinetic energy, we use the equation 
F = ma, thus expressing F in absolute units. The equation K.E, = J^mu', 
therefore gives results in absolute units, that is, in foot-poundala or ergs. 

30. Unita of Power. — Power is the time rate of doing work. The absolute 
unit of power is the watt. A vxUt is 10' ergs per sec; that ia, 1 joule per 
sec. According to the Bureau of Standards definition, 

One Hortepower (ftp.) = 746 wattt. 
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AocoidinK to this definition, 746 watts (1 bp.) are equivalent to 560 ft.- 
Ib. per sec., or 33,000 ft.-lb. per min., at 50° north latitude, and at sea level. 
In this text, for all problems relating to power, it is assumed that the 
following equations hold: 

■P wwfe in ergs 

W<WM = jo_ooO,000 X time in tecondt 

work in ft.'lb. ^ ft.-lb. 

'^' " 33,000 X time in minvUa " 560 X time in teeondt 



Problems 

161. Define: foot-pound, foot-poundal, gram-centimeter, kilo- 
grammeter, erg, joule. 

162. Write the dimensional formula for work, 

163. A force of 100 dynes acts through a space of 100 cm. 
Find (a) the work in ergs; (h) joules; (c) gram-centimeters. 

164. A force of 100 poundals acts through a space of 100 ft. 
Find the work in (a) foot-poundals; (6) foot-pounds. 

166. A mass of 10 grams moves with a velocity of 10 cm per 
sec. Find its kinetic energy in (a) ergs; (6) gram-centimeters. 

166. A mass of 10 lb. moves with a velocity of 10 ft. per sec. 
Find its kinetie enei^ in (a) foot-poundals; (&) foot-pounds. 

167. A stone having a mass of 20 lb. is carried to the top of a 
tower 50 ft. in height, (a) What potential enei^y does the stone 
possess in gravitational units? (6) If it be dropped from the 
top of a tower what kinetic energy in gravitational units will it 
possess at the instant it strikes the ground? 

168. A force of 6 poundals acts through a distance of 5 yd. 
Find the work done in foot-pounds. 

169. Forty-nine joules of work were done by a force acting 
through a distance of 2 m. Find the force in (a) dynes; (6) 
gram-centimetere. 

160. In the case of an expanding gas, work may be defined as the 
product of pressure times volume; that is, TV = pp. Pressure is 
force per unit area. Write the dimensional formula for pv. 

161. A horse pulls a load we^hing 1 ton a distance of 1 mile. 
If the force exerted upon the traces be 300 lb. what 13 the work 
in foot-pounds done by the horse? 

162. The lower end of a ladder 30 ft. long stands on the ground 
at a distance of 6 ft. from the building against which the upper 
end rests. How much work is done against gravity in carrying 
100 lb. to the top of the ladder? 
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16S. A hammer weighii^ 8 oz. strikes a nail with a velocity 
of 10 ft. per sec. driving it 1 in. What average force in pounds is 
exerted by ihe hammer upon the nail? 

161. A mass of 20 grama moves with a velocity of 10 cm per 
sec. Find its kinetic enei^ in (a) ergs; (6) gram-centimeters. 

165. A mass of 20 lb. moves with a velocity of 10 ft. per sec. 
Find its kinetic energy in (a) foot-poundala; (b) foot-pounds. 

166. A body of mass m moving with a velocity of 5 ft. per sec. 
possesBes a kinetic energy of 25 ft.4b. Find the mass of the 
body. 

167. A mass of 196 grams possesses a kinetic energy of 40 
gram-centimetera. Find the velocity. 

168. A mass of 64 lb. has a velocity of 20 ft. per sec. Find 
its kinetic energy in foot-pounds. 

169. A problem recently given to an engineering class read as 
follows; "A weight of 10 lb. has a velocity of 10 ft. per sec. 
What energy does it possess in virtue of its motion?" Solve this 
problem, assuming that the answer was required in gravitational 
units. 

170. Suppose that the mass m, F^. 22, moves on the incUne 
without friction. The incUne AC is 10 ft. in length, and makes 
an angle of 30° with AB. The 
mass m is 10 lb. (o) If F is 5 lb., 
how many foot-pounds of work 
will be done in moving m from 
A to C? (6) How many foot- 
poimds will be required to lift 
a similar mass from B to C? (c) Pio. 22. — Work on inclined plane. 
In this latter case, what force 

will be required in pounds? (d) In poundals? 

171. What force appUed to m (problem 170) parallel to AB 
will be required to move m from A to C? 

172. Suppose that AC, Fig. 22, U 12 ft., angle BAC is 30", 
and mis 20 lb. Find (a) the force mg in poundals; (b) the com- 
ponent of this force down the plane; (c) the work in foot-pounds 
required to move m from A to C; (d) the work in foot-pounds 
required to lift m vertically from B to C. 

173. If 1 kg be Ufted vertically through a space of 78.74 in. 
how much work is done in (a) kilogrammeters? (6) gram-centi- 
meters? (c) ergs? (d) joules? 

174. "rile ram of a pile driver weighir^ 20 lb. falls 20 ft. driving 
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the pile downward 2 in. What resistance in pounds does the 
pile offer? 

175. A l(V-1b. mass is lifted vertically to a height of 144 ft. 
Find its potential energy. It is allowed to fall. Find its kinetic 
energy after it has fallen 144 ft. 

176. A mass of 10 lb. falls freely from a point 800 ft. above the 
ground, (a) Find its kinetic energy in foot-pounds after it has 
fallen for 5 sec; {h) what is its potential energy at the end of 
the 5 sec; (c) how far has it fallen? 

177. A mass of 200 lb. is lifted out of a mine. Find in ab- 
solute and gravitational uuita the work done when the mass is 
drawn upward a distance of 200 ft. (a) with a uniform velocity of 
20 ft. per sec; (ft) with an acceleration of 4 ft. per sec. per sec. 

178. Suppose that the body (problem 177) is drawn upward 
with a uniform velocity of 20 ft. per sec. for 7.5 sec, and then 
its motion is retarded for 5 sec. at a rate of 4 ft. per sec. per sec. 
Find (a) in absolute, and (ft) in gravitational units the work done 
over the first 150 ft.; the remaining 60 ft. 

179. A ton of coal is placed in a car weighing 400 lb. and is 
hauled out of a mine 200 ft. deep. For the first 5 sec. it ascends 
with an acceleration of 4 ft. per sec. per sec; during the second 
5 sec. its motion is uniform; during the remaining 5 sec there 
is a retardation of 4 ft. per sec. per sec. Find in gravitational 
units (a) the forces used, and (b) the work done in getting the 
car out of the mine. 

180. Define: power, watt, kilowatt, horsepower. 

181. Write the dimensional formula for power. 

182. A mass of 300 kg is lifted vertically through a distance of 
50 m in half a minute. Find the power expended (a) in watts; 
(ft) kilowatts. 

183. At what rate (horsepower) is energy expended when a 
force of 220 lb. is exerted through a distance of 16 ft. in 2 sec? 

184. At what rate (horsepower) is energy expended when a 
force of 220 poundala is exerted through a distance of 16 ft. in 
2 sec? 

186. A mass of 11,190 kg is lifted vertically to a he^ht of 10 
m in 10 sec. Find the power expended in (a) kilowatts; (ft) 
horsepower. 

186. Water flows into a mine 500 ft. deep at the rate of 100 
cu. ft. per min. Find the horsepower of an engine that will be 
required to keep the mine dry. 
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1871 In a given steam engine the averse pressiuQ exerted on 
the piston is 1801b. per sq. in.; the diameter of the piston, 1 ft.; 
the length of the stroke is 2 ft. ; the number of revolutions per 
minute 120. Find the horsepower. 

188. Find the horsepower expended in taking a train of 100 
tons up an incline of 1 ft. in 200 ft. at the rate of 20 miles per hr., 
neglecting friction. 

189. A mass of 2204.622 lb. is lifted vertically through a 
height of 10 m in 10 sec. Find the power expended in (a) 
watts; (6) kilowatts; (c) horsepower. 

190. If a locomotive is rated at 1,200 hp., what force in pounds 
should it be able to exert while running 40 miles an hour? 

191. The area of a piston of a force pump is 200 sq. in., and the 
length of stroke 20 in. The pump is used to force water into the 
city mains under a pressure of 60 lb. per sq. in. (a) How much 
work is done per Stroke of the piston? (b) At what rate (horse- 
power) will the pump be doing work when it supplies 6,000,000 
gallons per 10-hr. day, 1 gallon being equivalent to 231 cu. in.7 

192. A train having a mass of 120 tons, including the engine, 
meets an averse resistance on the level of 15 lb. per ton. The 
engine is of 150 hp. Find the "full speed" of the train; that is, 
the speed at which the engine exerts a force equal to the 
resistance. 

MACHUTES 

31. Homent of « Force. — Conaider the force F, Fig. 23, to act on the 
lever arm of length d, thua tending to produce rotation about the point 0. 
The product of the force F times the lever arm d is called the moment of 
the force, or the toryue. 

Motnent of a force — force X lever arm — Fd, 
in which the lever arm d is a straight line measured from the origin O to 
the line of direction of the force, and 
at right angles to it. For example, 
in Fig. 24 suppose that the force F act 




Pig. 23. — Moment of a force, Fd. Fig. 24. — Moment of a force, Fd- 



on the lever arm FO in the direction BF, thua tending to produce rotation 
about 0. The lever arm m this case is the line BO - d. 

Two equal parallel forces acting in opposite senaea constitute a couple. 
The Tnommt of a couple ia the product of one of the forces times the per- 



,v Google 



30 PROBLEMS IN PHYSICS 

peadicular dist&noe between them; that is, Fd. This being true, it follows 
that the moment of a couple ia the same, no matter where the origin of rota- 
tion b£ chosen in the plane uontainii^ the forces. 

Exampie. — Given the couple represented by two equal, parallel, and 
oppositely directed forces, P = F', Fig. 25, to find the moment. 



-h-if 



Fia. 25. — Moment of a couple, Fd — F'd. 

SoliaUm.^Let O be any poird on the line AB, and d be the dielance fietuxen 
F and F'. The moment tending to produce rotation in a clockwiM sense ia 
+ F(d + x); the moment tending to produce rotation in a amrUer-i^ckwiee 
sense is - F'x = - Fx. The jnomenl of lU cwupte w the naiOiant of these 
two moments; that is, the moment of the couple = + F(d + x) — Fx *• Fd. 

SS. Solution of Problems by Moments, — Consider Ilg. 26. Suppose 
that the force F acts downward on the bar AB tending to produce rotation 
in a clockwise sense about the point B. Suppose also that the bar AB ia 





Fio. 26. — Problem of moments. Fig. 27. — Problem of moments. 



supported by a string AC, in which there is eserted a force F'. Now the 
moment due to the force F is Fd; the moment due to the force F' is F'd', 
The system is in equilibrium, therefore these momenta are equal in mag- 
nitude and opposite in sense, hence we may write 
Fd = F'd'. 
Consider also Fig. 27. Let AO represent a uniform homogeneous bar cd 
length 21, the mass of which may be considered^to be concentrated at the 
center of gravity 0. The bar is drawn aside so that OA makes an angle 9 
with OB. The force F represents the weight c^ the bar and acts downward; 



,v Google 



MECHANICS OF SOLIDS 31 

^ 18 a horiEontal force required to hold the bar in position. The equation 
<rf equilibrium here iaFd" F'd'. But d" leia$, and d' — 21 coe ^, hence 
we may write 

« sm fl - F'2l cos 0. 

Example. — A imifonn metal bar AB, of mase 30 lb., lei^th 8 ft., Is sup- 
ported in a horizontal position, aa shown in Kg. 26. A weight of 50 lb. 
is attached to the end^A. We wish to find, by the method of momenta, the 
force exerted on the support AC, The length of BC is 10 ft. 

Solvlion.—We shall first find the value of d', in tenna of Ike angle ACB. 
The tangent of ACB = O.S, and from our tahUevx find that sin ACB -0.6247. 
Then if - 10 X 0.6247 " 6.247. The weight of tke rod (30 16.) it eoneidered 
aeif it were amcentrated at the eerUer of AB. From the egyation t^ miomenU 
{Fd - F'd') we may write eOX8+30X4-/'"X 6.247, and hence 
F" m 83.27 it. force. 

Example. — Suppose that a rod, of mass 120 lb., and length 12 ft., pivoted 
at 0, Fig. 27, is drawn aside, making with BO an ai^e of 36°. The force F' 
acts at right angles to AO. Find (a) the force F'; (b) the downward force 
on 0; (c) the horizontal force on O. 

Solution.— (a) Fd - 120 X 6 X 0.5878 - 423.23. Then, frwn the equa- 
tion, FD - F'd', 423.22 = f ' X 12. Hence F' = 35.27 ft. force. (6) 
Tke downward force on - 120 - vertical component ttfF' = 120 - 35.27 X 
an 36° - 99.27 ft. force, (c) The horizmidl thruet on - tha horitmbd 
component of F' -35.27 cm 36° - 27.63 ft. /owe. 

Problems 

193. Find the moment of a force of 10 lb. applied to one end 
of a lever arm 10 ft. in length, when the line of direction of the 
force makes with the lever arm an angle of (a) 90°; (b) 30°. 

194. A horizontal rod AB 100 cm in length is hinged to a 
vertical support BC, aa shown in Fig. 26. A strii^ supporting 
a mass of 1,000 grams is fastened to the end A, and the other 
end of the string is fastened to the vertical support at the point 
C. Find by the method of moments the force (_F') exerted on 
the string BC, in gravitational units, when (a) BC is 100 cm; 
(h) 50 cm. 

196. Suppose (problem 194) that the cord AC make an angle 
of 30° with AB, and the weight (1,000 grams) be suspended from 
the middle point of AB. Find the pull on AC. 

196. A uniform rod 12 ft. in length and having a mass of 100 
lb. is pivoted at one end and hangs in a vertical position, Fig. 
27. The lower end of the rod is now drawn aside until it makes 
an angle of 30° with the vertical. What force applied to the 
lower end will be required to hold the bar in this position when 
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the force is applied (a) at tight angles to the rod; (b) at right 
aisles to the vertical. 

lOT. Find the downward force exerted on the pivot under the 
conditions (a) and (6) of problem 196. 

198. A uniform steel rod AB, length 12 ft., mass 200 lb. is 
pivoted at the end B to a vertical support BC. The rod AB is 
held in a position at r^ht angles to the support BC by means 
of a rope AC, at a point above B such that BC is 18 ft. Find 
the force exerted in pounds on the rope. 

199. Suppose that the rope AC of problem 198 be Bhortened 
thus drawing A upward, until angle ACB = 41° 48' 30". Make 
a sketch showing the position of the rod AB, and find the force 
(pull) in the rope. 

200. Suppose that the rope (problem 199) be slackened until 
the bar makes an angle below the horizontal of 60° with the 
wall. Find the force in the rope. 

201. Find the force in the rope (problem 200) when the bar 
makes an angle of 45° with the wall. 

202. A uniform bar 10 ft. in length, mass 5 lb. to the foot, 
is supported in a horizontal position, as shown in Fig. 26. The 
angle ACB = 60°. Find (o) the vertical component at C, due 
to the force along the line AC; (6) the horizontal com- 
ponent at C. 

203. A bar AO, having a length of 10 ft, a mass of 300 lb., 
is supported as shown in Fig. 27. The angle BOA is 30°. IHnd 
(a) the force along the line BA ; (&) the downwiml thrust on the 
pivot at O; (c) the horizontal thrust. 

204. The bar AO (problem 203) is drawn aside by a force 
acting at A, and at right angles to AO. The angle AOB is 30°. 
Find (a) the force acting at A; (6) the downward thrust on the 
pivot at 0; (c) the horizontal thrust. 

206. AB is a uniform bar of length 8.66 ft., mass 40 lb. It 
is held in position by a rope CA, length 10 ft., which makes 
an angle of 60° with the wall BC. At the point A there is 
suspended a weight W ai 100 lb. Find (o) the force in CA ; (6) 
the force acting along AB, due to the weight of the bar and W 
combined. 

206. A uniform metal rod 4 m in length and having a mass of 
100 I^. hangs from one end by means of a pivot. A force is 
applied to the lower end causing the rod to be drawn aside until 
it makes an angle of 46° with the vertical, the direction of the 
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force being at right angles to the initial position of the rod. 
Find the force in (o) kilograms; (6) dynes. 

207. A telephone pole standing at the comer of a street carries 
two systems of wires, which act at right angles to each other, and 
which produce a resultant force of 2,000 lb. The pole is supy- 
ported from the top by means of a guy wire which makes an 
ai^e of 60° with the ground. The height of the pole is 30 ft. 
The resultant force on the pole due to the wires Ues in the same 
plane as the supporting guy wire. Find, by the method of 
moments, the force in the guy wire. 

208. The resultant force due to a wire system attached to a 
telephone pole is 2,500 lb., and is applied at a point 25 ft. from 
the ground. What force in a supportii^ guy wire will just 
counterbalance the force due to the wire system if the guy is 
attached to the pole 20 ft. from the ground, makes an angle of 
30° with the vertical, and lies in the plane of the resultant force? 

20d. A rigid bar AB, 6 ft. in length and having a mass of 400 
lb., is supported in a horizontal position by a rod attached to the 
end A, the other end of the rod being fastened to a vertical 
support at the point C, at a distance 8 ft. above the point B. 
A wei^t of 100 lb. is attached to the bar AB. Find the force 
in the supporting rod when the attached weight is (a) at the end 
of the bar; (b) at the middle. 

210. Suppose that the rod (problem 209) be increased in length 
by 2 ft. so that the bar makes an angle with the wall AC less than ■ 
90°. Find the force in the supporting rod for the two positions 
mentioned in problem 209. 

211. Suppose that the supporting rod be shortened until it is 
6 ft. in length. Find the force in the rod for the two positions 
named in problem 209. 

Si. Center of Uass. — Suppose that we consider two material particles 
m and m' &t a given distance from each ether. Let us select a point p, 
(pm — X and pm' = a:'), such tliat mx = mV; that is, mx — m's' = 0. 
The point p is called the center of mass, or centroid of the system. The 
products mx and mV are the moments of mass. The center of mass of a 
body is a point about which the sum of the moments of mass is zero; that is, 

Smx = Xmy "■ SmM — 

The center of maw, or centroid of the system is sometimes colled the 
eemer of inertia. 

CetUer of gravity. If we consider the gravitational forces which act on 
the masses erf a body m, m', m", etc., as parallel, then the center of gravity 
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is identical with th« center of mass. The center of gravity, then, may be 
defined as tiie point through which the total weight of the body, con- 
sidered as a single vertical force, acts. 

For an; given plane, it may be shown that the center of uiass m&y be 
defined by the equation 

X - I^vix/M, 
in which X •> distance from the plane of reference to the center of mass 
Q; m — any material particle of the system, and x = distance of m from the 
plane of reference; M — mass of the entire system. 



—S=8£ Its— 



|« art 



'T-r 



i 



Fia. 28. — Center of gravity. 



Example. — Suppose that we have masses m, m', m", of 2, 4, and S lb. 
respectively, fastened to a uniform homogeneous rod, of length 6 ft., Fig. 28, 
and wish to find the center of gravity of the system. Mass m is at one end 
of the rod; m' is 1 ft. from the end; and m" is at the other end. The mass 
<£ the rod is 6 lb., and since the rod is uniform and homogeneous, we may 
consider that this mass (6 lb.) is concentrated 
at the midpoint R. We select a plane of 
reference F at right angles to the line mm'. 
Now this plane of reference may pass through 
any point we choose. It is convenient, how- 
ever, to select one of the end points, as m. 

Salutioa. — According to our equation tke eenler 
of ma»» of the eyttem lies at a distance X ■• 
Snw/Af - (2 X + 4 X 1 + 6X 3 + 8 X6)/(2 
+ 4 + 6 + 8) = 70/20 = 3.5. The center of 
groBity Q, lAen, liee at a point im mm,', to the 
right of the plane of reference P, equal to 3.5 ft. 
Example— Gixea three mssses of 2, 4, 6, 
respectively, placed at the vertices of a tri- 
angle. Fig. 20, the base of which is 4 ft. iuid 
Fia. 29.— Center of gravity, the altitude 6 ft., to find the center of gravity 
Q of the system. In this case we shall choose 
two planes of reference, one lying in the line AC, and the other in tbe Ime 

AB, and both at r^ht angles to the plane of the paper. 

Sotution (a). — First let us conatder the three bodies with reference to the plane 

AC. In this case X = Xmx/M •= (4X0 + 2X0 + 6X 4)/12 - 2. 
This means that the cerOer of mats toith. reference to AC lies somewhere on the 
line yy', and at a ditUmce 2.4 ft from AC. (6) We must now determine the 
eeiUer of mats with reference to the plane AB. The equaHonia Y— l^my/M — 
(4X0-t.«X0 + 2X 6)/12-l. The center of mass, therefore, ties at the 
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point 0, on the inleneetion of the Htk xx' and j/y", I ft. /rctm AB, and 2 fL 
from AC. 

Qeneral Equatiom.— If we were to conaider a body with reference to its 
three dimensions it would be necessary to employ, after the manner shown 
in the last example, all three of the equations, 

X = Smx/M, Y = 1^my/M, Z = Xmt/M 

Problems 

312. Masses of 10, 20, and 30 grcuns are placed at the follow- 
ing pointB OB the line AB, tlie length of which is 1 m. The mass 
10 is placed at A; the mass 20, 60 cm from A; and the mass 30, 
at B. Find the center of mass of the system. 

213. Suppose that the rod AB (problem 212) has a mass of 
40 grams. Find the center of inertia (center of mass) of the 
system. 

214. Masses of 10, 20, and 30 grams are placed at the points 
A, B, C oi a right triangle. The base AB is 15 cm and the 
altitude AC is 12 cm. Find the center of gravity of the system. 

216. Suppose that the triangle (problem 214) consists of a 
board having a mass of 60 grams. Find the center of mass of 
the system (the board and the masses 10, 20, 30). 

216. A bridge having a span of 120 ft. supports a locomotive 
weighing 60 tons. The center of gravity of the locomotive is 
30 ft. from one end of the bridge. The weight of the bridge is 
90 tons. Find the force on each pier supporting the bridge. 

217. Two parallel forces of 40 and 50 lb. respectively act in 
the same direction and sense upon a bar at points 9 ft. apart. 
Find the ma^tude and point of application of the resultant. 

218. Find the center of gravity of a system consisting of a 
shaft 8 ft. long, of a mass of 60 lb., and having a 30-lb. pulley 
at one end, and a 70-lb. pulley at the other end. 

219. A uniform metal bar AB, 10 ft. in length, having a mass 
of 2 lb. to the foot, carries a weight of 6 lb. at the end A, and a 
weight of 10 lb., 2 ft. from the end B. Where must the bar be 
supported in order to balance. 

220. A right-angled triangular board of unif orm thickness has 
a mass of 2 lb. ; height 3 ft. ; base 1 ft. JFind the center of gravity 
of the system when a 2-lb. weight is placed (a) at the right- 
angular vertex; (6) at the middle of the longest side. 

221. A metal beam of variable cross-section issupported by two 
pillars, one at eaich end, the load on the pillars beii^ 100 and 
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200 lb. respectively. When the pillars are shifted bo that each 
stands 1 ft. from the end of the beam, the loads are 90 and 210 
lb. respectively. Find the length of the beam. 

222. A bar AB, length 8 ft., mass 2 lb., has attached to the 
end A a mass of 10 lb,, and 1 ft. from the end B, a mass of 26 lb. 
Find the center of inertia of the system. 

223. Find the center of inertia of the system (problem 222) 
when an additional mass of 30 lb. is placed 3 ft. from the end B. 

224. A uniform bar AB, having a mass of 2 lb. to the foot, is 
10 ft. in length, A 36-lb. weight is placed at the end A; a 6-lb. 
we^ht 4 ft, from A; and an 8-lb. weight at the end B. !E1nd 
the center of gravity of the system. 

226. A uniform cubical block 4 ft, on each edge, of 200 lb, 
mass, is to be overturned about one edge, (a) Find the direc- 
tion and the maximum force required to turn the block most 
easily. (6) What is the total work required to overturn the 
block? 

34. The Law of Hachlnes. — A machine is a device for transferring or 
transforming energy. In accordance with the law of the conservation of 
energy, the work done by a force acting on a machine, must equal the work 
done by the machine. Thia principle, aa applied in mechanics, is expressed 




Fia. 30. — Illustrating law of machines. 



by the general law of machines as follows: The force, multiplied by the 
distance through which it acta, is equal to the resistance overcome, multi- 
plied by the distance through which it acts. This statement of the law 
takes no account of friction. In terms of Fig. 30, the law may be expressed 

fa = fi»', or Fd = Rd' 

in which F is the force applied, and d its lever arm; fi is the reaiatance over- 
come, and d' is its lever arm. 

S6. Mechanical Advantage. — Three advantages may be derived from 
the use of a machine, (a) We may apply a force in the most advantageous 
direction, as in the lifting of a weight by means of a pulley. Second, (b) 
we may gain in speed at the expense of force, as in the gearing of a bicycle. 
And third, (c) we may use a small force to overcome a large reaiatance, aa 
in the case of lifting a heavy weight by meana of a lever. When we apeak of 
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mechanical advantage we umially refer to the third advantage aa men- 
tioned above. 

Mechanical advantage ie the ratio of the resiatance overcome to the force 
appUed; that h, M.A. - R/F - a/*' =• d/d'. 

99. Efflciencf of MadilneB. — The e£Bciency of a machine is the ratio of 
the useful work got out of the machine, to the total work put into it. Ef- 
ficiency = iDorfc out/vmrk in. 

87. Mechanical Powers. — There are six so-called mechanical powers, 
or simple machines, aa foliows: The lever, wheel and axle, inclined plane, 



Fia. 31. — Three kinds of Uvem. 



pulley, wedge, screw. All forms of mechanical machines, however com- 
plex, may be reduced in principle to one or more of these simple machines. 
In general, problems relating to machines may be solved by the use of the 
equations, Fi = JJ*', or Fd = Rd'. 

S8. Tile Lever. — A lever is a rigid bar capable of moving about a fixed 
point called a fulcrum. The three classes of levers are shown in Fig. 31, 
in which F is the force applied; R the resistance overcome; O the fulcrum; 
d the force arm; and d' the resistance arm. It should be noted that d ia 
always measured from the fulcrum to the line of direction of the force, and 
at right angles to it; and the resistance arm d' is 
measured from the fulcrum to the line of direction 
of the resistance, and at right angles to it. 

The determination of the true weight of a body by 
the method of double weighing on a balance, the arms 
of which are of unequal lengths, is a lever problem 
involving momenta, in which we have Wl = WJi, 
and Wil — Wli, where I and Ii are the lengths of the 
arms; ITi the apparent weight in one pan, and Wt 
the apparent weight in the other; and W is the true 
weight. From the two equations above we may write 

W - VwWf 

39. Tha Wheel and AJe.— The wheel and axle is "°'a^i1 
an application of the principle of the lever. Fig. 32, 
in which F may be considered the force applied; R the resistance o 
OF the force ann d; OR, the resistance arm d'. 

40. Tho Pulley. — The pulley is a wheel turning about an axis in a frame 
or block. A block, ot set of blocks, containing one or more pulleys, to- 
gether with the attached rope, is called a block and tackle. 

The law of machines (F* = Ra^) applies to pulleys. In case A, Fig. 33, 
when F moves downward 1 ft. A moves upward 1 ft.; that is, « •• s'. In 
case B, when F moves 2 ft. £ moves 1 ft; that is, s ■= 2, and «' = 1, the 
mechanical advantage, in this case being R/F •= 2/1. 

In the case of the differential pulley. Fig. 37, we have Fr - )^F(r - r'), 
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where r and r" represent the large and email radii of the fixed puHey 
Hystem. 

41. The IncUned Plane. — The inclined plane is a device for lifting heavy 
bodies through a vertical height by sliding or rolling them along an incline. 




Fia. 33. — Combinations of pulleys. 



We shall consider two important cases relating to problems of the ioclined 
plane. First, when the force is applied parallel to the incline. Fig. 34. 
The equation Fd - Rd' applies. In this case AC - d, and BC - d*. 
Second, when the force is applied parallel to the base. Fig. 3fi. In 




f. 34. — Inclmed jJane. 

this case tlie force distance d is equal to the length of the base AS, and df 

equals BC as before. 

42. The Wedge. — The wedge is a modified fonn of the inclined plane. 

e force is ucually applied to the wedge by means of a blow from a 

hammer or a sledge, and the friction factor is very lai^ 

and cannot be neglected, it is not possible to express a 

™' definite relation between the force F and the resistance R 

as stated in the general law of machines. 

43. The Screw. — A screw is a cylinder having a spiral 
groove cut around its circumference. The spiral ridge ia 
called the thread, and the distance between two consecu- 
tive threads, the pitch. The mechanical advantage of the 
is derived from a combination of the principles of the 
lever and the inclined plane. 
Example. — The lever FB of the jack screw. Pig. 36, Is 1 m hi length. If 
one revolution of the force F cause the screw to move upward 1 cm, what 
resistance B will be overcome by a force of 10 kg. 

SottHion. — Uting the equation Fe — Ra" vx may write, 2ir X 100 X 10 X 
1,000 -c B X 1. Hence A - 2,000,OOOt grama - 2,000t kHograma. 




Fia. 35.^Jack 
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Problems 

22S. Make diawingB to illustrate the three classes oi levers, 
and explain the mechanical advantage of each. 

237. A force of 10 lb. is applied to one end of a lever 10 ft. 
in length. The resistance is 2 ft. from the fulcrum. Find 
R when (a) the fulcrum is 2 ft. from the end R; (6) when the 
fulcrum is at the end of the lever (see Fig. 31, B). Compare 
the mechanical advantages of the two systems. 

22B. A uniform steel rod 10 ft. in length, having a mass of 
100 lb., is used as a lever. The resistance arm d' is 2 ft. Find 
the force required to overcome a resistance of 1,350 lb. when 

(a) the system is used as a lever of the first class; (6) second class. 

229. Consider Fig. 33. Through what distance must F move 
in order to lift fi 1 ft. in (a) case C? (6) case D? 

230. Find the resistance that may be overcome by a force of 
10 lb. in each of the cases illustrated in Fig. 33. 

231. A force of 10 lb. applied to a system of pulleys as shown 
in Fig. 36 will support what weight W, neglecting the weight of 
the pulleys. 

232. Given an inclined plane, Fig. 34, 
the base of which is 8 ft.; the height BC, 6 , 
ft.; the mass m 20 lb. Consider that we 
may neglect friction between the mass m and 
the smooth incline AC. What force applied 
parallel to the incline will be required to 
move m from A to C, measured in (a) pounds; 
(6) poundals. 

233. (a) Find the component of the force 
mg down the inchne, CA (problem 232). 

(b) What force parallel to the base AB will 
counterbalance the component down the 
incline? 

234. A mass of 10 lb. rests on a smooth inchned plane, the 
face of which makes an angle of 30° with the base. Find (a) 
the vertical component of the force in gravitation^ units due 
to the mass; (6) the component of the force down the plane; 

(c) the component of the force at right angles to the plane. 
236. Suppose that the incline of problem 234 be 12 ft. in 

length. Find what work in foot-pounds will be required to 
push the mass to the top of the incline, neglecting friction, when 




Pio. 36. 
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(fl) the force is applied parallel to the incline; (6) parallel to the 

base. 
236. Suppose that the frictional force required to slide a box 

up an incline, the vertical height of which is 4 ft., is 50 lb. The 

weight of the box is 600 lb. What must be the length of the 
incline such that a force of 250 lb. 
applied parallel to the incline may 
raise the box to the top of the in- 
cline? 

237. The lever arm of a jack- 
screw is 3 ft. in length. The dis- 
tance between consecutive threads 
is 3^ in. A force of 100 lb. ap- 
plied to the end of the lever arm 
will exert what lifting force? 

238. The arms of a balance are 
unequal in length. A given mass 
weighed in one pan has an ap- 
parent mass of 100 grams; in the 
other pan, 102 grams, (a) Find 
the true mass, (b) How does this 

Pig. 37. — The difFereotial pulley, value compare with the arithmet- 
ical mean? 

239. Neglecting friction, what force must be applied to a 
differential pulley system, Fig. 37, to exert a force of 200 lb. on 
W, the radii of the' fixed pulley system being r = 5 in., and 
r' = 3 in.? 

240. Assume that the efficiency of a differential pulley system 
is 75 per cent. The radii r and r' = 4.5 and 3 in. respectively. 
A force of 200 lb. at F, Fig. 37, will lift what weight (including 
Wand the movable pulley)? 




MOHEHT OF INERTIA 

U. Kinetic Energy of RoUtion. — Consider a single particle of masa m 
rotatiDg about a, point. The angular velocity of the particle ia u; its linear 
velocity is f = wr, in which r is the radius of gjrration of the particle m. 
The kinetic energy of the particle is K.E. = }imv^ = ^w^mr'. 

The term' mr* is the moment of inertia of the given material particle. 
The kinetic energy due to the rotation of a system of particles is 

K.E. = Hw'2mr>. 
in which Smr* = jnoment of inertia of the system = /. 
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U. Bqiutloiu, Homents of laertU. — A few of the more commonly 
ocotining equationa for moments of inertia are given below. A more com- 
plete hat is given in the Appendix, page 194. 

Rectangle. — The moment of inertia of a rectangular body of maas M, 
length a, width b, about an axis through the center of mass, and at right 
angles to the face, is 

/ - JIf (o» + 6')/12. 

Circular Dite. — The moment of inertia of a circular disc, of mass M, 
radius r, about an axis passing through the center of mass, and at right angles 
to the face, is 

/ = ifr'/2. 

Circular Ring. — The moment of inertia of a circular ring of mass Af, 
outer radius r, inner radius r", about an axis tlirough the center of mass 
and at rqjit angles to the face, is 

I - Jlf (t-' + r'')/2. 

Sphere. — The moment of inertia of a sphere of mass M, and radius r, 
about an axis through the center, is 

I = itfr'2/5. 

Example, — A uniform circular disc, having a maas of 200 grams and a 
radius of 10 om, rotates about an axis through its center and at right angles 
to its face, making 15 r.pon. Find (a) its moment of inertia; (6) its 
kinetic enei^ due to rotation. 

SotvHon. — The moment of inertia of a 'uniform cireular diae a6ou< an axis 
paeaing through iU center of maas it (a) I, = ^Afr« - 10,000 g em'. (6) 
The period of rotation T -SO/ 15 = i sec.; and the angular tidocity <a -•2x/T 

— Tt/2 radiant / tee. Hence K.E. — J^iu' = 

l,250n-" ergg. < ^ ~ ^ ^ 

Example. — A rectangular plank, mass 12 lb.,, 
length 12 ft., width 18 in. rotates about an axis 

which is at right angles to its face, and which j L- 

passes through its center of gravity, making l/ir j j 

r.p.s. Find (a) the moment of inertia; (b) Uie ' 

kinetic energy of the rotating system. 

SolvHon — The moment of inertia of a rectangviar . .,^^ -p , 

hody, under the eonditiona named, it (o) I, — "^ ■ ■ T^ 

M(a' + 6')/12 = 12(144 + 2.25)/12 = 146.25 ft. 
/(.'. Alto, ih), T ~ IT wc, and w = 2r/r = 2 * 

radians / sec Hence K.E. - "^lufl = 292.5 foot- 
poundah " 292.5/32 ft.-lb. 

iS. Moment of Inertia and Angular Accelera- acceleration. 
Hon. — The relation between the moment of a force 

{Fd) tending to produce rotation about an axis, the moment of inertia (1), 
and the an^uior acceferafton (a) of the rotating system, is represented by the 
equation 

Fd = al 
in which F — the force in absolute unite tending to produce rotation ; li — lever 
arm, Fig. 38; / = moment of inertia about the axis 0; and a = the angular 
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acceleration. Id deaJii^ with this equation it is important to recall that 
the linear acceleration a of any point in a rotating sTstem, whera r ia the 
distance of the point from the center of rotation, ia 



Example. — A string carrying a weight is wrapped around the axle il of a 
wheel W, Fig. 39. The force F applied to the string ia 10 grams; the radiiis 
of the axle, 2 cm. The weight moves downward with an acceleration of 20 
cm per sec. per sec. Find the moment of inertia of the rotating system. 

Solution. — Since F in the equation ahoee m expreaed in abtolute units, Ote 
giuen force must he reduced to dynes; thai is, 10 grams of force = 9,800 dyriM. 
Also, since a •= ocr, then a = a/r = 20/2 - 10 radians / sec. / sec. 
Fd = al, then 9,800 X 2 = 10/. Hence I = 1,960 g cm". 

47. Moment of Inertia About a Parallel Axis. — Thus far we have con- 
sidered moments of inertia of systems of symmetrical 
bodies rotating about axes passing through their cen- 
ters of mass. It ia important, however, to consider 
the moment of inertia of a body rotating about an 
axis parallel to the axis through the center of mass. 
In actual practice we usually have to consider cases 
of this sort; that is, the moments of inertia of systems 
rotatii^ about axes other than those passing through 
their centroids. 

It may be shown that the equation for the moment 
of inertia of such a system ia 

FiQ. 39.— Mo- / - /, + Jlfd', 

ment of inertia about . ,..,,, ^ . . ^. , .. 

parallel axes. "* which / = the moment of mertia of the system 

about the given axis A, Fig. 39; /, = moment of iner- 
tia about an axis parallel to the given axis and passing through the center 
of gravity 0; M — mass of the body; and d — distance between the two 
parallel axes. 

Example. — A circular disc of mass 20 lb., radius 2 ft., rotates about an 
axis at right angles to its face and passing tbrot^ a point 18 in. from the 
center. Find the moment of inertia of the system. 

S<Aution.—I = !. + Afd'. In this case J, = J^Afr' = 3^X20X4-40 
I6./i.>;Af = 20 H».;d = l.fi/t., Aenced» - 9/4. Then 7=40 +20 X 9/4 - 

85 u,. ft.: 

48. The Pendulum. — The period of a pendulum is the time required to 
make one complete vibration. In the case of a simple pendulum (a material 
particle suspended by a weightless thread), vibrating under the force (rf 
gravity, the period is, 

T ■=2TyA/B, 

in which I ~ distance from the point of suspension to the material particle, 
and g = acceleration of gravity. 

49. The Conical Pendulum. — A simple conical pendulum is a material 
particle, acted upon by the force of gravity, and constrained to move in a 
circle of radius r, about a vertical axis AB, Pig. 40. Let g be the acceleration 
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of gravity, and / the centripetal acceleration due to the rotational motion 
ot the pendulum. Then f =* g tan 9 * gr/h <■ ^'rfT*, and therefore 

T = 2T-\/h/g. 

50. The Compound Pendulum. — In the equation T " 2r\'l/g, t ia the 
length of an ideal simple pendulum. In the case of a 

compound pendulum, it is necessary to find the length 
(I) of an equivalent simple pendulum. Thia length is 

I = I/Mk, 

in which I E- the length of an equivalent simple pendu- 
lum; / >■ the moment of inertia of the compound 
pendulum; M= the mass of the compound pendu- 
lum; and k =• the distance from the point of suspen- 
sion to the center of mass of the compound pendulum. 
The period of a compound pendulum ia 

T - 2T\/l/Mgh. 

Example. — A meter stick is suspended at a point 
60 cm from the middle and is caused to vibrate. Its 
mass is 360 grams. Find its period, 

(Solution. — Since the widlh of the meter tUck U small Fiq, 40. — Conical 
in amtpaTison wilh iU length, we may amnder it at pendulum. 

eqtaurdent to a -uniform thin rod. 1 = 1,+ Md' — 
Ml*/12 + Md' = 360 X 10,000/12 + 360 X 3,600 •= 1,596,000. Aleo 
Mgh = 360 X 980 X 60 = 21,168,000. Then T - 0.5ir tec 

51. The Center of Percussion. — The center of percussion of a compound 
pendulum is a point coincident with the center of oscillation. The center 





Fio. 41. — Center of percussion apparatus. 



of percussion is that point where a blow, given or received, is most eflEective 
and produces the least strain on the support or axis of motion. 

Example. — A bar AB, Fig. 41, is pivoted at so as to strike the body C. 
AB is 12 ft.; OA is 1 ft., where must C be placed so that when the bar AB 
falls the pivot will receive the least strain? 

SalulUm. — The support C matt be placed under the cenier of percussion of 
AB. The length OC = I - I/Mh = iMl'/12 + Md*)/Mh - (144/12 + 
26)/6 -7.4/(./romO. 
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ProblemB. 



241. Write and explain each term of the following fundamental 
equations : (a) r = wr ; (6) a = or; (c) K.E. = }4I<^*; (d) Fd = al; 
(e) / = /, + Md\ 

242. Write the dimensional formula for moment of inertia. 

243. Find the moment of inertia of a meter stick, mass 240 
grams, about an axis at right angles to its greatest face through 
(a) the middle point; (&) one end; (c) 20 cm from one end. 

244. Find the period of vibration of the meter stick, conditions 
as given in problem 243. 

246. Given a rectangular block, density 10 grams per cm*, 
length 40 cm, width 20 cm, thickness 10 cm. Find the moment 
of inertia of this block about its three axes through the center of 
mass, and at right angles to the three sets of faces. 

246. A circular disc, mass 200 lb., radius 2 ft., makes 120 r.p.m. 
about an axis at right angles to its greatest face and passing 
through its center. Find (a) its angular velocity oj; (ft) the 
linear velocity of a point in the circumference; (c) the moment 
of inertia about ita center, 

247. Find the kinetic energy of the disc (problem 246) in 
(a) absolute units; (b) gravitational units. 

248. Suppose that the disc of problem 246 is suspended on an 
axis passing through its face 6 in. from the circumference. Find 
the moment of inertia about this axis. 

249. Find the period of vibration about the axis conditions 
as in problem 24S. 

260. Suppose that the disc rotates about the axis (problem 
248) making 30 r.p.m. Find its kinetic enei^ in footr-pounds 
due to rotation. 

261. Given a uniform board 12 ft. in length and 18 in. in width, 
and having a mass of 24 lb. Find the moment of inertia of the 
board (a) about an axis through its center of gravity; (b) about 
an axis on a median Une and 2 ft. from one end. 

262. Find the period of vibration of the board, under the 
conditions chosen in problem 251. 

263. Given a uniform cylindrical disc having a mass of 20 lb., 
and a radius of 2 ft. Find its moment of inertia about (o) its 
center; (6) a point midway between the center and circumference. 

264. Find the period of vibration of the disc about the two 
points mentioned in problem 253. 
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* 26B. Find the kinetic energy of the diac of problem 253, 
assuming that it makes 5 revolutions every 10 see. 

266. SiippoBe that a soHd metal wheel having a mass of 100 
Ih. and a radius of 2 ft. rolls along the ground making 15 r.p.m. 
Find (a) the Unear velocity of the center of the wheel with re- 
spect to the ground; {b) the velocity of a particle at its highest 
point with respect to the gromid; (c) the velocity of the particle 
in contact with the ground, with respect to the ground. 

267. The wheel of problem 256 possesses kinetic energy due to 
ita linear velocity (K.E. = }i^»^) and also due to its rotation 
(K.E. = Mh w"). Find the total kinetic enei^ due to these 
two factors. 

268. The total kinetic enei^ (rf the wheel may be found in 
another way; that is, by considerii^ its motion with reference to 
a point in contact with the ground. In this case we use the 
equation K.E. = M^w". i° which I = h + MdK Find the 
kinetic energy of the wheel by this method. How does the 
result obtained compare with that of problem 257? 

269. A given circular disc rolls along a level track with a 
uniform velocity. At a given instant the linear velocity of a 
particle at the highest point of the disc is 20 ft. per sec. with 
respect to the ground. Find (a) the velocity of this particle with 
respect to the center of the disc; (6) the linear velocity of the center 
of the disc; (c) the distance the disc will roll in 10 sec; (d) the 
angular velocity of the disc; (e) its period of revolution. 

260. A circular disc, mass 100 lb. radius 2 ft., rolls along a 
level surface. The Hnear velocity of the center of the disc is 
T ft. per sec. Find the horizontal velocity with respect to the 
ground of a particle (a) at the highest point in the circumference; 
(6) J^ sec. later; (c) 1 sec. later; (d) 2 sec. later. 

261. Find the kinetic enei^ of the disc in problem 260 (a) 
due to its linear velocity; (6) due to its angular velocity. 

262. A metal bar 10 ft. long and having a mass of 100 lb. is 
pivoted at a point 2 ft. from one end. The free end is raised 
to a height of several feet and then allowed to fall. Where must 
a block be placed under the falling bar so that on striking, the 
pivot will receive the least shock? 

263. A rectangular piece of wood of mass 36 lb., is 2 ft. long, 10 
in. wide, and 4 in. thick. Find the moment of inertia about 
axes through its center of mass, and at right angles to its three 
sets of faces. 
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264. Given a rectangular piece of board, length AB 30 in., 
width BC 10 in. Find ita period of vibration when suspended 
from a point in one edge of the board (a) midway between A and 
B; (6) midway between B and C. 

266. Find the moment of inertia of a disc of mass 1 kg, radius 
15 cm, rotating about an axis at right angles to the plane of the 
disc and at a distance of 5 cm from its circumference. 

266. Find the kinetic energy of the disc of problem 265 when 
its period of rotation ia r see. 

267. A metal disc is suspended so as to serve as a torsional 
pendulum, Fig. 21. A metal ring of mass, 1,000 grams, outer 
radius 12 cm, inner radius 8 cm, is placed symmetrically 
upon the disc with respect to its center. How much will the 
moment of inertia of the system be increased by the addition 
of the ring? 

268. The metal rim of a wheel has a mass of 100 lb. Its 
moment of inertia is 312.5. lb. ft*. Its outer radius is 2 ft. Find 
the inner radius of the rim. 

269. A cylindrical projectile of mass 20 lb., radius 6 in., is shot 
through the air end-on with a linear velocity of 100 ft. per sec. 
and a rotational velocity equivalent to 20/ir r.p.a. Find its 
total kinetic energy in foot-pounds. 

270. A solid spherical body of radius 4 cm and mass 2 kg has 
a linear velocity of 20 cm per sec. and an angular velocity of 20 
radians per sec. Find its total kinetic energy in joules. 

271. A spherical ball having a mass of 200 grains, radius 2 cm, 

has a linear velocity of 10 cm per sec. 

>.ao<iir and an angular velocity of 10 radians 

\ per sec. Find its total kinetic energy 

^„J in (a) ei^; (6) gram-centimeters. 

J 272. A grindstone weighing (havii^ 

/ amass of] 90 lb., and having a radius 

■ of 8 in. is supported upon ball beai^ 

Pia. 42.— Relation of i^gg go that it turns without apprecia- 
Iinear acceleration to angu- , , , . . , , *^*^ 

lar acceleration. ble fnction. A stnng 13 wrapped 

several times around the stone and a 
force of 6 lb. is apphed to the string, causing the stone to 
rotate. Find the acceleration of the string. 

273. If the grindstone (problem 272) rests on the floor and a 
force of 6 lb. is applied to the string, Fig. 42, the stone will 
roll along the floor. Consider the motion of the disc about the 
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point n, in tenns ol Fd = txl. Find (a) the linear acceleration 
of the center of the grindstone; (b) the acceleration of the string. 

274. Find the kinetic energy of the stone of problem 273, 
assuming that it has a linear velocity of 10 ft. per sec. 

276. A cylindrical disc, Fig. 43, maas 200 lb., radius 18 in., 
rolls, due to the force of gravity, down an inclined plane CB 
which makes an angle of 30" with its 
base AB. Find (a) the force in poundals 
acting on the center of the disc; (6) the 
moment of the force {Mg X DE) tend- 
ing to rotate the disc about its point 
of contact D with the incline CB. 

276. (a) Find the moment of inertia 
of the disc about its point of contact D 
with the incline, Fig. 43. (6) Find the 
angular acceleration of the disc as it 
rolls down the plane. 

277. Find (a) the linear acceleration of the disc (problem 275) 
ae it rolls down the plane; (&) the velocity at the end of 4 sec; 
(c) the distance it will roll in 4 sec. 

278. Let a be the acceleration of a body sliding without 
friction down an inclined plane, and a' the acceleration of a 
BoHd cylinder rollii^ down the same incline, the motion of both 
bodies being due to gravity. Suppose that both bodies start 
from rest, and move for the time t. Show (o) that a' = %a; 
and (&) v' = ^v. 

279. Suppose that the two bodies of problem 278 move to the 
bottom of the plane, a distance a. liet v be the velocity of the 
sliding body, and v' the linear velocity of the roUing body. 
Show that at the bottom of the plane v" = %v^, 

280. Let 8 be the space traversed by the body slidii^ down 
the incline (problem 278) and s' the space traversed by the 
body rolling down the incline. Show that in time (, s' = %a. 

261. A sphere and a cylinder, both having radii equal to r, 
start from rest and roll down the same incline for ( sec. Let 
a be the space traversed by the sphere in the time t, and s' the 
space traversed by the cylinder. Show that s' = ^^ss. 

262. An inclined plane, length 5 m, makes an angle of 30" 
with the base. A cylinder of mass 2,000 grams radius 10 cm, 
rolls from the top to the bottom of the plane. Find (a) the 
angular acceleration of the cyhnder; (b) the linear acceleration 
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(c) time required to reach the bottom; (d) linear velocity at the 
bottom; (e) angular velocity at the bottom. 

283. Find the total K. E. of the cylinder (problem 282) at the 
instaDt it reaches the bottom of the plane. 

284. The length Z of a conical pendulum, Fig. 40, is 30 cm; 
the mass is 10 grams; and the angle which it makes with the 
vertical is 30°. Find (o) the height ft of the cone; (6) the period 
T; (c) the angular velocity a; (d) the radius r; and (e) the force 
in the string Am. 

285. Find the centrifugal force / exerted by the conical 
pendulum (problem 284), in gravitational units. 

286. A metal rod AB, Fig. 41, of mas3 100 lb., and length 14 
ft., swings about a pivot at the point 0, 2 ft. from the end A. 
Where must the support C be placed so that AB may strilce the 
most effective blow ? 
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CHAPTER III 

MECHANICS OF FLUIDS 

FLUIDS AT REST 

B2. Force Exerted hj a Fluid. — Pressure is force per unit area; that 
is, P = F/A. In general, presaure is measured in dynes, or grams per 
square centimeter, or in poundals or pounds per square inch or square 
foot. Pressure at a given point in a fluid is equal in all directions. 

The force exerted upon any immersed surface, due .to the pressure of a 
fluid, is 

F = PA; that is, 

F •= AHd, gravitational units, or 

F = AHdg, absolute units. 

In the above equation, A •• area pressed upon; H = vertical distance 
from the surface of the fluid to the center of area (centroid) of the surface 
pressed upon; d = density of the fluid in grams or pounds per unit of volume; 
and g = acceleration of gravity. 

TTie center of area of a surface is the same as the cenlroid of a surface. 
The followii^; table gives the centers of area of some common surface areas: 

Fiiura Center of Area 

Parallelogram intersection of diagonals. 

TViai^e intersection of median tines. 

Circle geometrical center of figure. 

Spherical shell center of sphere. 

Hemispherical bowl ^ radius, normal to plane surface. 

Right cone (hollow) }i distance from vertex to base. 

Note. — The student must bear in mind that the data given above re- 
fer to surface areoi. For example, while the center of area of a hollow 
hemisphere is ^r, the centroid of a homogeneous solid hemisphere is 
^r, measured from the plane surface; and likewise, while the center of area 
of a right hollow cone is }ih from the vertex, the centroid of a homogeneous 
solid right cone is ^h from the vertex. 

Example. — Given a right conical vessel, the height of which is 6 ft. the 
radius of the base, 2 ft. The vessel is filled with water, and rests on its 
base. Find, in gravitational imits, the force exerted upon (a) the sloping 
side of the vessel; (&} the base. 

Solvti)m.~The UUerat area A of a cone = K icircumference X slant 
height) = airViO = 12.65ir sq. ft. Area of base = m-' = 4Tr sg. /(. H for 
side area = JSA = ifl. H for base = 6/i. The density d of water = 62.5 ft. 
per cu. ft. ffov} P = AHd, trnd hence {«) F for the laical surface = 12.655r 
X 4 X Q2.5 = 3,162.&r lb. (6) F on base = lir X 6 X 62.5 = 1,500 ir ft. 
i 49 
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SS. Pascal's Law. — Paac&l'a Uw states that pressure applied to any givea 
area of an enclosed fluid is tranamitted uadiminished to every like area of 
the containing vessel. The practical application of this principle ia exem- 
plified in the use of the hydraulic press, the hydraulic elevator, and appa- 
ratus of similar design. 

Examjde. — The area A of the small piston of a hydraulic press ia 4 sq. 
in.; the radius of the l&rge piston is 1 ft. A force of 10 lb. b applied to the 
small piston. Find the upward force exerted by the large piston. 

StAvtUm.—Lti A be the area of the tmaU pUton; A' the area of the large 
piston. Then A = i sq. in.; and A' = irr* = 144ir tq. in. Lei F be the 
force exerted on the email pielon, and F' that on the large piatan. The forces 
onlkelwo pistons are proponi4mai to the areae; that is F:P' — A:A'. Hence 
P" = FA' /A = 360ir ». 

61. The Total Force Exerted upon an Enclosed Area. — T^e total force 
which may be exerted upon any portion of a vessel containing a fluid may 
be due to two factors: First, the iveight of the fluid itself; and second, the 
force due to the application of an extemai presawe. It is evident that the 
total force upon a given area is equal to the sum of the two factors mentioned 

Example. — Suppose that a rectangular box 10 cm on each edge is filled 
with water. Suppose also that a plug having a cross-sectional area of 
4 cm' is inserted in an opening in tiie top of the vessel, and that a force of 
20 grams is applied to the plug. We wish to find the total force exerted on 
the six sides of the box, due to the weight of the liquid, and to the force 
exerted by the plug. 

SUiition. — Since &e force exerted on the plug is given in grairilationai units 
we shall eolife for Fin Aeeame units. The force due to the weight of the water — 
P - AHd. P on Ifie boUom - 10 X 10 X 10 X 1 = 1,000 grams. F on 
each side = 10 X 10 X 5 X 1 = 500 grams, and F for the four sides =2,000 
grams. P on the top — 0, The force, due to the weight of the water, then, 
on all six sides — 3,000 grams. Now the force on all six sides due to the 
jHug ^ F ^PA = (20/4) X 10 X 10 X 6 = 3,000 grams. The total force 
due to the weight of lAe watpr and that due to the pressure exerted by Oie plug 
0,000 grams. 

Problems 

287. A rectai^:ular vessel 20 cm long, 10 cm wide, and 10 
cm deep is filled with water. Find the force due to the we^bt 
of the water on (a) the bottom; (6) one side; (c) one end. 

288. Find the total force exerted on the sides, ends, and bottom 
of the vessel (problem 287) when it is filled with brine, having 
a density of 1.4 grama per cm". 

289. Suppose that a tight-fitting cover is placed upon the 
Teasel of problem 288 and that a plug having a cross^sectional 
area of 5 cm* is inserted in the top, and a force of 10 grams is 
applied to the plug. Find (a) the total force exerted on the six 
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faces of the vessel due to the pressure applied by the plug; 

(b) due to the weight of the brine, and the pressure exerted by 
the plug. 

290. A tank 20 ft. long, 10 ft. wide, and 10 ft. deep is filled 
with water. Find (a) the force due to the weight of the water 
on (a) the bottom; (&) one side; (c) one end. 

291. Into the top of the tank (problem 290) there is inserted 
a plug having a cross-sectional area of 4 sq. in., and upon this 
plug there is exerted a force of 10 lb. Find the force on the 
six faces of the tank (a) due to the force exerted by the plug; 
(fi) due to the weight of the water, and the force exerted by the 
plug. 

292. The radius of the baae of a cylindrical vessel is 10 cm, 
and the height 30 cm. "Hie vessel is filled with water. Find 
(o) the weight of the water in the vessel; (&) the force exerted on 
the bottom; (c) the force exerted on the side. 

293. A cylindrical plug, radius 2 cm, is inserted into the top 
of the vessel (problem 292). Upon this plug there is exerted a 
force of 20 grams. Find the force due to the plug upon (a) 
the bottom of the vessel; (fi) the side. 

294. A cylindrical tank has a radius of 10 ft. and a height of 
30 ft. The vessel is filled with water. Find (a) the weight of 
the water in the tank; (b) the force exerted on the bottom; 

(c) the force exerted on the side. 

296. Into the top of the tank (problem 294) there is inserted 
a cylindrical phig of radius 6 in., upon which there is exerted a 
force of 20 lb. lilnd the force due to the plug on (a) the bottom; 
(b) the side. 

296. The radius of the base of a r^t conical vessel is 10 cm, 
and the vertical height 30 cm. The vessel is filled with water 
and placed on its base. Find (a) the weight of the water in the 
vessel; (b) the force exerted on the bottom. 

297. Find the force exerted on the side of the conical vessel 
(problem 296) when it rests on (a) its base; (b) its vertex. 

298. Three vessels A, B, C, having bottoms of the same area 
(20 cm on each edge), and sides of the same height (20 cm), 
are filled with water. The sides of each box are vertical. The 
ends of A are vertical. One end of B is vertical, and the other 
end slopes inward making an angle of 30° with the vertical. 
One end of C is vertical, and the other end slopes outward, 
makiug an angle of 30° with the vertical. Make a sketch of the 
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three boxes. Find (a) the weight of the water in each box; 
(fc) the force exerted on the bottom of each. 

299. Rnd the total force exerted on the two sides of each box 
(problem 298). 

300. Find (o) the total horizontal force exerted on the two 
ends of each box; (6) (problem 298) the total normal force on 
the two ends of each box. 

301. A spherical vessel of radius 10 cm is filled with water. 
Find (a) the weight of water in the vessel; (6) the total force 
exerted on the interior of the vessel, 

302. The spherical vessel (problem 301) is half full of water. 
Find (o) the weight of water in the vessel; (6) the force exerted 
on the lower half of the vessel. 

303. A steel railroad water tank consists <^ a cylinder of radius 
10 ft., height 30 ft. resting upon a hemispherical base. Find 
(a) the weight of water in the tank when it is full; (b) the force 
exerted on the cylindrical sides of the tank. 

301. Find the force exerted on the hemispherical surface of 
the bottom of the tank (problem 303). 

305. A thin piece of metal, 20 by 30 cm in area is placed at 
the bottom of a rectangular tank, 1 m in depth, in such a manner 
that the 20-cm edge of the metal rests upon the bottom of the 
tank, and the 30-m edge is vertical. Find the force exerted on 
one side of the metal. 

306. Suppose that the 30-cm edge of the metal (problem 305) 
makes an angle of 30° with the bottom of the tank. Find the 
force exerted on the metal. 

307. Suppose that the piece of metal (problem 305) is placed 
at the bottom of the tank in such a manner that one comer 
touches the bottom, and the diagonal is vertical. Find the 
force exerted on one side. 

308. The radii of the pistons of a hydraulic press are 1 in. and 
1 ft. respectively. A force of 100 lb. is applied to the smaller 
piston, (c) Find the force exerted by the larger piston. (6) 
When the larger piston moves 1 in., through what space does 
the smaller piston move? 

309. A rectangular tank, cross-sectional area 4 by 4 ft., height 
10 ft. is filled with water. Through the top of the tank there is 
inserted a plug having a cross-sectional area of 10 sq. in., to 
which is applied a force of 50 lb. Find the total force in pounds, 
exerted on (a) the bottom of the tank; (b) one side; (c) top. 
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310. Compare the force exerted on the bottom of a cylindrical 
tank filled with water, cross-sectional area 15.708 sq. ft., height 
20 ft., with that exerted on the bottom of another cylindrical 
tank, of radiuB 5 ft., and height 5 ft., into the top of which is 
fixed a pipe of cro8s-«ectional area of 1 aq. in., height 15 ft., 
also filled with water. 

311. A vessel having the shape of a right triangular prism, 1 m 
in height, length, and width, is placed in such a position that 
one rectangular face ia horizontal and one vertical, and is filled 
with water. Find the force in grams exerted on each face of 
the vessel. 

312. A cubical tank 10 ft. on each edge, is filled with a fluid 
the specific gravity of which is 1.5. A square plug, 5 in. on each 
edge, is inserted into the top. A force of 100 lb. ia exerted upon 
the plug, which acta without friction. Find the total force 
exerted on the six faces of the vessel, due to the weight of the 
water, and the preaaure of the plug combined. 

313. A right circular cone, height 50 cm, base radiu? 10 cm, is 
placed apex down and is filled with water. Find (a) the weight 
of the water in the vessel; (6) the vertical force exerted by the 
water; (c) the force exerted normal to the surface of the cone, 

314. Ckinfiider the base of the cone (problem 313) to be covered 
with a water-tight lid. The vessel is filled with water and 
placed base downward, (o) Find the force exerted on the base; 
(ft) the force exerted on the sidea. 

316. A hemispherical bowl of radius 2 ft. is filled with water. 
Find (a) the weight of the water in the bowl; (6) the vertical 
force due to the water; (c) the force normal to the surface of the 
bowl. 

316. A sphere of radius r is filled with a Uquid of density d. 
Find (a) the weight of the liquid ; (6) the force normal to the entire 
surface of the aphere. 

317. Find the force exerted on (a) the lower half of the sphere; 
(problem 316) (&) the upper half. 

318. A cylindrical tank, height 3 ft., radius 1 ft., is filled with 
water. Into the top of thia tank there ifl inaerted a vertical pipe 
12 ft. in length, which is also filled with water. Find the force 
exerted on a cylindrical side of the vessel by the water in the 
pipe, when the cross-section of the pipe is (a) 1 sq. in.; (&) 2 
sq. in. 

319. (o) What ia the total force exerted on the bottom of the 
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tank (problem 318). (b) How does this force compare with that 
which would be exerted on the bottom of another tank of height 
15 ft., and radius 1 ft.? 

5ft. Center of PresBore.— The center of hydrostatic pressure oa any im- 
mersed surface is the point of application of the reeultant of all the ele- 
mentary hydrostatic pressures against the elements of the surface. If 
the area pressed upon is a plane surface all the elementary pressures are 
parallel, and the problem consists in finding the resultant of a system of 
parallel forces. 

CerUer of pretture may be defined by means of the equation X — Zfx/ 2/ 
in which X is the distance from the surface of the Uquid, considered as a 
plane of reference, to the center of pressure of the area acted upon ; / is the 
force acting on an element of area; fx is the moment due to this force. 

se. Center of Preaaure on a Rectangle. — Suppose that the upper edge of a 
rectai^e lies in the surface of the water. Let Tf be the width of the rec- 
tangle and ¥ its altitude. It may be 
shown that C, the center of pressure, Ues 
on a median line and at a distance % of 
¥, measured from the surface. 

B7. Center of Pressure on a Triangle. 
— If we have given a triangle the vertex 
of which lies in the surface of the water 
it may be shown that C = J^T. 

Example, — A dam whose cross-eection 
is a right-angled trian^ 3 m high, is 
*it built of stone of density 4. If the water 
__ " , , _ ^ . reaches to the top on thaiiTertical side, 

Fia. 44.-CBnter of pressure. ^ ^ ^^^^^_ ^^^^ ^^^ th^readth of the 

base in order that the moment of the 
force due to gravity about the point B is just equal to the moment of the 
force due to the water about the point 01 

Solution. — Coruider unit width of the dam. (a) The area A preseed upon 
ia 300 emK F = AHA = 300 X 150 X 1 = 4fi,000 grame of force. The 
pcrintof applicoHon of thie force, the center of pressure C, = HY = 200emfrom 
surface, that ia, 100 em from O. The moment of the force about ia, then, 
Fd - 45,000 X 100 = ^500,000. (b) We must tww find the mometd of the 
force about the point B, dve to the weigU of Ike dam. Let F' he the vtei^ktof the 
aeaian of the dam under consideration; and let X be the width of the bate OB. 
ThenF' = (300 X X X 4)/2 = miX gram* of force. Since the center <4gna>- 
ity of the eection ia atthe point of intersection of the medians of the iriangta 
OBC, the line of direction of the force F' etOs the base OB at a point equal to 
%X, measured from B = d*. The moment (tf the force due to the uieight of the 
damU, therefore, F'd' - 600 X HX*~¥MX}. According to the conditions of 
the problem, the two moments Fd and F'd' are equal in magnitude and opposite 
in sense, therefore 4,500,000 - 609X X HX =• 400X>. and hence X - 
106 em. 
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Problems 

320. A right triangular prism, 9 ft. on the base, 6 ft. in height, 
10 ft. in length, suppori^ a column of water 6 ft. deep against its 
vertical face. The density of the prism is 500 lb. per cu. ft. 
Find (a) the moment of the force due to the water tending to 
overturn the prism; (b) the moment of the force due to the 
weight of the prism tending to hold it in place. 

321. Assume that the water presses against the sloping face 
of the prism (problem 320). Find (o) the weight of the water 
acting vertically downward upon the sloping face, (b) Find 
the force exerted by the water normal to the sloping face, (c) 
The moment of the force with reference to the point 0, Fig. 44, 
acting horizontal to the base, (d) The moment of the force 
with reference to B, acting at right angles to the base. 

322. Suppose that the prism of problem 320 is submerged in 
water so that its upper edge Ues in the surface. Find the moment 
of the force exerted by the water against the triangular face. 

323. The headgate of a flume is 9 ft. in height and 10 ft. in 
width. It supports, in a vertical position, a column of water 9 
ft. in depth, (o) Where must a single support be placed so that 
the headgate will be retained in position? (&) What is the 
moment of the force acting upon the support, tending to turn the 
headgate about its lowest point? 

BUOTANCT OP FLVmS 

68. Archimedm' Principle. — AKhimedes' principle, aometimes called the 
principle of buoyancy, states that a body immersed in a fluid is buoyed 





PiQ, 46, — Center of gravity below Fia. 46. — Center of gravity above 

metacenter. Forces O and B tend metaoenter. Forces O and B tend 
to r^^t boat. to overturn boat. 

up by a force equal to the weight of the fluid displaced. A body that sinks 
in a fluid displaces its own volume; a body that floats displaces its own 
weight. In both cases the body is buoyed up by a force equal to the weight 
of the fluid displaced. 
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59. StablUty ot FiMting Bodies.— Let Fig. 45 represent the cross-sectJtm 
of a boat. The point is tlie center of gravity of the boat, and B is the 
center of buoyancy of the water displaced. The center of buoyancy of a 
floating t>ody ia the center of volume (centroid) of the space occupied by the 
liquid displaced. The metaeenUr M is the point of intersection of a vertical 
line through B with the middle line ah, Fig. 45. At the point O, we may con- 
sider that there is a force equal to the weight of the floating body acting 
downxoard; at B, a force equal to the weight of the water displaced acting 
upXBard. So long as the metacenter M lies above the center of gravity 0, 
the action of the two forces is to right the hoot. When, however, M lies 
below G, the action of the two forces is to tip the boat over. 

Problems 

324. A piece of metal having a mass of 100 grams, and a volume 
of 10 cm* will displace (a) what volume of water ? (&) how many 
grams of water? (c) will be buoyed up by what force? (d) will 
have what weight in water? 

325. A cubic foot of lead of mass 700 lb. is immersed iu water, 
(o) What volume of water is displaced? (ft) What weight of 
water is displaced? (c) What buoyant force acts upon it? 
(d) What is its weight in water? 

326. A cubic foot of a certain substance weighing 60 lb. is 
thrown into water, (a) Will it sink or float? (6) How many 
pounds of water will it displace? (c) What is the buoyant 
force acting upon it? 

327. Make a sketch of Figs. 45 and 46 and explain the action 
of the two forces, gravity and buoyancy. 

328. A cubical block I ft. on each edge is immersed in water. 
Find the buoyant force exerted by the water upon the block 
(a) when the bl«ck is just submei^ed; that is, when its upper face 
lies in the surface of the water; (6) when the upper face is 1 ft. 
below the surface of the water (c) 10 ft. below the surface. 

329. A cubical block of wood, mass 250 lb., 2 ft. on each edge, 
is submerged in a tank of water, so that the upper face of the 
block hes in and parallel with the surface. The tank is 10 ft. 
deep. How much work in foot-pounds will be required to force 
the block to the bottom? 

330. Suppose that the block of problem 329 were allowed to 
float on the surface, (a) What part would be submerged? 
(fe) What work in footr-pounds would be required to force it to 
the bottom of the tank? 

331. Under standard conditions a cubic foot of hydrogen 
weighs about 0.006 lb.; a cubic foot of air, about 0.08 lb. A 
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balloon havii^ a capacity of 60,000 cu. ft. is filled with hydrogen. 
(a) Find the buoyant force acting on the balloon due to the air 
displaced, (b) Aaauming that the weight of the balloon when 
collapsed ifi W lb., find the net buoyant force. 

332. One of Count Zeppelin's first dirigibles had a capacity of 
400,000 cu. ft. What was the maximum net weight which this 
airship could possess, and still remain in the air, providing it was 
filled with hydrogen? 

60. Density and Specific Gnvitr. — Density D U maae per unit volume; 
tiiat is, J9 ■• M/V, Specific granity is the ratio of the density of a given body ■ 
t3 that of another substance taken as a staadard. Specific gravity may 
also be defined as the weight of a given volume of a substance divided by 
the weight of an equal volume of the standard. For solids and liquids, 
distilled water at 4°G is the standard; for gases, air or hydrogen is chosen 
as the standard. 

Example. — The mass of a cubic centimeter of a given metal is S grams. 
Find (a) the density; (6) the specific gravity. 

Solviwn. — D = M/V -8/1=8 gramt per em'. (6) Sp. g. = weight 
of body/ineight of eqtud volume of water. One cubic centimeter <^ irater weigka 
1 gram. Hence »p. g. = 8/1 — 8. 

NoTB. — In metric units, density and ^vecific gravity are numerically 
equal to each other. 

Example. — A cubic foot of a given met^l has a mass of 60p lb. Find (a) 
its density; (6) specific gravity. 

&lM/wn.— Z> = M/V - 500/1 = SOO lb. per cu. ft. (6) Sp. g. - vieighl 
qf body/ioeight of equal volume of looter - 600/62.6 - 8. 

Note. — In English units, density is not numerically equal to specific 
gravity. Densities, however, are now almost universally expressed in terms 
of metric units, and as such are numerically equal to specific gravities. 

81. Methods of Detennining Densities. — Some of the more impor- 
tant methods of finding densities are considered briefly in the following 
paragraphs: 

(a) Solidt Having Regular Outline. — Determine mass and volume by 
direct measurement; find the density by the use of the equation D = M/V. 
See problem 333. 

(6) Solids of Irregtdar Outline. — Since densities are now almost universally 
expressed in terms of metric units (grams per cubic centimeter), and also 
since densities expressed in metric units are numerically equal to specific 
gravities, we may write D — sp. g. = toeight of body /weight of equal volume 
i4 staT^dard. And since a body immersed in water is buoyed up by the weight 
of the fluid displaced, that is, by the loss of weight in water, we may also 
write D = weight of body /lose of xoeighl in water. See problem 334. 

(e) Solids Lighter than Water. — In determining the density of a solid of 
irregular outline, insoluble in but %hter than water, we attach to the body 
a sinker sufficiently heavy to sink it, and then proceed according to the 
equation D = sp. g. = weight of body/loea of weight in water. See problem 
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(_d) Demity of Solidt Solvble in Water. — In thia caae we must determine 
the specific gravity of the solid in some substance in which it is not soluble, 
and then compute its density in terms of water. See problem 336. 

(e) Density of Liguids. — The usual method of determinii^ density in 
the laboratoij is that known as the "specific gravity bottle" method. 
See problem 337. 

A second method is to weigh a sinker in water and then in the given 
liquid. D — ap. g. — loss of weight in the given liquid/lott of weight in 
water. See problem 338. 

A practical method of determining densities of acids, syrups, milk, and 
other liquids used in large quantities is by use of the hydrometer, the funda- 
mental principle in the employment of which is illustrated in problem 339. 

Problems 

333. A rectangular block, 20 cm in length, 10 cm in width, 
and 5 cm in height has a mass of 5 kg. Find its density. 

Ans. 5 g/cm'. 

334, What is the density and specific gravity of a body which 
weighs 10 lb. in air and 8 lb. in water? 

Atm, Specific gravity, 5; density, 5 g/cm". 

336. A sinker which weighs 33 grams in air and 30 grams in 

water ia attached to a piece of wood which weighs 10 grams in air. 

The wood and sinker weigh 20 grams in water. Find the density 

of the wood. 

Ans. 0.5 g/cm'. 

336. A piece of rock candy weighs 20 grams in air and 10 grams 
in kerosene, in which it is insoluble. The density of the kerosene 
is 0,8 gram per cm*. Find (a) the specific gravity of the candy 
relative to the kerosene, and (&) its density with reference to 
water. 

Ans. (a) 2; (6) 1,6 g/cm*. 

337. Find the density of glycerine from the following data. 
Weight of bottle, 15 grams; weight of bottle filled with water, 
65 grams; weight of bottle filled with glycerine, 78 grams. 

Ans. 1.26 g/cm*. 

338. Density of a liquid by the sinker method. A sinker 
weighs 20 grams in air, IS grams in water, and 1S.36 grams in 
alcohol. Find the density of the alcohol. 

Ans. 0.82 g/cm*. 

339. A given hydrometer consisting of a cylindrical glass rod, 
closed at both ends, is weighted at one end with mercury, so as 
to float upright in water. The length of the rod is 60 cm; 
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its cross-eectional area is 1 cm*. When placed in pure water 54 
cm of the rod were submerged. When placed in sulphuric acid 
30 cm were submerged, (a) What volume of water was dis- 
placed Tjy the hydrometer? (6) How many grama of water? 
(c) Mass of the hydrometer? (d) How many grams of sul- 
phuric acid were displaced? (e) Density of the acid? 

An8. (e) 1.8 g/cm*. 

340. A given piece of metal weighs 10 grams in air and 8 grams 
in water. Find (a) the volume of the metal; (b) its density; (c) 
specific gravity. 

341. Substitute pounds for grams in problem 340 and find (a) 
the volume of the metal in cubic feet; (6) its density in pounds per 
cubic foot; (c) its specific gravity; (d) its density in grams per cm*. 

342. A cubic foot of a given metal weighs 600 lb. in air. (a) 
What will it weigh in water? (t) What is its specific gravity? 
(c) Density? 

343. A cubical block 10 cm on each edge has a density of 8. 
Find (a) its weight in mt; (&) in water; (c) in alcohol (denaty 
0.8); (d) mercury. 

344. A piece of wax having a mass of 10 grams, is attached to 
a sinker which weighs 20 grams in air and 18 grams in water. The 
wax and sinker combined weigh 8 grams in water. Find the 
density of the wax. 

346. A piece of wax, density 0.8, is attached to a cubical sinker 
2 cm on each edge, density 8. The wax and sinker combined 
weigh 36 grams in water. Ilnd the volume of the wax. 

346. A piece of metal, density 10, contains within its interior 
a certun cavity. The metal weighs 800 grams in aii, and 700 
grams in water. Find the volume of the cavity. 

347. A piece of metal, mass 100 grams, density 10, ia suspended 
by means of a thread in a beaker containing 500 grams of water. 
Find (a) the force in grams on the string due to the weight of the 
metal and to the buoyancy of the water combined; {b) the force 
on the bottom of the beaker due to the metal and the water. 

348. A cylindrical wooden rod 1 m in length, density 0.8, 
has fastened to one end a cylinder of brass of the same size as the 
wood. The density of the brass is 8. The rod is placed in water 
and allowed to float in a vertical position. Find the length of 
the brass cylinder such that 10 cm of the wooden rod will float 
above the surface. 

349. A uniform wooden rod is weighted at one end so that when 
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placed in water it floats in a vertical position. The weight of the 
rod Ib 100 grams. In water it sinks to a given mark. An addi- 
tional we^t of 20 grams has to be added to the rod in order to 
cause it to sink to the same mark in a given liquid. Find the 
densily of tiie ^ven liquid. 

360. The density of aluminum is 2.6; the density of silver, 10.6. 
Compare the weight of a cylinder of aluminum, diameter 1 cm, 
h^ght 1 cm, with that of a sphere of silver of diameter 1 cm. 

361. An irregular piece of metal, of density 8 grams per cm*, 
has a cavity within it. The weight of the metal in air is 1,000 
grams. When immersed in water it displaces 150 cc. Find the 
volume of the cavity. 

362. Suppose that an alloyed crown of gold and brass weighs 
4 kg in air and 3.7 kg in water. The specific gravity of gold is 
19.3; that of brass 8.S. Find the amount of gold, and of brass 
respectively, 

362'. A bottle weighs 2 oz. Filled with water, it weighs 6 
oz. Filled with oil, 5.5 oz. Find the density of the oil, and 
state the denomination of the result. 

363. A glass stopper weighs 40 grams in air, 24 grams in water, 
and 12 grams in sulphuric acid. Find («i) the density of the glass; 
(b) the acid. 

364. An iron casting weighs 160 lb. in air. There are reasons 
to suspect that there are blow holes in it. It is, therefore, weighed 
in water and found to weigh 138.58 lb. Find the volume of the 
blow holes, assuming that a cubic foot of the iron weighs 480 lb. 

366. A balloon when collapsed weighs 100 kg; when filled with 
hydrogen of density 0.89 gram per liter, it will lift an additional 
weight of 90 kg. The density of air is 1.293 grams per Uter. 
Find the volume of the balloon when filled. 

FLUIDS IN MOTION 

63. The Sipbon. — The siphon is b. device for transferring liquids from 
a given level to a lower level, over an intervening elevation. It depends for 
its operation on atmospheric pressure, Elg. 47 shows a siphon in opera- 
tion. The short arm ab of the siphon is measured from the point of applica- 
tion of atmospheric pressure in vessel A to the highest point of the siphon; 
tile long arm ce, is measured from tlie highest point to the point of applica- 
tion of atmospheric pressure, as at e. 

Action of the Siphon. — Let W be the pressure of the atmosphere; w the 
downward pressure due to the weight of the water in arm ab', v/ the down- 
ward pressure due to the weight of the water in arm ce. The upward pressure 
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on both arms is that due to the atmoaphere, W, The effective upward 
pressure on the short arm ia W ~ w, the effective upward pressure on the 
long arm is TF — w'. Since w' > w it follows 
that W - v>>W - w'. That is, the greater 
upward force acts on the short arm, and hence 
the liquid SowB toward the long arm. 

Since the preseures (forces per unit area), id 
and v>', are due to the weight of the liquid in 
the respective arms, w = hd and w' = k'd. 
Now if we let P be the effective upward pres- 
sure on the short arm, and P" the effective op- 
ward pressure on the long arm, then the net 
pressure producing the Sow is 

p -p' ~ (w -hd) -{w - fc'd). 




■ecSar^atn^^vhere = pres^ du^ Fia. 47.-PrincipIe of the 

meters c^ mercury = 30 inches of siphon 



A preeewe c^ 
to 76 cerUimetera c 

mercury =• 1,033.3 prams per square centimeUr 
- 1,012,032 dynea per square eenlimeter — 14,7 pounds per square inek. 



Problems 

366. Will a siphon work in a vacuum? Why? ■ 

367. Explain {a) why the flow ceases when the two arms of a 
siphon are of the same length; (6) why the liquid flows back into 
the vessel when the outer arm is shorter than the inner arm; (c) 
why increasing the outer arm increases the rate of flow? 

368. The specific gravity of kerosene is 0.8; that of Bulphuric 
acid 1.84; mercury, 13.6. Over what height can each of the 
liquids be siphoned, measured in (a) centimeters; (6) feet. 

359. What is the height of a water barometer when the mer- 
curial barometer reads 76 cm, the density of mercury being given 
as 13.3? Give results in (a) meters; (b) feet. 

360. Over what height in feet can we siphon brine, the density 
of which is 1.35, when the barometer reads 72 cm? 

361. Consider Fig. 47. Suppose that the siphon tube is of 
uniform bore and has a cross-section of 1 cm^. Length of tube 
ab, 20 cm; length of tube ce 35 cm; density of Uquid 1.5. Find 
the net effective pressure {P — P*) in dynes causing the liquid 
to flow from the arm ce. 

362. Consider Fig. 48. Assume that the atmospheric pressure 
is practically the same at s as at y. The pressure exerted by a 
cubic inch of the hquid in the tank is 0,01 lb. Find the effective 
pressure causing the flow when (a) the hquid in the tank stands 



^v Google 



62 PROBLEMS IN PHYSICS 

at y ; (fi) at y"; (e) at y'. (d) Will all the liquid flow out of the tank 
if 8 is open? Explain. 

63. Velocity o( Efflux. — The theoretical velocity with which a liquid issues 
from an orifice in a veaael is 

t» - 2gk 
where h — distance from the surface of the liquid to the orifice, and jj - ac- 
celeration of gravity. The volume 
of liquid which will fiow out of the 
orifice is 

F - art 

in which V = volume of liquid; 
a = crosa-eectional area of the 
orifice; v = velocity of efflux; and 
t ^ time in seconds. In actual 
practice this value is never reached. 
If the opening be a simple orifice 
without a mouthpiece of any sort, 
the actual volume of liquid dia- 
Fia. 48.— Section of a riphon. chained ia only about 62 per cent 

of the theoretical volume. By 

using a mouthpiece of proper shape and dimensions, the Sow may be made 

about 80 per cent of the theoretical value. 

64. Velocity of Effusion of Gases. — If a gas of density d, and under a pres- 
sure p, be allowed to escape from a vessel through a small orifice with a 
velocity v, it may be shown that 

•■ - 2p/J 
where v = velocity; p " preasure in absolute units; d •• density. 

Problems 

363. A steel tank is filled with water to a depth of 16 ft. A 
hole is drilled through the side of the tank, at the bottom, and 
a short cyhndrical tube is fitted to it. The hole in the tube has 
a crosa-sectional area of 1 sq. in. How many cubic feet of water 
will flow through the tube per minute? 

364. The water in a tank is maintcuned at a constant level 
20 ft. from the bottom. Find the total quantity of water that 
will flow out per hour from two openings of equal cross-sectional 
area a, one of which is at the bottom of the vessel and the other 
one halfway down the side, the ratio of the actual volume 
deUvered to the theoretical volume being k. 

36B. A certain tank is filled with water to a depth of 65 ft. 
A hole is drilled in the side of this tank 16 ft. from the bottom, 
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which reetB on the ground. How far from the base of the 
tank would the water issuing from this opening strike the 
ground, provided v have itB theoretical value and we neglect 
air friction? 

366. The atomic weight of hydrogen is 1; that of oxygen, 16. 
Compare the velocities with which these two gases will effuse 
through the walls of a porous vessel, the pressure difference being 
the same for both. 

367. The outer vessel .li of a diffusion apparatus, contains 
illuminating gas, of density O.00OS1; the porous cup B contains 
ail of density 0.001293. (a) Compare the rate at which the 
gas will effuse into the porous cup with that at which the air 
will effuse outward, the pressure on the two gases being the same 
at the instant considered. Explain the rise of the liquid in the 
tube C. (b) As time goes on what change in the rate of effusion 
will take place? Explain. 

368. If oxygen effuses through a porous vessel at the rate of 
500 cc per min. when the pressure difference between the 
interior and exterior of the vessel is 1 atmosphere, find the rate 
of effusion of hydrogen when the difference of pressure is 4 
atmospheres. 



66. CirculatoiT Motion of the Air. — Few fluid motions are of Erester 
importfmoe to us than tboae of the air. Especially is this true of what is 
known to the meteorologiat as 
"cyclones," those immense 
whirls of air, many miles in 
diameter, which give rise to the 
vsiying conditions of the 
"weather." The (ur being 
heated at a ^wen point gives 
rise to a diminished barometrio 
pressure, known as a loia region. 
Fig. 49. Hie cold heavy air 
rushing into this low region, 
together with the motion im- 
part«d due to the rotation of the 
earth on its axis, gives rise to 
the cyclonic at«rms which pass 
periodically over the country 
bom west to east. In the north- 
on hemisphere these wind storms always rotate in a counter-clockwise sense. 

An explanation of this caunter.«lockwise motion is involved in the solu- 
tion of the problems which follow. 




,v Google 



PROBLEMS IN PHYSICS 



Problems 




369. Consider the three points a, t, c, on a mmdian of the 
hemisphere, Fig. 50, which rotates about a vertical axis through P 
in the sense indicated by the arrow. Suppose that I is a 
target, and that guns situated at a and c are aimed directly at 
its center, Confddering the motion of the sphere, we wish to 

find where the balls fired from the 
guns will strike the target, with 
reference to it« center. All three 
points move in the same direction 
and sense, but with different veloci- 
ties, (o) How does the velocity of 
c compare with that of (? (&) How 
does the velocity of t compare with 
that of a? (c) Will the ball fired 
from c strike the target to the right or 
left of the center, lookii^ toward P? (d) Where will the ball 
from a strike the target, with reference to its center? (e) If 
the target were free to move about its center, in what sense would 
it tend to rotate, due to the action of the two balls? 

370. Explain why the air rushing into the low area, Fig. 51, 
tends to set up a circular (cyclonic) motion in a 
counter-clockwise sense. 

371. A person stands with his back to the wind. 
Fig. 49. On which hand (right hand or left) is the /^ ^, 
storm center? Why? / \ 

372. Suppose that a gun situated at the north \ y 
pole of the earth is aimed along a meridian at the ^ — ^ 
center of a target, distant 1,200 ft. from the pole. 
The linear velocity of the target, due to the rota- 
tion of the earth is approximately 1 iiL per sec. ; the 
velocity of a ball fired from the gun is 1,500 ft. per CirouUr mo- 
sec. Where wiU the baU strike the target with ■i*'"i^V^ 
reference to its center? 

373. If the position of the gun and target (problem 372) be 
exchanged, where will the ball strike the target? 

66, Plow ot Liquids in Pip«8 of Variable Section. — Consider water flowing 
in a pipe of variable cross-section, as shown in lilg. 62. It may t>e shown 
mathematically, as well as experimental^, that as tlie velocity approaohea 
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p < p', and p < p'. 
Thig means that when a fluid in motion is constrained at any point to 
increase its velocity, the lateral pressure at that point in the fluid is di- 
minished. This principle has an important application in the operation of 

the "Venturi" water meter, a modification of which is employed in measur- 
ing the water passing through the great Croton aqueduct, which supplies 
New York City. This principle may also be used to explam the operation 
of the jet pump, the atomizer or spraying machine, the "ball and nozzle" 
experiment, and the "curving" of a pitched baseball. 



Problems 



374. If air be blown 
through a tube having a 
flaring lip ab, and a card C 
be placed against the lower 
opening, as shown in Fig. 
53, it will be found that the 
card cannot be blown from 
the tube, even if the tube 




Fio. 62.- 



be held in a vertical position. Explain 
this phenomenon in terms of the princi- 
ple of diminished pressure as illustrated 
in the case of the flow of water in a 
constricted pipe, Fig. 52. 
376. Consider Fig. 54. Here we have 

, illustrated the various motions of a 

" "pitched" ball. The line AB represents 

^"'' ^e:i^Se^**"*"*"' ^he general direction and sense in which 

the ball is moving at a given instant. 

R is the rotary motion in a clockwise sense; 

BC is the direction and sense in which the 

ball "curves." We may consider the ball 

as moving against the air, or, on the other 

hand, we may consider the air as moving ■ 

against the ball with a velocity repre- 
sented by the lines D and E. As the 

ball rotates it carries air around with it 

as shown by the lines abed. Explain why 

the ball curves to the right; that is, in the F,a.54.^rvingof 

sense BC. a pitched ball. 
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CHAPTER IV 

MOLECULAR MECHANICS 

ELASnCITT 

67. Hook«'s Law. — Stress. When a body U stretched, twisted, or com- 
pressed it is said to be distorted. When a force is appUed to a medium pro- 
ducing distortion, there is set up in the medium a reaction called a stress. 
When the system is in equihlDiium, the stress is equal to the force per unit 
area producing the distortion; that is stress = P/a. 

Strain. — When a body is distorted the relative change of configuration 
of the system is called the strain. In the case of the compression of a gas, 
the strain is the change of volume per unit of volume; that is s/rotn •• v/V. 
In the case of the distortion due to a stretching force, the strain is the change 
of length per unit of length; that is strain = l/L. 

Hooke'a law states that sfreas = eXsf^oin, where e is a proportionality factor 
known as the eoe£ieUnt of daelieity. 

In the case of a change of volume due to a distorting force e is the coeffi- 
cient of v«lume elasticity, which is 

stress P/a 
strain v/V 

where F -• distorting force; a -^ oross-eectional area upon which the force 
acts; f chaise of volume; and V original volume. 

When a rod or wire is stretehed the coefficient of elasticity expressed by 
the ratio of the stress to the strain is called Young's modvius, whence 
stress P/a 
strain l/L 

where F •= stretchii^ force; a ~ crosa-eeotional area of rod or wii«; I « 
change in length; and L = ordinal length. 

In a distortion due to twisting, aa in the case of a rod fastened at one end 
and twisted,*as shown in Fig- S5, the ratio of the shearing stress to the shear- 
ing strain is called the eoeffidsTit of simple rij^dUy, or rigidiiy coeffidenl n, 
which may be written, 

n = 2t3'/irflr', 

where n •= coefficient of simple rigidity; Z. = length of the rod; ST = torque, 
or moment of a force (P X radius of wheel) producing the distortion; — 
angle of distortion, measured in radians; and r '=' radius of the rod. 

£aampie. — Given a st«el rod AB, 6 ft. in length, radius 0.2 in., clamped 
at one end, as shown in 1%. 53. The end A is twisted through an angle 
of 2' by a force of 5 lb., acting on a circumference of the wheel, the radius 
of which ia 3 in. Find the coefficient of simple rigidity n in pounds per inch 
squared. 
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Sotulion. — The ienffiA of the rodiB 72 in.; the torque ST, in pound inches, ia 
5X3 = 15;fl=2X 2ir/360 - fl-/90 radiant; H = 0.0016 in. Then n - 
2L£r/jrer< = 2X72X16X90X 10,000/ir> X 16 = 1215X lO'/ir* = 12.3 
X 10' a./in." 

66. Determination of Coefficient of Slgldl^ b7 Torsional Pendulum. — 
The torsional pendulum funuobes a method of determining the coefficient 
of rigidity of a given metal when the latter is in the form of a wire or very 
thin rod. If a metal bar, or a cylinder, Pig. 21, be suspended by means of 
a wire, it may be made to oscillate in a horizontal plane with the period T, 
such that 

T = 2TrV2LI/-mr' 

where L = length of the supporting wire or thin rod- J = moment of inertia 
of the vibrating bar, or cylinder; n = coefficient of sunple rigidity, expressed 
in abeolute units; and r = radius of the wire. 

Example. — Suppose that we wish to determine the coefficient of simple 
rigidity of a piece of metal from which a given sample of wire is made. A 
cylindrical disc, having a mass of 10 lb., and a radius of 4 in., is suspended 
from the middle point of one face by means of a piece of the wire whose 
length is 6 ft., and radius, 0.05 in. The disc makes 26 vibrations per min. 
Find the coefficient of simple rigidity in pounds per square inch. 

8otuiion.—T - 60/26 = 2.3 sec. The moment of inertia I of the disc 
i» H Mr' ■ 80; L = 72 in.; r* = 625/10*. Now from equation T - 
2t ^/iLI/nwr* toe may vsrite n •= BirlL/r'T* = Sir X 80 X 72 X 10'/625 X 
S.29 •• 4,378 X 10' poundals/in.* Now to rediiee tkii valve to graoitationat 
units we divide 6j/ 9 - 32 X 12 in./sec./aee. That is 4,378 X 10*/32 X 
12 = 11.4 X 10*»./in.» 

69. Energy Stored In a Strained Body. — The work required to stretch a 
body within the limits of its elasticity ia stored in the body as potential 
energy W. This enei^ is 

IF = >^ X AL X etreaa X strain = MFl, 
where A " cross-sectional area of the rod; L = length of the rod; F ' 
stretching force; and I = elongation. 

Example. — An iron rod, length 6 m, cross-sectional area 0.02 cm', is 
stretched 1 mm by a force of 7 ^. Find the energy in absolute units 
stored in the tod. 

Sdalion. — L ™ 5OO cm; A -= 0.02 cm'; stress = force in dynes/cm* — 
7,000 X 680 X 100/2; gtrain " l/L - 1/6000. Then F - (M >C 2/100 
X 600 X 7,000 X 980 X 50 X 1>/6000 = 333,000 ergt. AUo, W = }iFl 
- HX 7,000 X 980 X Ho = 333,000 eras, 

70. Impact. — The phenomena of impact vary with the masses, the veloci- 
ties and the elasticities of the colliding bodies. Consider two elastic bodies 
(two metal balls, say) in which, 

in and m' ~ the masses of the balls, 
p and v' = their velocities before impact, and 
u and u' = their velocities after impact. 
Newton showed that u — u' •■ k{v' — v), where k is called the coefficient 
ot restitution, a factor dependii^ upon the elasticity of the bodies in oollision. 
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Also, sinoe oooordmg to the third law of motion "action ia equal to reaction," 
that ia, the change of momentum of one body is equal to change of momen- 
tum of the other, we may write in(p — it) — — m' W — «'), 
Now solving for u and u' we have 

» = (w. + mV)/{m + m') - Aflt'C - >^)/{"t + m'), 
«' - (mr + mV)/{m + m') + fcmfr - P')/(m + «»'). 

In connection with the above equations it should be noted that the vector 
quantities t> and v' must be taken with their proper mgpe; that ie, if velocity 
in one sense (to the right, for instance), is considered positive, then velocity 
in the opposite sense (to the left) will be negative. 

We consider that bodies are perfectly elastic when ft = 1; and perfectly 
inelastic when k = 0. 

If a small body m be allowed to fall, striking a l&rge body of mass m' 
at rest, the velocity of m' will not be appreciably changed, and consequent^ 
t/ and u' ■■ 0. In this case the he^ht of the fall of m ^ H, and i>* = 2gH 
downward. The height of the rebound m h, and u* — 2gk upward. It 
follows that jfc = - w/u ■= h/H. 

Example. — The coefficient of restitution k between two balls A and B 
ia 0.£. The mass of A ia 100 grains, and its velocity t> is 20 cm per see. 
The mass of £ is 50 grams, and its velocity 10 cm per sec. Find the velocity 
of each ball after impact when (a) the balls are moving in opposite senses; 
(b) in the same sense. 

SolvHon. — When Ike balls are moving in opposUe' seTises, v ictH be posiHve, 
andv' negalive. Afa«sm = 100, oTidm' * 50. Ineageia)v^ +20,andv' =- 
-10. Thenu = + 5,ondu' = +20. Tki« meant that both balU after impad 
move in the same direction and sense, but with di^erent vdociiies. In case (b) 
e - + 20, and v' = + 10. Then u ~ + 16, and u' = +20; that is, 
both balls move in Ihe same direction and sense. 

71. Lobs of Kinetic Energy In ImpocL — When two bodies collide a certain 
amount of kinetic energy is lost in the form of heat. The lose of kinetic 
energy due to impact is 

Hil -k')imm-)[v-vr/(.m+m-). 

Problems 

876, A volume of 10 cc of gas under a pressure of 1 atmosphere 
is enclosed in the short arm of a /-tube by means of mercury. 
Additional mercury is now poured into the open end of the tube 
until the volume of the enclosed air is 5 cc. The cross-section 
of the tube is 1 cm*, (a) The diminution of volume from 10 to 
5 cc was due to what pressure? (b) Find the coefficient of volume 
elasticity of the air. (c) How does e in this case compare with 
the total pressure upon the gas? 

377. A mass of gas having a volume of 1,0(X) cc is under a 
pressure of 2,000 grams. An additional pressure of 500 grams is 
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applied to the gas, causing the volume to become 800 cc. Find 
the coefficient of volume elasticity, and compare this value with 
the total pressure upon the gas. 

378. A cylinder having a cross-sectional area of 10 cm*, and a 
length of 100 cm, is filled with gas, which is under a pressure of 
300 grams per cm.' Into one end of the cyhnder there is fitted 
a piston, which may be considered to move without friction. 
An additional force (^ I k^ is applied to the piston, caus- 
ing it to move into the cylinder a distance of 25 cm. Find 
(a) the final pressure upon the gas; (I>) the coefficient of 
elasticity. 

379. A column of water 1 m in length is enclosed in a rigid 
tube, having a cross-sectional area of 4 cm*. The coefficient of 
elasticity of water is 20 X 10* dynes per cm*. A force of 50 I^ 
applied to the end of the tube will reduce the column of water 
by what length? 

380. A column of water, length 4 m, cross-sectional area 2 
cm' is reduced in volume by 1.96 cm*, by a force of 100 kg. Find 
the coefficient of elasticity of the water in (a) gravitational 
units; (b) absolute units. 

381. A steel wire 4 m in length, cross-sectional area 0.01 cm*, 
is stretched 0.3 mm by a force of 2 kg. Find Young's modulus 
for this 'wire (a) in grams per cm*; (6) dynes per cm.* 

382. A metal rod 12 ft. long, radius 0.1 in., is stretched 0.3 
in. by a weight of 300b- lb. appUed to one end. Find Young's 
modulus for this rod in pounds per square inch. 

383. Young's modulus for a given sample of copper wire is 
12 X 10" dynes per cm*. The length of the wire is 5 m; its 
diameter, as determined by a micrometer gage, is 0.6 mm. 
What force in kilograms will be required to stretch the wire 
0.2 cm? 

384. A metal rod, length 40 ft., diameter 1 in., whose stretch 
modulus is 15 X 10* lb. per sq. in., is acted on by a stretching 
force of SOOr lb. Find the elot^ation in inches. 

385. Find what stretching force will be required in the case of 
the rod of problem 384 to stretch it 0.01 in., if its croas-eectional 
area be 0.1 sq. in. 

386. A rod 1.5 m in length, radius 0.4 cm, is clamped at 
one end. To the other end there is attached a circular disc of 
radius 5 cm, Fig. 55. A force of 130*t grams causes the disc 
to rotate through an angle of 4°. Find the coefficient of simple 
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rigidity n for this rod in (a) gravitational units; (b) absolute 
units. 

387. A metal rod, lei^th 4 ft., radius 0.6 in. is clamped at 

one end and a droular disc attached to the other end. The radius 

of the disc ia 6 in. A force of 100 lb. applied to the rim of the 

disc causes a twiat of 3°. Find the coefficient of rigidity in 

pounds per square inch. 

388. A steel rod 60 in. in 
length and 0.5 in. in diameter is 
clamped at one end, and has a 
circular disc of radius 4 in. 
attached to the other. If the 
rigidity modulus of this rod 
(coefficient of rigidity) be 12 X 
10* lb. per sq. in., through what 
angle in radians, will the disc 
be turned by a force of 20 lb- 
applied to the rim of disc? 

389. A rod 5 m in length, and 
'^°' °°'"SSS! "*'""■ 4 cm> in crosa-secUoiml area i» 

stretched 0.05 mm by a force of 
10 kg. Find (a) the stress, in both absolute and gravitational 
units; (b) the stnun. 

390. A weight of 1 kg attached to a wire having a cross-sec- 
tional area of 1 mm^, and a length of 5 m, causes it to stretch 
0.3 mm. Find Young's modulus in (a) gravitational units; 
(b) absolute units. 

391. A rod of Bessemer steel 10 ft. long, cross-sectional area 
0.05 sq. in. is stretched 0.02 in. by a force of 270 lb. Find 
Young's modulus (a) in gravitation^ units; (b) absolute units. 

392. Find the enei^ in foot-pounds stored in the rod of 
problem 391 while under strain. 

393. What weight in grams will be required to stretch a cop- 
per wire 2 mm, the lei^h being 5 m, and the radius 0.1 mm? 

394. A brass wire 500 cm loi^ and 1 mm' in cross-section, 
has a 10-kg mass suspended upon it. How much will the wire 
be stretched? 

395. What would be the stretch of the wire in problem 394 
if it were of steel? 

396. A wire drawn from Bessemer steel, 4 m in length, 
0.01 cm* in croes-section, is stretched by a force of 3 kg. Find 
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the enei^ in absolute units stored in tiie wire due to the 
strain. 

397. A stretching force of 8 X 10* dynes will produce what 
elongation in a rod 1.5 m in length, 5 mm' in croas^ection, 
Young's modulus being 12 X 10" c,g.8. units. 

398. A rod having a length of 10 ft. and a radius of 0.2 in. 
is clamped at one end, and to the other end is attached a circular 
disc having a radius of 5 in. To the rim of this disc there is 
applied a force of 10 lb. It the coefficient of rigidity be 10 X 10* 
lb./in.', through what ai^e in degrees will the disc be turned? 

399. The rod of problem 39S is clamped at one end, and sus- 
pended in a vertical position. To the lower end there is attached 
a metal cylinder having a diameter of 1 ft. and a mass of 30 
lb. Find the period of vibration of this system. 

400. A metal cylinder, of radius 10 cm and mass 1 kg, is 
suspended from a steel wire, of length 1 m and radius 0.07 cm. 
The period of vibration of the system is 4 sec. Find the coefB- 
cient of simple rigidity. 

401. An inelastic ball A, mass 100 grams, having a velocity 
of 20 cm per sec, strikes another inelastic bfdl B, of mass 20 
grams. Find the velocity of the system under the following 
conditions: (a) When B is at rest at the instant of impact; (b) 
when B is moving in the opposite sense to A with a velocity 
of 50 cm per sec; (c) with a velocity of 200 cm per sec; {d) 
when B is moving in the same sense as A with a velocity of 
50 cm per sec. 

402. Solve problem 401, assuming the balls A and S to be 
perfectly elastic. 

403. Solve problem 401 assuming the coefficient of restitu- 
tion between the two balls A and S to be 0.5. 

404. An ivory ball falls through a height of 1 m, striking a 
marble slab. The coefficient of restitution between ivory and 
marble is 0.8. (a) To what height will the ball rebound neg- 
lecting air friction? (() A second ball dropped upon the slab, 
rebounds to a height of 70.6 cm. Find the coefficient of restitu- 
tion between the ball and the slab. 

SUKPACE PHENOMENA IN LIQUIDS 

7S. Surface Tension and Energy. — Surface tension is the force exerted tn 
the surf&ce of a liquid, per unit of length of its boundary line; that is, 
T - F/l. 
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The force F always acts at right angles to the boundary, and ia parallel 
to the surface of the liquid; T is expressed in dynes per unit length. 

Suppose that a fiame ABC, Fig. 56, be lowered into a given liquid S, 
and then drawn upward bo that a film U stretched across its surface. 
Now let a light rod D be laid across the surface of the film, and the film 
below the rod broken. The upper section of the film will contract draw- 
ing the rod upward through a distance y. It must be noted that in the 
case of a free film we have two surfaces to take into account. The entire 
diminution in surface, therefore, is 2xy. If £ be the surface energy of the 
film per unit area, the potential energy for both surfaces has been decreased 
by an amount equal to 2Exy. Now if T be the surface tension per unit 
vridtk of the film, the total surface tension lifting the rod is 2Tx. The 
distance moved is y. The work done against gravity is 2Txy, which is 
equal to the loss of potential energy, or 2Txy — 2Exy, and therefore the 
suTfaee tentioti per unit length of the film it numerieall]/ equal to its Murfaee 
energy per unit area. 

For Table of Surface Tensions, see Appendix, pagfi 195. 





73. Capillary Action. — When a capillary tube is thrust into a liquid, the 
liquid ascends or is depressed in the tube according as its surface is concave 
or convex. Fig. 57, A and B, the elevation or depression is 

A = 2r cos e/rdg, 
where ft = elevation or depression of the liquid in centimeters; T = surface 
tension in dynes per unit length (cm); 6 = aa angle including the liquid 
between its surface Hud the sides of the tube, Fig. 57; r ^ radius of the tube, 
in centimeters; d = density of the liquid in grams per cm*; and g = accel- 
eration of gravity. 

In the case of capillary action between two plates 
ft = 2r cos S/udg, 
where ti is the distance between the plates. 

74. Normal Pressure on a Curved Film. — A stretched curved film always 
exhibits a pressure normal to its surface, and directed toward the con- 
cave side. It may be shown that for a cylindrical film of radius R, the 
pressure P = T/B. 

In the case of a spherical globule enclosed in a film having one surface, 
as a drop of water, for example, P — 2T/R. 

In the case of a hollow spherical film (soap bubble) in which there are 
liBO eurfaces of practically equal radii, the pressure is P = iT/R, 
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Example. — llie surface tension of water against air is 75 dynes p«r cm. 
A spherical drop of water has a radius of 2 mm. Find (a) the pressure nor- 
mal to the drop; (6) the total force acting on the siu^ace of the drop, dua 
to surface tension; (c) the potential energy in the surface. 

Solwtton.— (o) P = 2T/R = 2 X 76/0.2 = 750 dynes/em\ (b) Area of 
drop - 4iiT' - O.ieiT cm". F = PA = 750 X 0.16jr = 120)r dynes, (e) 
The polentiai energy E per unit area m numerictMy eqwil to the aurfaee tennon 
T; thalis, E ^ 75 ergs/cmK The Uiial 
energy in the entire turjace of the drop w, 
there}oire, Bd ■ 75 X 0.16x = 12-jr ergs. 

Tfi. Angle of Contact. — When a drop 
of oil is placed on the surface of water, 
the shape which the drop assumes, Fig. ' 
58, depends upon the relative magnitude 
of the following surface tensions: T,^ 
the surface tension between oil and air; 
Ten ^^P surface tension between oil and 
water; T^m, the surface tension between water and air. The drop will be 
flattened by the tension Tm until the projections of the vectors T„ and 
T„ is equal to T„; that is 



• Problems 

40S. In Fig. 56' we have represented a rectangular wire sup- 
port upon which there is stretched a soap film, of length 5 cm, 
width 5 cm, the surface tension of which is 36 dynes per cm. 
(a) What is the force exerted upoD the rod D, due to the surface 
tension of the film? (fc) What potential energy does the film 



406. What is the height to which water will rise in a capillary 
tube 0.06 cm in diameter, assuming the angle of contact to be 
negli^ble? 

407. How much wiU the surface of mercury be depressed in a 
glass tube of radius 0.02 cm, the ai^le of contact being 135"? 

408. How high will a liquid of density 0.86 rise in a tube, 
having a diameter of 0.5 mm, and an angle of contact of 20°, 
the surface tension being 40? 

409. Compute the diameter of a glass tube in which pure water 
rises to a height of 12 cm, the angle of contact being negligible. 

410. A soap bubble of radius 4 cm is made from a solution 
having a surface tension of 25 dynea per cm. Find (a) the pres- 
sure normal to the surface of the bubble; (b) the force exerted 
upon the «r within the bubble. 
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411. Two spherical globules of mercury having radii of 1 mm 
and 2 mm respectively, unite to form one drop, (a) How does 
the surface of the resulting drop compare with the sum of the 
Burfaces of the two drops? (t) How does the surface eiiergy 
of the resulting globule compare with the surface enei^es of the 
original drops? 

412. The surface tension of a certain soap solution is 30 dynes 
per cm. What is the force exerted upon the enclosed air in a 
bubble made from this solution, due to surface tension, the radius 
of the bubble being 3 cm? 

413. Find the angle of contact of turpentine with glass from 
the following data: Radius of capillary, 0.1 mm; density of 
turpentine, 8.6; surface tension, 28.8; height to which liquid rises 
in tube, 6.52 mm. 

414. A given sample of mercury, the surface teuEdou of which 
is 535, is depressed 12.3 mm in a capillary tube of radius 0.05 cm. 
Find the angle of contact of the mercury with glass. 

416. Compute the angle of contact of a Uquid A with a sub- 
stance B from the following data: Surface tension of Uquid, 50 
dynes per cm; density of A, 0.8; diame^r of capillary tube B, 
'0.05 mm; height to which A rises in jS, 5 cm. 

416. The surface tension of a given oil against air is 58; ^;ainst 
water, 32; that of water against air, 75. If the angle made by ' 
the oil and the water with the surface is 20° (Fig. 58), what is 
the angle which the oil in air makes with the surface? 

417. The surface tension of oUve oil against air is 36.9 dynes 
per cm, and against water, 20.7. The surface tension of water is 
75. (a) How do the surface tensions named above compare 
with the pull (surface tenmon) of the water? (b) What will 
happen to the drop of oil if it is placed upon water? 

418. The surface tension of grease is greater than that of gaso- 
line. In cleaning a grease spot from cloth, in what direction 
(inward or outward) will the grease move when the gasoline is 
placed (a) in the center of the spot (b) in a ring aromid the margin 
of the spot? (c) How should gasoline be apphed to the spot so 
as to prevent the grease from spreading into the cloth? 

76. Diffusion of Llqaida. — If two liquids whicii are miscible are introduced 
into a vessel so that the lighter Ues above the denser, diSusion vill t&ke 
pUce, some of the lighter liquid passing down, and some of the denser 
liquid passing upward. The essential facts relating to diffusion of liquids 
are; (a) The rate of diSusioa is very slow, (b) In general the rate of 
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diSuaou increases with the increase of femperattue. (c) The iat« of 
diffusion is proportional to the amcentTotion gradieni c, where e is the clukagfi 
of concentration per unit of length considei«d. (d) The rate of diSusion is 
proportional, also, to the diffusion ameUmt k, where k is the number of 
grams of the solut« which diffuses through unit area (1 cm'), per unit con- 
centration gradient, per unit time (1 day). The mass m which will diffuse 
through any given area in the time t is 

m=tXcXsXi ■ 
where m '^ mass in grams; k " diffusion constant; c ~ gradient constant; 
« >■ surface area lying between the two solutions; t = time in days. 

Problems 

419. A cylindrical vessel having a radius of 4 cm contains a 
salt Bolution, above which there is a quantity of pure water. The 
vertical concentration gradient of the salt solution is 2. The 
diffusion constant of the salt solution is 0.76. Find the number 
of grams of salt which will diffuse into the water in 8 hr. 

Ans. 6.08«- g. 

420. (a) Consult table of diffusion constants (Appendix, 
page. 196) and compare the rate of diffusion of hydrochloric acid 
with that of common salt (NaCl). (ft) If hydrochloric acid were 
placed in the vessel of problem 419 instead of a salt solution, 
how much acid would diffuse upward in 1.5 days? 

421. From the following data compute the diffusion constant 
for cane s^^ar. It was found that 3.1 grams of sugar from a 
solution the concentration gradient of which was unity, passed 
through 2 cm' of surface in 48 hr. Find k. 

422. The diffusion constant of sodium chloride at 10°C is 0.91. 
It was shown experimentally that 9.1 grams of the salt passed 
through a surface of 4 cm* in 2 days. Find the concentration 
gradient. 

423. Compare the diffusion constant of albumen with that of 
sodium chloride, and compute the number of grams of albumen 
which will diffuse, under the conditions of problem 422, 

424. What time in days will be required for 10.44ir grams of 
hydrochloric acid, possessii^ unit concentration gradient, to 
diffuse through a circular area having a diameter d 4 cm, the 
temperature being 5°C? 

T7. Diffusion fimngh Membranes. Osmosis. — ^Liquids diffuse readily 
through certain membranes. The diffusion of substances through such 
septa is called osmosis. The separation of crystoUoids from colloids by 
means of an intervening membrane a csJled dialysis. If an at^ueous solu- 
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tion of a salt or of sugar be separated from water by means of a membrane, 
Fig. 59, which allows osmosis to take place from IF to £ more readily tluui 
from StoW, the solution rises in the tube giving rise to a pressure equivalent 
to hdg, which measures the osmotic pressure of the aolu- 

Osraotic pressure varies (o) as the concentration e of the 
solution, and (b) as the absolute temperature T; it also 
depends upon (c) the kind of membrane, and (d) the nature 
of the solutions separated by it. 

Example. PJeffer'* Experiment. — Ffeffer performed a 
series of classic experiments in which he measured the 
osmotic pressure of sugar solutions, using an apparatus as 
shown in Fig, 60, The osmotic pressure of the solution 
in S was measured by means of the mercury manometer M. 
He found that a concentration of 20.16 grams of sugar per 
liter of water gave an osmotic pressure equivalent to 101.6 
cm of mercury. In another experiment, at the same tem- 
perature, he found that 61.19 grams of si^ar dissolved in 1 
p. 1^ liter of water gave a pressure of 307.5 cm. (a) Compare 

Osmotio-pim- ^^ ratio of the osmotic pressures to that of concentrations. 

sure a p p a ' (b) Find the volume of solution in each case containing 1 gram 

ratus. molecule of sugar, the molecular weight of sugar being 342, 

(c) Find the product of pressure Mid volume (pa) in eat* case. 

Solidion.—{a) PiP'-' 101.6: 307.6 " C : C - 20.16: 61.19 -1:3 

{nearly). (5) Since there are 20.16 gramt in 1,000 

EC of tfdution, 342 grama tviU require (342/20.16) 

X 1,000 = 16,964 cc; and (342/61.19) X 1,000 - 

5,589 cc. (c) pt> = 101.6 X 16,964 = 1,723,500; 

and 307.5 X 5,589 = 1,718,600. 
Example. — Van't Hoff'a applieation of Pfeffer's 

data. The gas law states that the product of 

pressure and volume is equal to the absolute tem- 
perature times a constant R; that ia pv ^ BT. 

Van't HoS showed by means of PfefFer's data that 

a dilute solution of sugar in water obeys the same 

general law as a gas. Selecting the first set of 

data given in the example above, find the value 

of R, the temperature being 16°C. 
SolvUon.—The preaevre p - 102 X 13.6 X 980 

= 1369 X 10' dyne»/em*. The volume v containing 

a gram molecule of ike aolule — 16,964 c 

absolute temperature T = 15 + 273 = 288 

R = 1359 X 10> X 16,964/288 = 8X 10'. 

How does the value of R thus obtained compare with that obtained from 

the equation when applied to a gas? See page 94. 

Problems 

426. Heffer found that a certain concentration of sugar gave 

a pressure of 53.5 cm of- mercury, the product of pv expressed in 




ea— Pfeffer'a 
The osmotic-pressure appa- 
Then '**^ 



,v Google 



MOLECULAR MECHANICS 77 

cm and cc being 1,822,000. Find the concentration in grams 
per liter. 

Ans. 10.04 grams/liter. 

426. If the temperatiure at which the experiment referred to 
in problem 426 was performed waa 20''C, what is the value of 
R, as computed from the above data? 

427. At a ^ven temperature, a 1 per cent, solution of sugar in 
water (10 grams per liter) gave an osmotic pressure equivalent 
to 50.5 cm of mercury. The computed value for R was 82,202,- 
000. What was the temperature at the time of the experiment? 

428. Si^ar does not dissociate in water; that is, 100 molecules 
of sugar will go into solution forming, let us say, 100 active 
particles which talce part in exerting osmotic pressure. Salts, 
acids, and bases, on the other hand, dissociate into ions. It is 
estimated, for example, that a thousandth normal (n/lOGO) 
solution of KCl is completely dissociated, as follows; KCl = 
K + CI. One hundred molecules of KCl will therefore give 200 
active particles in solution. What coacentration of potassium 
chloride in water will be required to give the same osmotic 
pressure as that exerted by the sugar solution of problem 427? 
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TRAnSmSSION OF SODITD 

78. Sound Waves. — Physically speaking, sound is that form of vibratory 
motion which may be perceived by the ear. All sound or^inatea in vi- 
brating bodies. Sound requires for its transmission a medium which is 

continuous, ponderable (we^hable), and elastic. Sound is transmitted 
from, point to point by means of waves. In those media which possess the 
property of rigidity the waves may be longitudinal or transverse; in media 
which do not possess rigidity (as air or water) sound is transmitted only by 
means ot longitudinal waves. 

LongittidintU waves consist oi condensations (e and c') and rarefactions 
(r), Fig. 61^ A. TransverBe ioovm are those in which the motion of the 
particles is at right angles to the direction of propogation, Fig. 61, B. 
Wave length is the distance measured from a given point in a wave to 



Fia. 61. — Longitudinal and transverse waves. 

tbe corresponding point in the next wave of the same system, as from e 
to c'. Fig. 01, A, or from a to 6, Fig. 61, B. Amplitude of vibration is 
measured by one-half the path swept out by the vibratii^ particle, as ae 
or At, Fig. 61, B. 

79. Intensity. — The intensity or loudness of sound varies (a) with the 
area of the sounding body; (b) the density of the medium ; (c) directly as the 
square of the amplitude of vibration; and (rf) inversely as the square 
ci the distance from the source. 

80. Veloci^, — The velocity of sound may be computed by means of the 
equation 

r-V»d, 

in which V = velocity of sound; e = coefficient of elasticity of the medium, 
in absolute units, and d = density of the medium. 

Example. — The coefficient of elasticity of copper is about 12 X 10" 
dynes/cm'; and its density 8,8 g/cm', Pind the velocity of sound in 
- copper, in feet per second. 
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Solutum.—V = Ve/d = VlSXlO'VS.S - 369,300 cm/aec. - 12,116 
tt/.«. 

Example. — The coefficient of elasticity of copper is 17.4 X 10' Ib./in.'; 
it^ specific gravity ie 8.8. Find the velocity of sound is this metal in feet 
per second. 

Solution. — Since in the eqttation V = ■\/e/d, e is expressed in abeolide 
units, and since ve toisk to find the velocity in feet per geeond, UwiUbe necessary 
to reduce 17.4 X 10* tb./sq. in. to absolute units {poundaU/ft.*). Now 17.4 
X 10' a>./tq. in. = 17.4 X 10' X 32 X 144 - 8,064 X lO* poundtds/Bq. 
ft. Aho, a spe cific grotfrty of 8 .8 = 62.5 X 8.8 = 650 B>./cu. ft. Then 
V = Ve/d = V'8,064 X lO'/SM = 12,100 /t./«M. 

81. Newton's Equation, and Laplace's CorrcctiOD. — Newton derived the 
equation 

r ~Vp7d, 

in which V — velocity of Bound in air; p = pressure of the atmosphere; 
and d — density of the air. This equation, however, gave resulta which 
were only about 80 per cent, of the velocity of sound ae detennined by 
experiment. Laplace added the correcting factor 1.41 to take account of 
the coeiGcient of adiabatic expansion. The equation thus corrected, 
becomes 

V = VlAlp/d. 

62. Correction for Temperature. — The velocity of sound in air at O'C ie 

V, = 1,090 /(./mc. - 332 m/sec 

and for any temperature ( 



A change in temperature of 1°C causes a corresponding chai^ in the 
velocity of sound in air (increase or decrease) '^ 2 ft./degree — 0,6 



Problems 

429. Find the velocity of sound in air in feet and meters when 
the temperature is +10''C; — iCC. 

430. How far will sound travel in air in half a minute when 
the temperature is eS^F? 

431. A given mass of air is contained in a rigid vessel of 
constant volume. By means of a force pump the mass of air 
in the tank is doubled, (a) How is p within the tank affected? 
(6) How is e affected? (c) The density dt (d) How is the 
velocity of sound affected? 

432. The air in the tank (problem 431) is heated. How will 
this affect the velocity of sound, and why? 

433. A colunm of air, under a pressure of 1 atmosphere is con- 
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tained in a rigid cylindrical tank, into one end of which there is 
fitted a f rictionless piston. If the air in the tank be heated ; how 
will the velocity of sound through it be affected, when (a) the 
piston moves freely (6) when the piston is clamped rigidly "in 
place? 

434. If a pressure of 2 atmospheres be applied to the piston 
(problem 433) and the temperature of the air remain unchanged, 
how will the velocity of sound in the medium be affected? 

436. Find the velocity of sound in air when the pressure is 
72 cm, and the density is 0.00128 gram per cm*. 

436. A person approaching a lai^e building at night stamps 
his foot on the pavement, and 0.8 sec. later hears the echo. How 
far is the person from the buildii^, assuming the temperature 
to be 68°F? 

437. Two large buildings are 346.4 ft, apart. The air is still 
and the temperature is 24'°C. A pistol is fired at a distance of 
118.8 ft. from one of the buildings and 227.6 ft. from the other, 
(a) How long before the man who fired the pistol will hear an 
echo? (b) When will he hear each of the next three? 

438. The density of air is about 14.4 times that of hydrogen. 
Find the velocity of sound in hydrogen at 0''C, and at 20''C, 
the pressm^ in both cases being the same. 

439. A cliff 460 ft. distant returns an echo to an observer in 
0.8 sec. Find the velocity of the sound, and the temperature. 

440. A given medium has a coefficient of elasticity of 1,226 X 
10* grams percm*. The velocity of sound in this medium is 3,700 
m per sec. Find the density of the medium. 

441. If the velocity of sound in steel, dendty 7.8, be 5,000 m 
per sec., what is the coefficient of elasticity e in dynes per cm*? 
How does this value compare with the value for Young's modulus 
for steel? 

442. Consider the equation V = Ve/d. Show that V" and 
Vc/d have the same dimensions. 

443. Calladon and Sturm found that the velocity of sound in 
water at S.1°C is 1,435 m per sec. From this data find the 
coefficient of elasticity of water in (a) grams per square centi- 
meter; (b) dynes per square centimeter. 

444. Ona given day when the temperature is — S^C, the bar- 
ometer reads 74 cm. The density of the air is 0.001285. Find 
the velocity of sound, by two methods, and compare the two 
results obtained. 
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446, How does the ooeflQcient of elasticity e, and the density 
d of water compare with that of air? How do you account for 
the fact that the velocity of sound in water is about five times 
as great as in air? 

446. Determine the ratio of the velocity of sound in steel to 
that in brass. See Table V for Young's modulii. 



RESONANCE, VEL0CIT7, WAVE LENGTH, AND PERIOD 



83. Resonance. — If a tuning fork be held above 
such a length that the period of the vibrating air column 
of the fork, the two (fork and tube) are 

said to be in resonance. "^"'h 

A dosed rettmance tube. Fig. 62, A, "*"-"- ^ 

sounding ita fundamental, represents one- 
fourth of the resulting wave length; an 
open Teaonance fube, F^. 62, B, soundii^ 
its fundamental, represents one-half of 
the resulting wave length. That is, 
doted resonance tiibe — }£ wave length; 
open resonance Ijibe — J^ leave length. 

84. Equation. — The relation between 
wave length, velocity, period, and fre- 
qufflicv may be represent^ by 

X = yr - v/n 



in which X » wave length; V = velocity 
of sound in air at a given temperature; 
T " period of vibration; n =' frequency 
(number of vibrations per second). It 
is important to bear in mind that the 
frequency is the reciprocal of the period; 
that is, n = 1/T. 

Example. — A closed resonance -tube 10.6 in. in length responds to a 
given fork, the temperature of the air being 26°G. Find the vibration 
rate (frequency) of the fork. 

8dvti(m.—Wme length X - 4 X 10.5 in. - 3.5 /(.; veUtdly Y at 2a°C 
- 1,090 + 26 X 2 - 1,142 ft. per tec. Then X = V/n, and hence n = 
1,142/3.5 " 328 mhrations/sec. 

SB. Reenforcement and Interference of Sound. — Two sound waves of the 
some phase, amplitude, and wave length reenforce each other at every point. 
Two sound waves of the same ampUtude, wave length but of opposite phase 
may annul each other at every point. Two sound-wave syEtems, the waves 
of which are of different lengths, may alternately reenforce each other and 
interfere with each other, as shown in Fig. 63. The alternate rise and fall 
in the intensity of sound due to reenforcements and interference gives rise 
toheaia. 
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The number of beaU ocoumng per second is equal to the difference in 
fregvencv of the two sounding bodies. 

86. Kundf s B^wriment. — Kundt's apparatus, Fig. 64, fumiahes a method 
for measuring the velocity of sound in metals. The metal rod R ia clamped 
at the middle point. The length of this rod is one-half the wave length \m 
of the sound in the metal. The distance from one dust heap to the next in 
the tube is likewise one-half the wave length of the sound wave in air; that ia, 





Fia. 63. — Interference of sound waves. 



the distance between alternate dust heaps is X.. The relation of the veloci- 
ties of the sound in the two media to the corresponding wave lengths is 

K»:F. =X_;X. 

where V. = velocity of sound in the metal; V^^ velocity of aound in air; 
X, = the wave lei^h in the metal; X, = wave lei^th in air. 

Problems 

447. A soundii^ body makes 100 vibrations per see. Find 
the wave length -of the disturbance in air at (a) + 20''C ; (h) 
- 20°C. 

448. A tuning fork gives ofE waves in air 130 cm in length, 
at 0''C. Find (a) the frequency of the fork; (6) its period. 

449. A string makes 256 complete vibrations per see., when the 
velocity of sound is 346 m per sec. Find the wave length. 

4B0. A tuning fork makes 1,024 vibrations in a second, and 
the length of the sound wave given off is 32 cm. Find the 
velocity of the sound, 

461. A cylindrical glass tube is placed vertically in water, and 
its length is adjusted until it responds to a fork makii^ 256 
vibrations per sec, when the temperature is 20''C, Find the 
length of the resonance tube in feet. 

462. A closed resonance tube, 11.4 in. in length, responds to a 
fork making 300 vibrations per sec. Find the temperature. 
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463. Make drawings to illustrate wave length and ampli- 
tude of (a) transverse waves; (6) longitudinal waves. 

464. Find the wave length in feet of sound in air due to 226 
vibrations per sec, when the temperature is 68''F. 

466. An open resonance tube responds to a fork making n 
vibrations per sec., when the temperature is i°C. Find (a) the 
length of the tube when n is 206, and t is 21.5; (fc) the number of 
vibrations per second when ( is 0°C. 

466. In a certain experiment with a Kundt's apparatus the 
following data were obtained: Rod, 1 m in length and clamped 
in the middle. Average distance between dust piles, 10 cm. 
Temperature at time of experiment, 22''C. Find the velocity 
of sound in the rod. 

Xm 



|«iil|N#i'a||f4' 

Fia. 64. — Kundt's apparatus. 

467. Find the velocity of sound in brass from the following 
data. A brass rod used to excite the air in a Kundt's tujse is 
1 m long. The dust heaps which it produces in the tube are 
99 mm apart. The temperature is 15°C. 

468. If the density of the rod (problem 457) is 8 g/cm', 
what is its coefficient of elasticity e (Young's modulus)? 

469. The velocity of sound in aluminum is 5,100 m per sec. 
Find its coefficient of elasticity. 

460. A metal rod of length 125 cm, and density 7, is clamped 
at the middle. When struck on the end it gives a note of 1,200 
vibrations per sec. Find its coefficient of elasticity. 

461. Two wave trains have the same amplitude, and start 
from a given point in the same phase. The wave length of one 
is to that of the other as 6 : 10. Make a sketch of these two 
wave trains, and explain the significance of the resulting points 
of reinforcement and interference. 

462. Two sounds are produced, making 100 and 120 vibra- 
tions per sec. respectively. Both sound wave trains travel with 
the same velocity, (a) When the first sound makes one vibra- 
tion, the second sound makes how many? (6) What fraction 
of a wave length does the second gain over the first per vibra- 
tion? (e) In what time will the second gain a whole wave 
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length on the first? (d) How many times will this occur per 
second? (e) How many beats will occur per second? 

PITCH 

87. DUtonic Scales. — Pitch ia that quality of sound which ia determined 
by the numbeT of vibrations per second. Pitch may be measured by means 
of a siren. 

A diatonic scale cottgieta of a series of e^ht notes having definite ratios. 

The major diatonic eeale in the key of C ia derived from the three major 
triads, having ratios 4:5:6, ee follows: 

C:E:G 



=fc 






— 1— 


— 1— 


-1- 


M= 


-N 


4= 


Name 


DO 


4= 

BE 


MI 


FA 


80L 


tA 


TI 


DO 


LMter 





D 


V 


F 


a 


A 


B 


o' 


Batlo 


i 








<A 


k4 





IV* 


a 


lnu™l 


0, 


i 19 


& iq 


fc , 


I 11) 


& » 


i .,!. 1 



Fio, 65. — Diatonic scale. 



Starting with C as a keynote, and assigning to it a value of 256 vibrations 
per sec., and using the ratios of the major chord, we derive the major scale, 
Fig. 66, as fcdlows: 

CDEFOABC, 
Key of C 256 288 320 341 384 427 480 512 

llie minor diatonic ecaie is derived from the minor triads, the ratios 
being 10 : 12 : 16. 

Tranapontion. — A scale having C as the keynote ia sometimes called the 
natural scale. In order to accommodate diSerent voices and instrument*, it 
is frequently desirable to change the keynote of the scale from C to some 
other note, as for example, D, F, or G. In order to write the scale in any key 
we have only to select the vibration number corresponding to that letter, 
and to multiply this number successively by the fraction %, H. H, etc. 

Example. — Suppose that we wish to write the scale in the key of D. 
We select D from the diatonic scale as our keynote, its vibration number 
being 288. To get E we multiply 288 by ^ - 320; in a similar manner 
F - 288 X H = 360; G = 288 X >^ = 438, and so on. 

88. Standards of Pitch. — In physics we assign to middle C 256 vibra- 
tions per sec. In music, however, the standard of pitch commonly em- 
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ployed is that vrhich aBsigna to A 435 vibrations per sec.; this is called the 
intemaliontd thmdard of pitch. 

89. Tempered Scales. — In order to produce music in different keya on 
instruments having fixed keyboards, such as the piano and organ, it is 
necessary to determine upon some arbitrary ratio from note to note. In 
fixing the ratios from note to note on the piano, musicians have agreed to 
adopt a ^^tem known as that of equal Umperamenl; that is, the ratio 
between tdl notes is equal. The ratio 
number selected b \/2 ~ 1.059. 

On a piano there are 13 notes from C 
to C, including eight white keys and five 
black keyB. The black keys represent 
not«B called sharps and flate. A sharp 
is a note having a vibration number 
higher than that of a given note; a flat is a note having a vibration number 
lower than that of a given note, 'nius the first black key above C, Fig. 15, 
is the sharp of C and the flat of D. Taking the international pitch of A 
as 435 vibrations per -sec., then C - 258.7; the sharp of C (first black 
key) - 258.7 X 1.059 - 274.1; D - 274.1 X 1-059 = 290.3, and so on. 

A tempered scale such as that of the piano is sometimes called a ekromatie 

90. Vibration of Strings. — A string may vibrate as a whole or in parts 
(segments). The fundamental tone is that given by a string vibrating as 
a whole ; it is ibe tone of lowest pitch. Overtones are given off by a string 
vibrating in parts. Harmonics are overtones whose frequencies are exact 
multiples of the fundamentaL 

A node in a string is a point of minimum motion. 

Hie relation of the frequency n to the length, stretching force, and 
density is represented by the equation 

n = l/{2L)Vmi. 
in which n « number of vibrations per second; L — length in centimeters; 
F = force in dsrnes; and m •• mass of the string per unit length. 

Example. — A string 1 m in length, and having a mass of 2 grama, is 
stretched by a force of 2 kg. Find the frequency of the string when it is 
sounding its fundamental. 

Solidion. —L = 100 cm; F = 2,000 X 980 dynea; m = 2/100 g/cm. Then 
n = 1 /200V 196,000,000/2 - *0 w6./sec. 

91. Vibration of Air Columns. — The lei^th of a dosed pipe sounding its 
fundamental is one-fourth the wave length of the sound emitted; the length 
of an open pipe is one-half the wave length. 

A node in a pipe is the point of minimum motion and maximum change of 
dentity. 

A closed pipe is capable of producing only those overtones which corre- 
spond to odd multiples of the fundamental; that is, 3, 5, 7, etc. An open 
pipe is capable of producing all the overtones; that is, 2, 3, 4, 5, and eo on. 

Laws of Pitch. — (a) The pitch of a pipe varies inversely as its length, (fi) 
The pitch of an open pipe is an octave higher than that of a closed pipe of 
the same length. 
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Problems 



463. A siren is set so that its pitch is in unison vith a {pven 
fork. The number of holes in the siren disc is 36, and it makes 
90 revolutions every 10 sec. Find the frequency of the fork. 

464. A current of air is blown against the disc of a siren hav- 
ing a row of 30 holes, while the disc is making 3,000 r.p.m. 
(a) What is the pitch of the resultii^ tone? (6) If the speed 
of the siren be doubled how will the pitch be affected? 

466. Middle C is assumed to consist of 256 vibrations per 
sec. (a) Compute the vibration frequency of each of the other 
three notes of the major chord. (6) Compute the vibration 
frequency of each of the other three notes of the minor chord. 

466. Beginning with 28S vibrations per sec, write a scale in 
the key of D, from C to C inclusive. 

467. Beginning with 384 vibrations per sec. for G, write a 
scale in the key of G, from C to C inclusive. 

468. If A on the piano has a frequency of 435 vibrations, find 
the frequency of (a) the next black key above A; (6) the first 
black key below. 

469. A piano is tuned so that C makes 261 vibrations per 
sec. Using the ratio for equal temperament, find the frequency 
for eaeh of the remaining 12 notes of the octave of the chro- 
matic scale. How does the A note thus obtained compare with 
that of international concert pitch? 

470. The tones of three forks form a major triad. The mid- 
dle fork gives a note of 330 vibrations per sec. Find the vibra- 
tion rate of the other two forks. 

471. How will the pitch of a string be affected (a) if its length 
be doubled? (&) if its teuEdon be quadrupled? (c) if the mass 
per unit length be increased ninefold? 

472. A given string stretched by a force <A 1 lb. makes 200 
vibrations per sec. (a) How will the frequency be affected if the 
stretching force is increased to 4 lb.? (b) How will the pitch be 
affected? 

473. An aluminum wire 1 m in length, and 1 mm in diameter, 
is stretched by a force of 4 kg. Find the pitch of its funda- 
mental. 

474. A string 100 cm long produces middle C. A bridge is 
placed under the string, and its position adjusted until the 
string produces E of the sune octave, (a) Where is the bridge 
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placed? (b) Where should it be placed to produce the other 
two notes of the major chord? 

476. If the stretching force upon a certain string is 500 grams, 
and it sounds middle C, what will be the force necessary to 
tune it (a) to D of the natural scale? (6) to E of the piano 
scale? 

476. A wire 3 ft. long and stretched with a force of 9 lb. makes 
300 vibrations per sec. Another wire of the same material and 
size is 4 ft. long, and is stretched with a force of 16 lb. Find 
the vibratjon frequency of the second wire. 

477. A ^ven wire 1 m in length, and stretched by a weight 
of 400 grams, makes 100 vibrations per sec. If the length be 
doubled, and the stretching force be increased to 1,600 grams, 
how will the pitch be affected? 

478. What is the relation of the length of a pipe to its pitch? 
What is the relation of the pitch of an open pipe to that of a 
closed pipe? An open pipe of given length is sounding its 
fundamental Suppose that a person stop one end by means 
of a card. How will the pitch be affected? 

479. Define node in a pipe, and explain wherein it differs 
from a node in a string. 

480. Determine the length of an open organ pipe that is in 
unison with E above middle C of the piano when the temperature 
of the air is 25''C. End corrections are not to be considered 
in this problem. 

481. What is the vibration frequency of an open oi^an pipe 
32 ft, long when the temperature is 24°Cr What effect would 
be produced upon the ear by the waves from a closed pipe 
of the same length? 

482. A long glass tube 6 cm in diameter is so arranged that 
water may be forced in at the bottom, thus varying the length 
of the air column above the water. With an E fork (320 vibra- 
tions per sec), strong resonance occurs when the air column is 
25.1 cm long and again when it is 75.3 cm long. Temperature 
of the air is 25°C. Determine the velocity of sound at 0''C. 
Why is not one of the observed lengths exactly three tim^ the 
other? 

483. Two wires of the same material and the same size have 
the same pitch. One is stretched with a force of 4,900 grama 
and is 80 cm long; the other is stretched with a force of 8,100 
grams; how long is the second wire? 
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4S4. What is the maea per unit length of the wire of the pre- 
cedii^ problem, if the vibration frequency of the one 80 cm 
long is 128 per sec.? 

486. A whistle makes 500 Tibrations per sec. when the tem- 
perature is 15°C. How many sound waves will occur between 
the whistle and an observer 1,120 ft. distant? How many 
vibrations fall upon his ear (a) when he is standing still? (6) 
when moving toward the whistle at the rate of 40 ft. per sec? 
(c) when moving away from the whistle at the rate of 40 ft. 
per sec.? 

486. The frequency of the lowest continuous sound which 
the ear can perceive as a definite note is about 20 per sec; the 
limits for the highest, is about 40,000 per sec. Find the corre- 
sponding wave lengths in centimeters at 0°C. 

487. The vibration frequency of a locomotive whistle is 760 
per sec. The velocity of the train is 60 ft. per sec.; the tem- 
perature of the air 25°C. What is the vibration frequency of 
the sound heard by an observer (a) on the train; (b) on the 
track ahead of the train; (c) on the track behind the train? 

488. The whistle on a train has a frequency of 500 vibrations 
per sec. The triun is moving with a velocity of 30 miles per 
hr. The temperature of the air is 16°C. I^d the change in 
pitch as the train passes an observer. 

489. A locomotive approaches a man standing near the track. 
The vibration frequency of the bell eeems to him to be that of 
high C (512 vibrations per sec.). After the train has passed 
him, the pitch seems to be that of A of the octave below (426.6 
vibrations per sec). The speed of the tnun is constant and the 
temperature is 0°C. Find the speed of the train. 

490. Make a drawing of Lissajous' figures for periods in (a) 
the ratio of 2 to 1 (that is two spaces on the x-axis and one space 
on the y-axis); (6) ratio of 3 to 2. 

491. Design a Blackburn's pendulum that will trace a ^ure 8- 
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HEAT 



TBHPEIUTURB HEASUHEUENTS 

S2. Heat and Temperature. — Heat is a. form of ene^y 
which is capable of affecting the phjrsical condition of a 
body and vhich is accompanied in general by a change of 
state or temperature. H^t may be measured in thermal 
units (calories or B.t.u.), or in units of work (^^, joules, 
gram-centimeters, foot-pounds). 

Temperattire is the condition of a body which affects our 
sensations of warmth and cold. Temperature changes are 
accompanied by certain physical changes, as for example 
changes in pressure, volimie, electrical resistance, electromo' 
tive force. Any one of these changes may be chosen as a 
bans for temperature measurements. We shall consider, first, 
temperature measurements based on volume chaises, as illus- 
trated by the liquid-in-gtass thermometer. 

93. Theimometric Substances. — Mercwy, — llie limita- 
tions of a thermometric substance aj-e in general fixed by its 
freezii^ point and its boiling point. Mercury freezes at 
— SS-S^C; boila at + SS?"^ under a pressure of 1 atmoshere. 
It is possible to increase the boiling point of a mercuiy-in- 
glass thermometer to SWC, by increaung the pressure of 
the gas enclosed within the instrument. 

AUokol. — For measuring temperatures belov — SS.S'C 
alcohol is often used as the thermometric substance. This 
liquid is usually colored ted or blue to render it visible 
against the glass. The freezing point of alcohol is — 130°C; 
its boiling point + 78°C. 

Toluene. — The freezing point of toluene is — 80°C; its 
~ boiling point -|- 110°G. 

H. Thermometric Scales. — On the Centigrade scale the 

interval between the freezing point and the boiling point is 

divided into 100 grades or degrees. On the Fakretiheit scale 

the interval between the freezing point and the boiling point 

is divided into 180°, The zero of this scale is 32° below the 

freezing point, thus making the interval from the zero of the 

scale to the boiling point 212°. The relation of the two scales 

is shown in Fig. 67. Since 100°C is equivalent to 180°F, we 

IC tinU -%F unU, and 

IF unit •= HC vnii. Then 

(C X ?i) + 32 - F, and 

(P - 32)M - C 



t 

Pia. 67.— 
Centierade 
and Fanien- 
heit scales. 
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BxamfAt. — A reftding of — 20°C is equivalent to what reading on the 
P Male? Soiurton— C - 20 X K) + 32 4T. 

ExamipU. — A reading of + 23°F is equivalent to what reading on the C 
■oaleT Solution.— (23 - 32)K - - 5°C. 

Examplt. — A reading of — 13'F is equivalent to what reading on the C 
•oala? SoiuJwn.— ( - 13 - 32)H 25°C. 



Problems 

491. Give the followii^ C readings their equivalents on the 
P scale (a) +10"; (fc) -10"; (c) +30"; (d) -30°; (e) -40°. 

493. Give the foUowii^ F readings their equivalents on the 
C scale? (o) +32; (fr) +77; (c) +5; (d) -4"; (e) -40°. 

493. (a) Change the following F readings to C: +95°, +14", 
-49". (6) Chaage the following C readily to F: +230", -15", 
-273". 

494. What is the equivalent on the C scale of the following 
F readings: (a) 18° above freezing; (6) 18* below freezing; (c) 
18" above zero; (d) 18° below zero, 

496; Change the following C readings to F: (a) 20° above 
freezing; (6) 20° below freezing; (c) —15°; (d) 0°. 

495. Find the temperature on the C thermometer when a 
F thermometer reads (a) +72"; (6) -14°; (c)+l,000°. 

497. Keduce the following readings on the C scale to cor- 
responding readily on the F scale: (a) +25°; (fc) —20"; (c) 
+ 700°. 

498. A thermometer tube of uniform bore has 18 F divisions 
to the centimeter. How many divisions per centimeter would 
there be if it were graduated to give C readings? 

499. At what temperature is the C reading twice the F readii^? 

600. At what temperature is the F reading twice the C reading? 

601. At what temperature does the F thermometer read (a) the 
same as the C thermometer? (5) twice as much? (c) three times 
as much? 

602. It is found on test that the freessing-poiot mark of a given 
thermometer is —0.2°, and the boiling point +100.8°. What is 
the true temperature when this thermometer registers 50°, 
assuming the tube to be uniform in bore? 

603. In testing a C thermometer it was found that the scale 
readings for the boihng point was +101°, and for the freezing 
point +0.5. What is the true reading when the mercury stands 
at the 60° mark on this scale? 
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EXPAHSIOH 

9S. Coefficients of Ejpauion.^<!i>efficieta of linear expansitm is increaae 
in length, per unit length, per degree. That is, <v >- l/Lt in which a is the 

coefficient of linear expansion; { is the change in length; L ie the original 
let^th of the body; and ( is the change in temperature. TTie relation 
between the length at 0°C (i.) and the length at ( degrees is 

L, = tod + at) 

The eoe,gicieni of volume expansion {/9) is the increase in volume, per unit 
volume, per degree. We may write 

V, = 7.(1 + 0t) 

It may be shown that, as a first approximation, (3 = 3a. 

Notes. — (a) In cubical, as in linear expansion, there exists no strict 
proportionality between increase of volume and increase of temperature. 
This explains why the reading of thermometers filled with different liquids, 
such as mercury and alcohol, do not exactly agree. 

(6) If an empty flask be heated, it expands as if it were solid throughout. 
See problem Sia 

(c) The coefficient of volume expansion increases considerably with 
increase of temperature, and becomes quite large near the boiling point. 
The equation Vt = Vo{l + jSi) should therefore be considered only an 
approximation, and in the case of liquids, when temperatures are taken 
near the boihng point, it is better to write Vi = F,(l + /Si + |3'i'). In 
connection with this equation, note problems 511 and 612. See also 
Table XI. 

ProblemB 

604. A steel wire 7.7 ft. in length at CC, elongates 0.1 in. 
when heated to WC. Find the coefficient of linear expansion 
of brass. See Table DC. 

606. A given steel rod (nickel-steel) increases 1 in. when heated 
from to 200'*C. Find the length of the rod at O^C. 

606. If steel rails, 30 ft. in length, are laid at a temperature of 
59''F, how large a gap in inches, must be left between the ends, 
if the highest temperature allowed for be IIS^F, assumii^ the 
coefficient of linear expansion of steel to be O.OOOOllS per d^ree 
Centigrade. 

607. A certain distance measured with a steel tape was found 
to be 1,025 ft. The measurement was made when the tempera^ 
ture was SO^C. The tape was correct at le^C. What was the 
actual distance measured, the coefficient of expansion of the tape 
being 0.000012? 

608. A steel bridge of 200 ft. span will change in length by 
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how many inches when the temperature rises from — 20''C to 
+20''C, the coefficient of linear expansion being 0.000012? 

609. Two similar wires A and B, at 0°C, length of each 10 
m, cross-sectional area 0.01 cm', Young's modulus 20 X 10* 
grams per cm^ coefficient of expansion 12 X 10~' are caused to 
elongate, one by a stretching force, and the other by heating. 
The wire A ia stretched by a weight of 1 kg. To what tempera- 
ture must B be raised to have an equal length? 

610. A flask made of glass having a linear coefficient of expan- 
sion of O.0OO0OS is caUbrated to hold 1,000 cc at O^C. How 
much will it hold at 100°C? 

611. At CC the volume of a given mass of alcohol is 1,000 
cc. (a) What will be its volume at 10°C? (6) 70''C? See 
note (c), Art. 95. 

612. A given mass of ether has a volume of 250 cc at 0°C. 
Find its volume at 5° below its boiling point. 

613. A certain mass of mercury has a volume of 120 cc at 
CC, and a volume of 121.32 cc at eO^C. Find the coefficient of 
volume expansion of mercury. 

614. A solid displaces 500 cc when immerBed in water at O^C, 
and displaces 503 cc when immersed in water at 3CC. Find 
(a) the mean coefficient of cubical expansion of the solid; (b) 
its coefficient of linear expansion. 

616. Find the change in density of iron when heated from 0" to 
200''C. 

CHANGE OF VOLUME AITD PRESSURE IN GASES 

96. Absolute Zero. — If the volume of a givea mass of gas be kept constant, 
we may write 

P, - P.(l + «0, 
in which Pi — pressure exerted by the gas at a given temperature; Po ^ 
pressure at 0°C; and a — & coefficient which is called the coefficient of pres- 
sure for constant volume, and which is numerically equal to the coefficient 
of expansion for constant pressure. This means that a,= a, = 1/273 = 
0.00366. If now we select a temperature t such that the preBsure is aero, 
then Pi "0, and from the equation Pi = Po(l + at) we have t = — 273°C; 
that is 

Absolute Zero = - 273"C. 

97. To Change Centigrade and Fahrenheit Readings to AbsoluU. — Since 
absolut* zero - r - - 273°C, and since F = (C X K) + 32, we may 

Absolute TonC scale - C + 273, and 
Absolute TonF scoie mF + 459.4 
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Sxam-fiU 1. — Knd the reftding on the absolute scale of (a) +20''C; 
(6) - 20X. 

Soluiwd.— (tf) +20 + 273-393 Aha. C; (6) - 20 + 273 - 253 Abt. C. 

Example 2. — Freezii^ point of the F scale ia what reading on the 
absolute scale? 

Solution.— freesinff jwtni F " + 32. Then 459.4 + 32 - 491.4 Aba. F. 

98. Boyle's Law. — According to Boyle's law, the product of pressure and 
vcJiime of a gas is a constant, the temperature being constant. In other 
words, for conditions of constant temperature 



wheK p and p' = the pressures exerted upon the gas; v and v* » the cor- 
responding volumes; and c >• a constant. For example, if the volume of a 
given mass of gas, under a pressure 
equivalent to 76 cm, be 100 cm*, 
then pti - c = 7,600. If now the 
pressure be reduced to 38 cm, the 
volume will become 200, and as 
before pW = c = 7,600. 

It should be noted that the equa- 
tion pir •" c, for constant tempera- 
ture ia the equation for a rectan- 
gular hyperbola, and the curve. 
Fig. 68, represents an iaiAhermal 
line, the characteristics of which 
are that jw =• p'v' — constant, which 
means that the area po, F^. 68, is 
equal to the area pV. 

Examph. — If for constant tem- 
perature conditions a given 




Fig. 68. — Isothermal ci 
. 300 cm', what will be the volume 
3 =- 60 X 1^, and therefore u - 400 



of gas, under a pressure of E 
under a pressure of 60 cm? 
Solution. — (Since pv = pV, 

99. Ga7-I(UBB«c*B Law. — Qay-Lueeac'a late (law of Charles) states that, 
"For a perfect gas the product of pressure and volume is proportional 
to the absolute temperature." In equational form 



Example. — Under a pressure equivalent to 1 atmosphere (76 cm of mer- 
cury) and a temperature of — 3°C the volume of a given mass of gas is 1 
liter. Find its volume when the pressure is 72 cm and the temperature 
is 37°. 

SoluOon. — r = 270 and T - 310. TAcn, since 'piil'p'xf •- TIT we 
have (76 X I,000)/(72 X t/) = 270/310, from which if = 1,211.9 ee. 

100. The General Gas Law. — Combining Boyle's law with that of Gay- 
Lussao (law of Charles) and using absolute temperature, we mt^r write 

pv - mBT, 
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in which p = pressure exerted upoa the given gas; u •■ corresponding 
volume; m = maaa of the gaa; T = absolute t«mperature; and B = the 
gas constant. This constant may be determined by aaaigning known values 
to p, V, ffi, and T. 

R in C.Q.S. Unitg, CenHgrade. — We select for the value of m 1 gram mole- 
cule of the gas chosen, because for a pressure of 1 atmosphere and a tem- 
perature equal to the freezing point, the volume of 1 gram molecule of any 
gas is known; that is v •> 22,400 co. Then from the equation po = RT, 
we may write 76 X J3.6 X 980 X 22,400 = fi X 273. Henoe B - 83,000,- 
000 ergs/degree C. 

R in English UnUa, Fahrenheit. — We wish to find the value of B in terms 
of English units, using air as the gas under consideration. In this case 
we select m as the mass of 1 lb. of air under standard conditions because 
the volume for these conditions is known; that is, e = 12.39 cu. ft. The 
value for T = number of degrees from ahtolute zero to the freezing pot'n^ 
in the F scale — 491.4. Then from the equation pv •= tnRT, in which 
m = 1, we write R •= 14.7 X 144 X 
12.39/491.4 - 63.37 ft.-lb. /degree F. 

It must be noted that in finding the 
value of Ji we have considered air as the 
gaa under pressure. If we wish to de- 
termine B for some other subetance, such 
as superheated steam for example, we 
shall have to find the value for unit mass 
under standard conditions as before. In 
the case of superheated steam R » 
85.5 ft.-Ib. per degree F. 

Example. — The molecular weight of 
oxygen is 32; a gram molecule of oxygen 
has a mass of 32 grams, (a) How 
many giam molecules of thia gas enclosed 
in a vessel having a volume of 50 Uters 
will esert a pressure of 1,245,000 dynes 
per cm' at 27°C7 (6) How many grams? 
Solution. — (o) From the equation pu »^ 
mRT tve may write m = pv/BT — 
1,245,000 X 50,000/83,000,000 X 300 = 
2.S gram m<Aecvlea. (6) The tna»a of 1 
gram molecule of oxygen it 32 grama. Tlien 
the total maea = 2.5 X 32 = 80 grama. 
Fia. 69. — Air thermometer. EraimpU. — A tank contains 10 lb. of 

air at a temperature of — 9.4°F under a 
pressure of 200 lb. per sq. In. Find the volume of the air. 

Solvtim.—v = mRT/p = (10 X 63.37 X 450)/(200 X 144) = 8.34 
cu./(. 

101. The Constant Volume Gas Thermometer. — Fig. 69 shows in outline 
the essential parts of a standard hydrogen thermometer. The volume of 
the gas in V is kept constant by raising or lowering the open tube C, thus 
keeping the mercury at L at a constant level. With this instrument the 
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temperature is measured in terms of the pressure exerted. Starting with 
the equation P = Pail + aO) we may write 

e = 100(P - P.)/(P,(o - Po), 

where 6 » temperature in degrees on the presssure'temperature scale; P = 
pressure exerted by the gas in K at the temperature 9; Pj = pressure 
corresponding to the zero of the scale; that is, when V is placed in melting 
ice; Pin =• pressure corresponding to the boiling point of water, under 1 
atmosphere's pressure. When Pi and Pim are once fixed for a given instru- 
ment, the temperature may be determined by finding the value of P. 

Example.— When the bulb of an air thermometer was placed in ice, the 
mercury column stood at a point 20 mm above the Une L, F^. 69; when placed 
in boiling water, the pressure was equivalent to 305.6 mm. When the bulb 
was placed in a given bath, the pressure was 105.6 nun. The barometric 
reading was 76 cm. throughout the entire experiment. Find the temperature 
6 of the bath. 

SoliUion. — .Since the preerure of the aimoaphere during the experiment = 
760 mm, P, = 20 + 760 ■= 780 mm; Pioo - 305.6 + 760 = 1065.6 mm; 
and P ~ 865.6 mm. Then $ - 100(865.6 - 780)/C1065.6 - 780) = 30°. 

Problems 

616. Chaii^e the following C readings to Absolute Centigrade: 
(o) +10"; (6) —10°; (c) freezing point; (d) boiling point. 

617. (a) How many C degrees are there from freezing point to 
Absolute zero? (fc) How many F degrees from freezing point 
to Absolute zero? (c) How many F degrees from zero F to 
Absolute zero? 

618. Change 491.4 F degrees Absolute to (a) Fahrenheit; (6) 
Centigrade. 

619. Change 373 C degrees Absolute to (a) Centigrade; (6) 
Fahrenheit. 

620. Change the following F readings to Absolute on the F 
scale; (a) +68; (h) —10; (c) freezing point; (d) boiling point. 

621. Change the following Absolute C readings to Centigrade: 
(a) 373; (6) 293; (c) 233. (d) Give the equivalent F readings. 

622. Change the following Absolute F readings to Fahrenheit: 
(a) 491.4; (6) 459.4; (c) 671.4. (d) Give the equivalent C readings. 

623. A given mass of gas at a temperature (A 0°C, under a 
pressure of 1&°C occupies a volume of 1 liter. Find the volume 
when the pressure is 72 cm and the temperature 100°C. 

624. A mass of gas has a volume of 100 cc at a temperature of 
— 3''C and pressure of 74 cm. Find the pressure if the volume 
be kept constant and the temperature be changed to +27''C 
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626. When the barometric pressure is 30 in. and the tempera- 
ture ifi 32°F, the volume of a given mass of gas is 10 cu. ft. Find 
the volume when the barometric pressure is 28 in. and the tem- 
perature (a) — ICF; (6) 10°F above freezing point, 

626. The capacity of a metal tank is 8 cu. ft. The tank is 
filled with air under standard conditions (P = 14.7 Ib./sq. in. 
and t = 32°F). Find the pressure in pounds per square inch 
when the temperature is increased to 212°F. 

627. A liter of gas at IWC will have what volume at SOCC, 
of the pressure remains constant? 

628. A liter of gas at 100°C and 76 cm pressure, will exert what 
pressure if the temperature be raised to 200''C without changing 
the volume. 

629. A liter of air at 23°C and 50 cm pressure will have what 
volume under standard conditions? 

630. If the density of air is 1 .293 grams per liter under standard 
conditions, what density will it have at 80''C and 60 cm pressure? 

631. The value of fl in the gas equation (pv = RT) is 83,000,- 
000 ergs per degree Centigrade. Find the value of R in calories 
per degree. 

632. Find the volume of 5 gram molecules of a gas at a tem- 
perature of 270°C. and under a pressure of 2 atmospheres 
ipv = mRT). 

633. The molecular weight of oxygen is 32. If 64 grams of 
oxygen be enclosed in a vessel having a volume of 1,000 cc at a 
temperature of 27''C, what pressure will it exert in (a) dynes; 
(fe) grams? 

634. If 10 lb. of air in a tank at 68°F exert a pressure of 100 
lb. per sq. in., what is the volume of the tank? 

636. If 10 lb. of air under a pressure of 100 lb. per sq. in. 
occupy a volume of 20 cu. ft, what is the temperature? 

636. A vessel containii^ nitrogen (molecular weight 28) has 
a volume of 50 liters. When the temperature is 27*0 the 
pressure is 70 cm. Find the munber of grams of JV in the 
vessel. 

637. A volume of 50 cc of hydrogen is collected in a tube over 
mercury. The mercury in the tube stands 20 cm above that 
in the bath. The barometer reads 74 cm and the temperature 
is 27°G. Hydrt^en weighs 0.0896 gram per liter under standard 
conditions. Find the weight of hydrogen in the tube. 

638. A liter of air under standard conditions of pressure and 
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temperature has a mass of 1.293 grams. What mass of air will 
a liter flask contain at — 50'C, and a pressure equivalent to 160 
cm of mercury? 

639. At what temperature will a liter of gas under 1 atmos- 
phere's pressure and at 40°C become 1.2 liters, if during the 
change in temperature the pressure becomes one-fourth? 

610. Ten pounds of air under a pressure of 200 lb. per sq. in. 
has a volume of 10 cu. ft. Find the temperature F. 

641. A tank contains 10 lb. of air, temperature TO^F, pressure 
200 lb. per sq. in. Find the volume of the air. 

642. The volume of a given mass of hydrogen is 300 cc when 
the temperature is 27''C and the pressure equivalent to 750 mm 
of mercury. Find the volume of the gas when the temperature 
is 50''C and the pressure 800 mm of mercury. 

643. A hydrogen thermometer is used to measure the tem- 
perature of the water in a certain tank. Let L, Fig. 69, represent 
the level of the mercury in the closed tube. Let C be the level 
of the mereury in the open branch. The volume of air in the 
bulb V is kept constant. When the bulb V is in melting ice C 
is 10 cm above L. When "K is in steam above boiling water at 
a pressure of 1 atmosphere, C is 41.5 cm above L. When V 
is in the water whose temperature is to be found, C is 18.5 
cm above L. Find the temperature of the water, the barometric 
pressure being 76 cm. throughout the experiment. 

644. Consider the hydrogen thermometer of problem 543. 
What will be the height of the mercury column above L when the 
bulb V is placed in a vessel containing liquid the temperature of 
which is (a) +30"; (ft) -30°? 

HEAT HEASUBEHENTS 

102, Heat Units. — The idea of quantity of heat involves three factors 
namely, maag, specific heat, and change of temperature. Quantity of heat 
may be measured in terms of calories, or in terma of British thermal units 
CB.t.u.). 

A calorie is the Beat required to raise the temperature of 1 gram of 
water l''C. When very accurate determinations are required; the l" is 
understood to mean from 15° to 16°C. 

A B.t.u. is the heat required to raise 1 lb, of water 1°F. 

103. Specific Heat and Thermal Capadty. — The specific healot asubstaiice 
is the heat (calories or B.t.u.) required to raise unit mass (gram or pound) 
1° (Centigrade or Fahrenheit). The sp. h. of water — 1. The sp. h. of 
copper, for example ■> 0.09; this means that it requires 0.09 cal. to raise 1 
gram of copper 1°C, or 0.09 B.t.u. to raise 1 lb. of copper I'F. 
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The titermal eapaeity of a body is the heat (calories or B.t.u.) re- 
quired to raise ita temperature 1°. The thermal capacity is therefore 
a quantity which ia equal to the product of the maas of the body multiplied 
by ita epecific heat, oi 

ThemuU eapacUj/ = m X <■ 

where m = mass in grams or pounds, and « = specific heat. 

Example. — A copper vessel has a mass of 1,050 grams, which is equivalent 
ta 2.315 lb. The sp. h. of copper is 0.09. Find the thermal capacity 
of this vessel in (a) calories per degree C; (6) B.t.u. per degree F. 

SoMion.—T.C. ^ m X e = (a) 1,050 X 0.09 - 94.5 cal./degree C; 
(6) 2.315 X 0.09 - 0.20835 B.t.u. /tkgree F. 

lOi. Specific Heat by Method of Hixtwes. — Specific heat is usually de- 
termined by the so-called method of mixtures. A hot body is dropped into 
water (or other liquid) contained in a calorimeter. The temperature of the 
hot body A falls; the temperature of the water B and the calorimeter C 
rises. We assume that the heat lost by A ^ heat gained by B + C; that is 

m((, - (,)* = m'(ii - (,)«' + m"((, - i,)«" 

where m = mass of the body; (ti — U) = its change of temperature; s * 
ep. h. of body; m' = mass of water (or other liquid) in calorimeter; (ti — 
ti) = ite change of temperature (rise); s' = sp. h. of liquid in calorimeter; 
m" = mass of calorimeter; (f, — d) - change of temperature; and s" = 
ep. h. of calorimeter. 

Example. — Fivt bimdred grams of lead shot at a temperature of 98°C 
are poured into 350 grams of water contained in an iron vessel having a 
mass of 300 grams. The initial temperature of the water ia the calorimeter 
was20°C;itst«mperature after the addition of the lead shot is 23'X:!. Find 
the sp. h. of the lead. 

Solution. — From the Specific Heat Tables, page 197, ice find OuU Ihe ep. h. 
ctf iron e" = 0.116. Then 500 X (98 - 23) X fl = 350 X (23 - 20) X 
1 + 300(23 - 20) X 0.116, from whick « = 0.03. 

105. Heats of Fusion and Vaporization. — The heat of fvtUm of a sub- 
stance is the heat (calories or B.t.u.) required to change unit mass from 
a solid to a liquid, without change of temperature. 

The heat of fusion of ice at the melting point and for 1 atmosphere's 
pressure = 80 cal.lgram — 144 B.l.u./lb. 

The heat of vaporization of a substance is the heat (calories or B.t.u.) 
required to change unit mass of the substance at a given temperature 
- from a liquid to a vapor without change of temperature. 

The heat of vaporization of water at the boiling point for 1 atmosphere's 
pressure =• 538 eal./gram = 970 B.l.it./Jh. 

106. Heat of Combustion.— The heat of eomhvMtMn is the heat (calories 
or B.t.u.) liberated when unit mass of the substance is burned. For ex- 
ample the H.C. of anthracite coal is about 8,000 cal./gram = 14,000 
B.t.u./lb. 

Heat of Combustion Tables, see page 198. 
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107. Mechanical Bqulvalent of H«Bt. — The mechanical equwaient of heal 
(Joule's equivalent), uaually des^nated by the letter J, expresaea the re- 
lation between beat and mectianical work as follows: 
1 col. = 4.186 X 10' ergt, 
1B.I.U. -778/l.-i6«. 

Example. — How much energy is expended in changing 20 grama of 
ice at — S'C to steam at 120°C, the sp. h. of ice being 0.5, and the sp. b. 
of steam for the given condition being 0.46. Express the result in (a) 
calories; (b) ergs. 

SobiUtm. — The heat required to bring abovi the varioua duingea from ice 
at —5°, to sleam at 120° may be eummarited ae foUow»: 



Change/rom -5 to - 20 X 5 X 0,5 
Change from ice to teater oKf - 20 XS 
Change from 0° to B. P. - 20 X 100 
Chan^ from vxUer to eteam at 100' = 20 



Change fro 



1 100' to 120" 



a X 20 X 0.46 



60 col. 

1,600 eal. 

2,000 eal. 

10,760 eai. 

184 col. 



14,594 col. 



Total heal required 
This U egmwOent to 14,594 X 4.186 X 10' erg$ = 61,090 joidea. 

106 Camot'a Cycle. Efficiency. — This cycle. Fig. 70, represents an ideal 
cycle for a perfect engine using a perfect gas. The curves AB and CD 
represent i»oth«rmal changes in pressure and volume; curve* BC and DA 
represent aduAatic changes. 




Fra. 70. — Camot's cycle. 



The equation for an isothermal curve, representing Boyle's law, ia po •* 
e =• constant; the equation for an adiabatic curve is po'' = c, wherer — 1.41. 

During the isothermal expansion AB, H lutits of heat are absorbed; 
during the isothermal compression, H' units of heat are given out. During 
the whole cycle, external work is done equal to W = ABCD, This work 
has been obtained by the transformation of B — H' units of heat; that is, 
IF = H - H'. 



,v Google 



100 PROBLEMS IN PHYSICS 

The efficiency of the eycU ia the ratio of the lueful work W gotten out of 
the engine, to the total amount of energy H put in. Since it may be shown 
that {H - m/H - (T - T')/T, we may write 

Efficiency = W/H = (H - H')/H = (T - T')/T 

where W = uaefu! work out; H — heat energy put in; H' = heat out; 
T = Aba. T, of gas taken in; and T' - Abs. T. of gas ejected. 

Example. — A perfect engine is represented as taking steam from a boiler 
at 127°C, and exhausting it at 27°C. Find the efGciency. 
* Soliitiim.— Efficiency = {T - T)/T = (400 - 300)/400 - 25 per cent. 

109. Conduction. — Heat \a transmitted through a body by conduction. 
The rate at which conduction occura is represented by 

U - kAril - f)/l 

When c.g.s. unita are employed, H ■■ calories; h = coefficient of con- 
ductivity ("conducting power") of the given material; A = area con- 
sidered, in cm'; (1 — (') = difference in temperature (Centigrade) between 
the surfaces through which conduction takes place; r = time in seconds; 
( = thickness of the conducting material. 

When English units are used, H ^ B.t.U.; k = oonducting power of 
the medium; A ■• area in square feet; (f — ('} ■= difference in temperature 
Fahrenheit;' * time in hours; I = thicknraain ineke». 

Table of Coefficienta of Thermal Conductivity, page 199. 

Example. — How much heat will be conducted through a plat« glass 
window, 3 by 4 ft., ^ in. in thickness, from 7 a.m. to 10 p.m., the tem- 
perature inside the room being 20°C, and outside 5-°C7 

8<Aiaitm.-~Themiw:ofkfoT gla»» (Table XXII) m 7; ifte difference itf tern- 
peratuTe = 27°P; and the time - 15 hr. The heat traiigmilted through the 
glass, then, isff-(7X3X4X27X 16)/0.25 - 136,080 B.t.u. 

Problems 

645. How much heat in calories is required to change 10 
grams of ice at — 10°C to steam at 100°C, the pressure being 
76 cm? Ans. 7,280 cal. 

516. How many B.t.u. will be required to change 10 lb. of 
ice at CF to steam at SIS^F? Am. 13,100 B.t.u. 

547. A piece of lead, mass 340 grams, is heated to 90°C and 
is then dropped into 300 grams of water contained in an alu- 
minum calorimeter. The initial temperature of the water and 
the calorimeter is 24*0, the final temperature 26''C. Find the 
mass of the calorimeter. Ana. 120 grams. 

648. Ten pounds of steam imder a pressure of 1 atmosphere 
and at 212''F are mixed with 100 lb. of water at 72''F and 3 
lb. of ice at 22''F. Find the resulting temperature of the 
mixture. Ana. 113 lb. of water at 169*'F. 
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649. Find the energy in joules necessary to warm 50 kg of 
copper through a temperature range of CO^C. 

Ana. 113,022 joules. 
560. Find the energy in foot-poundB necessary to melt 100 
lb. of ice and warm the resulting water to S8''F. 

Ana. 15,560,000 ft.-lb. 

651. What horsepower could change ice at 32°F to water at 

212°F at the rate of 5 lb. per min.? Am. 38 hp. 

662. A train of mass 300 tons has a speed of 60 ft. per sec. 
How much heat in B.t.u. is developed at the brakes when it is 
stopped? Arts. 43^80.4 B.t.u. 

663. A liter of water is heated from20'C to the B. P.-(100''C). 
Find (a) the number of calories consumed; (6) the energy re- 
quired in ergs. 

664. If we heat a quart of water (2 lb.) from 52°F to the 
B. P., (a) how many B.t.u. are consumed? (6) How many 
ff.-lb. of energy are put into the water? 

666. -How many calories of heat will be required to change 
20 grams of ice at — lO'C, (a) to water at eO^C? (&) steam at 
100"? (c) steam at 120"? 

656. A piece of copper (sp. h, = 0.09) having a maas of 1 
kg cools from Q6°C to 0°C. (a) How much heat is liberated 
by the copper? (fc) How many grams of ice will this heat 
melt? 

667. How many calories of heat will be required to change 
100 grams of water at 20°C to steam at 150''C, the specific heat 
of steam for the given temperature and pressure being 0.46? 

668. How many B.t.u. are required to change 20 lb. of ice 
at — 8''F to steam at SOO^F, the specific heat of steam for the 
given conditions being 0.5. 

669. How much steam at 100°C and 76 cm pressiu-e will be 
required to melt 1,000 grams of ice at O'C? 

660. Assume the specific heat of ice to be 0.5 and that of 
steam at constant pressure to be 0.48. Find the result of put- 
ting in contact with each other 500 grams of ice at — 15°C, 
400 grams of water at SO'C and 100 grams of steam at 120''C 
at atmospheric pressure. 

661. Two hundred grams of water at WC are put into a 
copper cup weighing 100 grams. How much steam must be 
condensed in the water to heat it to 40''C when the pressure is 
1 atmosphere? 
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6S2. How much Iteat is necessary to change 100 gramB of 
ice at -20°C to steam at llO^C? 

663. Find the result of mixing 40 grams of ice at O^C with 
40 grams of water at 35°C. 

664. How much water at 76°C will have to be poured upon 
1 kg of ice at — 10''C in order that the resultii^ temperature 
be20°C? 

666. A mass of 1,000 grams of copper at 100°C is placed in a 
cavity in a block of ice. It remains in the cavity until it comes 
to the temperature of the ice. How many grams of ice are 
melted? 

666. Find the temperature after mixing 10 lb. of water at 
lOCF, 10 lb. of alcohol (ap. h. 0.6) at 70''F, and 10 lb. of mercury 
(sp. h. 0.033) at 20°F, neglecting the thermal capacity of the 
containing vessel. 

667. Assume that the mixture (problem 566) be made in a 
porcelain vessel (sp. h. = 0.X5) having an initial temperature of 
TO'F. and s final temperature of 87°F. Find the mass- of the 
containing vessel. 

668. Find the specific heat of a given metal from the following 
data: 300 grams of the metal at 99°C are dropped into a hole 
in a block of ice, the temperature of which is 0°C. The hole is 
immediately covered with another block of dry ice. A total 
mass of 33.5 grams of ice is melted. 

669. The specific heat of copper is 0.09. A copper calorimeter 
weighing 100 grams contains 200 grams of water at 10°C. 
300 grams of copper at 100°C. are dropped into the water. Find 
the final temperature of the water. 

670. A piece of copper, mass 120 grams, temperature lOO'C, 
is dropped into 240 grams of water at 20°C contained in a metal 
cup of mass 300 grams. The resulting tem[>erature is 23*C. 
Find (a) the specific heat of the cup; (6) its thermal capacity. 

671. A piece of metal having a specific beat of 0.1, and a 
temperature of 90°C is placed in a cavity in a block of ice at 
0''C. If 100 grams of ice are melted, what is the mass of the 
metal? 

672. Ten pounds of steam at 212''F are mixed with 100 lb. of 
water at 70''F, and 2 lb. of ice at 22"^ Find the resulting 
temperature and condition of the mixture. 

673. A piece of copper, mass 100 grams, temperature 96°C, is 
dropped into 240 grams of water at 20°C, contained in a zinc 
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vesael of mass 300 grams, (a) Find the final temperature of 
tbe water; (b) the thermal capacity of the zinc calorimeter. 

674. Three hmidred grams of copper, temperature lOO'C, are 
dropped into 400 grams of alcohol, temperature 20°'C, cont^ned 
in an aluminum vessel of mass 100 grams. Find the rise in 
temperature of the alcohol. 

676. One hundred grams of ice at — I0°C are dropped into a 
nickel calorimeter (specific heat 0.11) of mass 100 grams 
containing 500 grams o£ water at 30°C. Find the resulting 
temperature. 

675. Find the specific heat of a crystf^ that is soluble in water 
but insoluble in turpentine, from the following data: The mass 
of the crystal is 45 grams. It is heated to 80°C and is then 
dropped into a copper calorimeter containing turpentine at a 
temperature of 22°C. Mass of calorimeter, 30 grams; mass of 
turpentine, 131 grams; sp. h. of turpentine, 0.43 ; final temperature 
of the turpentine, SCC. 

677. The burning of a pound of coal produces about 14,000 
B.t.u. U this enei^^ could be used in lifting coal out of a mine 
100 ft. deep, bow many tons of coal could be taken out of the 
mine for every pound burned? 

678. The heat of combustion of a given grade of coal is 15,000 
B.t.u. per lb. An engine and boiler furnishes 200 hp. while 
consuming 360 lb. of this coal per hr. Find the efficiency of 
the engine. 

679. If we heat a quart of water (2 lb.) from 52°F to the 
boiling point how many foot-pounds of energy are put into it? 

680. In burning 1 lb. of a certain coal 14,000 B.t.u. are 
developed. This is equivalent to how many calories per gram? 

681. A given gas on combustion yields 560 B.t.u. per cu. ft. 
and costs |1 per 1,000 cu. ft. Find the cost of heating a gallon of 
water (8 lb.) from 72°F to the boiling point, assuming that the 
burner and kettle have a combined efficiency of 40 per cent. 

682. How much will the air in a room 5 by 4 by 3 m be warmed 
due to the condensation of I kg of steam in the radiator, 
considering the density of wr to be 0.00129 and its sp. h. 0.235? 

683. The water of Niagara Falls descends about 50 m. Assum- 
ing that none of the heat is dissipated, find the increase of 
temperature per gram due to the fail. 

684. Consider the average temperature of a lake to be 12''C. 
If the temperature fall to 10°C, how much heat per cubic centi- 
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meter would be given up in (a) calories? (&) B.t.u. per cubic 
foot? 

685. If a tight vessel which neither absorbs nor transmita 
heat cotild be made, what would happen if 300 grams of ice at 
0° and 50 grams of steam at 100° were put into it at the same 
time? 

686. A lead bullet, mass 10 grams, strikes a target with a 
velocity of 500 m per sec. Assuming that 20 per cent, of the 
energy heats the bullet, what will be its- rise in temperature? 

687. The earth moves in its orbit nearly 19 miles per sec. or 
about 3,000,000 cm per sec. What is the heat equivalent of the 
energy of each gram of the earth's mass due to this motion? 

688. (a) How many cubic feet of illuminating gas (Table XIX) 
will have to be burned in order to furnish the same amount of 
heat (B.t.u.) as that given by 1 ton of Scranton coal? (6) 
Compare the cost of the two, basii^ your estimate on the present 
rate in your town. 

689. Analysts of a given grade of coal shows the following 
composition: C, 80 per cent.; H, 5 per cent.; O, 2 per cent. 
Find the value in B.t.u. (Table XX) of a ton of coal, assuming 
that all the carbon is burned to COi and 95 per cent, of the 
hydrogen is biu'ned to HjO. 

690. Assuming that dry wood (maple) weighs 1,200 !b. to the 
cord, (a) Find how many cords of wood will be required to 
furnish the same amount of heat as that given by 1 ton of 
Pocahontas coal (Table XX). (6) Compare the cost of the 
two at the prices which prevail in your community. 

691. If the " conducting power " of brickwork be 4.8, how much 
heat will be conducted through a solid brick wall, 10 by 10 ft., 
8 in, thick, in 8 hr., the difference in temperature on the two sides 
of the waU being WF. 

692. Compare the quantity of heat conducted through the 
walls of a boiler on a winter's day when the temperature is 
20°F and in summer when the temperature is 110°F, assuming 
that the temperature on the inside of the boiler is the same in 
both cases. 
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CHAPTER VII 

ELECTRICITY 

HAGNBTISH 

110. Magnetic Poles. — For convenience we shall speak of the north- 
seeking pole of alnagnet as the N-pole, or N; the south-seeking pole, aa the 
S-pole, or S. 

Like polea repel; unlike poles attract. 

A magnetic pole of unit strength ia one which at a diatance of 1 cm in a 
vacuum repela an equal and similsiT pole with a force of 1 dyne. 

111. Coulomb's Law. — The magnitude and sense of the force of attrac- 
tion or repulsion between two poles is given by Coulomb's law, which may 
be expressed in equational form as, 

F = ± mm'/^* 

in which F = force in dynes; m and m' = the respective pole strengths; 
d = distance in centimeters between the poles m and m'; and [i — per- 
meability of the medium. The sign + indicates repulsion between the polea 
m and m'; the sign — , attraction. 

lis. Permeability. — The permeabUity of a medium is a property whick 
modifies the action of magnetic poles placed in the medium. 

Permeability (jt) varies greatly with different media, and for a given 
medium, such as iron, it varies also with intensity of the monetising field. 
For a vacuum ft = 1; for air at 20''C imder a pressure of 1 atmosphere, /i ~ 
1.000005. In the case of iron the permeability may be as high as 2,000 and 
over. See Table XXVII. 

113. Intensity of Magnetic Field. — The intensity of a magnetic field at 
a point may be measured by the force which it exerts on a unit pole 
at that point. In other words, magnetic field intensity H is force per unit 
pole; that ia H = F per unit pole = ± (m X l)/ttd\ or the field intensity 
at a point p with reference to the pole m is 

H " ± m/fid'. 

The unit of field iTttensity is the gauss. A gauss is a field intensity of 1 
dyne per unit pole. 

Magnetic field intensity is a vector quantity, having the magnitude, 
direction, and sense of the force acting on unit positive pole. 

Example. — Two magnetic polea, tn = + 200 units and m' = — 200 units, 
are 16 cm apart. Find the magnitude, direction, and sense of the intensity 
of the field at a point p, 10 cm from each, Fig, 71. 

iSoIution, — The magnetic intensity at p with respect to m is H ^ + 200/10' 

= -J- 2 dynes per unit pole, the + sign indir:aHng repulsion between m and p. 

105 
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The inieruily at p ttrith respect to m' is H = ~- 200/10* = — 2 dyne* per 
unit pole, the — etffti imHeatiTig aUraetion between m' and p. The retT^tant 
of these two oeOor quaiUitiee, pa and pb it pc. The magnitude of pe m3.2; 
its direction is parallel to the line joining m and m'; its tense is from p to c 
114. H&gnetic Moment.— A magnet makes an angle a with Ofa dit«ctioii 
of & magnetic field, Fig 72. 'Die torque T ia dyne centimet«ni acting upon 
the magnet is 

T = Hml sin a = MH ain o. 

The factor M ia called the magnetic moment; it is the product of the strength 
of one of the poles into their distance apart; that ia, Jlf - ml. 




lis. Magnetic Induction and Magnetic Floz. — The magnetic field tn- 
tenaity if at a given point may be likened to a stresa in an elastic body; 
the magnetic induction B may be likened to the coirespondii^ strain. 
The relation of the magnetic induction B to the Geld intensity H, and to 
the permeability ;t of the medium is expressed by the equation 
Magndie induction = B ==% fiH, 

It ia sometimes desirable to represent magnetic induction graphically 
by lines, called "lines of induction." In the case of a magnet, the lines of 
induction (sometimes called lines of force) are closed curves coming out 
of the N-pole and entering again at the S-pole. In this sense, induction B 
may be defined as the number of lines of magnetic induction per unit area. 

Magnetic flux ^ is the total number of lines passing through a given area 
A, that is, 

Ma0ietic flvj! = ^ = BA. 

116. Terrestrial Usgnetism.~The three important factoid to be couaid- 
ered with reference to the earth's magnetism, for a given time and place, 
are {a) the magnetic declination, (b) the magnetic dip, (c) the mtensity of 
the field. These three elements of terrestrial magnetism are of such great 
commercial and scientific importance that our Government, through the 
Coast and Geodetic Survey, and other authorized branches of service, main- 
tains permanent stations for the collection and tabulation of data relating 
thereto. 

Magn^ic declinalion at a given place is the angle wiiich the m^netic 
needle makes with the geographical meridian at that place. At Ann 
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Arbor, Mich., for example, the angle of declinatioa ifl at present about 2" W. 
This meana that the N-poIe of the magnetic needle points to the west of 
true north by 2°, True north from a given point (in the northern hemisphere, 
for example) is the direction represented by a meridian connecting the point 
and the north gec^aphic pole. 

Magnetic dip is the angle which a dipping needle, ^ 
when placed in the mi^netic meridian, makes with the 
horizon. In F^. 73 the angle of dip is designated by 0. 
At the m^^etic equate d = 0; at the magnetic pole, 
'SO'. 

If for any given place we let the total intensity of the 
field, measured in the direction of the field, be H', then 
we may resolve this intensity into a horizontal com- 
ponent H, and a vertical component V, such that 



and the angle of dip 8, Fig. 73, may be delermined by 
means of the equation 

tan e = V/H. 

mo. 73. — Mag- 
The horizonlal component of the earth's field H may netic dip. 

be determined by means of a small bar magnet sus- 
pended at its midpoint so as to vibrate freely in the given m^netic field. 
The equation is 



where T = period ot vibration of the magnet; I = moment of inertia of 

magnet; M = magnetic moment; H = horizontal component of the field. 

Problems 

Note. — In the solution of the following problems we shall 
assume, unless stated to the contrary, that the permeability 
ot air is equal to unity, that pole strengths are expressed in 
c.g.s. imits, and that Coulomb's law holds. 

693. Explain the meaning of each term in the following 
equations. (a)F = ± mm'/nd''; ib) H = ± m/nd^; (c) B = fiH; 
(rf) tan fl = V/H. 

694. How far from an N-pole of 10 units must an S-pole of 
20 units be placed so that the attraction shall be 2 dynes? 

696. Find the magnitude and sense of the inten^ty of the 
magnetic field (H) midway between the two poles of problem 594. 

696. A m£^netic needle of length 20 cm and magnetic moment 
(M) 200, lies in a magnetic field of intensity 2 gausses in such a 
position that the torque acting upon it is 100 dyne centimeters. 
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Find the angle that the ma^et makes with the lines of the 
field. 

697. The intensity of a magnetic field, the cross-sectional 
area of which is a rectangular figure 5 by 6 cm, ia 2 gausses. 
The permeability of the medium is 5. Find (a) the induction 
B; (b) the flux *. 

698. At a certain place the angle of dip 9 is 70°, and the hori- 
zontal component of the earth's field H is 0.19 gauss. Find the 
vertical component V, 

699. A magnetic pole of 40 units acts with a force of 32 dynes 
upon another pole 5 cm away. Find strength of- other pole. 

600. Two magnetic poles of strengths 18 and 24 units respect- 
ively attract each other with a force of 3 dynes when placed 
in air. Find the distance between them. 

601. Consider a right-angled triangle of base AB 8 cm, and 
altitude AC 6 cm. Assume that a magnetic pole of + 10 
units ia placed at A; a pole of — 40 units at B; and one of -|- 30 
units at C. Find the force (a) of attraction between A and B; 
(6) of repulsion between A and C; (c) the attraction between 
B and C. 

602. Find the magnitude, direction, and sense of the resultant 
force at A, due to the action of the three poles of problem 601. 

603. Find the magnitude, direction, and sense of the field 
H midway between A and B (problem 601). 

604. Find the magnitude, direction, and sense of the field at 
A (problem 601), assuming that the + 10 imit pole at this point 
has been eUminated. 

605. Two equal bar magnets lie on opposite rades of a square, 
each side of which is 20 cm. The distance between the poles of 
each magnet is 20 cm. Make a drawing to illustrate the magni- 
tude, direction, and sense of the resultant force when (a) the 
N-poles touch the same face; (&) when the N-polea touch op- 
posite faces. 

606. The poles of a given magnet are 16 cm apart, and lie 
at the extremities of the base of a right-angled triangle, the 
altitude of which is 12 cm. The pole strength (m) is 10 units. 
Find the magnitude of H at a point forming the third vertex 
of the triangle, and show by means of a sketch ita direction and 
sense. 

607. A given magnet of pole strength m lies on the diameter 
of a circle, the poles being on the circumference. Illustrate by 
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diagram the magnitude, direction, and Bense of /f at a point 
on the circmnference, 30° from the x-axis, 

608. Consider two concentric circles having radii 10 and 20 
cm respectively. A magnet, of pole strength 10, lies in the 
diameter of the smaller circle, its poles being on the circumfer- 
ence. Find the intensity of the field H at a point (a) where the 
z-axis cuts the lai^er circle; (b) where the y-axia cuts the larger 
circle. 

609. What force must be applied to a magnet whose magnetic 
moment is 500 to hold it in an east and west position if the dis- 
tance between the poles is 25 cm and H is 0.18 gauss? 

610. A magnet is placed with its axis on the magnetic meridian 
and its south pole pointing north. It is found that there is a 
neutral point at a distance of 14 cm from the south pole of the 
magnet. The length of the magnet is 10 cm, and H is 0.18 
c.g.s. units. Find the pole strength of the magnet. 

611. Two equal bar magnets, each having a distance of 10 
cm between the poles and a pole strength of 20 units, are placed 
with their axes in the same straight line and their poles pointii^ 
in the same sense, adjacent poles being 10 cm apart. Find the 
resultant force between the magnets. 

612. Find the intensity of the field at a point halfway between 
the magnets of problem 611. 

613. Two magnetic poles m and m' lie 20 cm apart. The pole 
strength of m is -|- 12 units. Find a point on a line joining the 
poles where the field intensity H is zero, (o) when m' is -|-3; 
(6) when m' is — 3. 

614. At Ann Arbor the vertical component of the earth's 
field (F) is 0.54 gauss, and the angle of dip 71° 30'. Find the 
magnitude of the earth's magnetic force H' at this place, and 
(6) its horizontal component. 

615. A magnet of length 12 cm, pole strength 20, is suspended 
by a fine wire so as to rest in a horizontal plane and in the 
m^netic meridian. The horizontal component of the mag- 
netic field is 0.18 gauss. When the upper end of the wire is 
twisted through 90", the magnet is deflected 30° from the 
meridian. Find the torque tending to restore the magnet to 
the meridian. 

616. Two places A and B, are 10 miles apart, as measured on 
a magnetic meridian, which, between these places, is a straight 
line. The angle of declination at A is 2°. C is on the same 
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parallel of latitude as B and is directly north of A, as measured 
on a geographical meridian. Find the distance from B to C, 
measured in feet. 

617. According to the 1910 report of the U. S. Great Lakes' 
Survey the horizontal component of the earth's field at the lower 
end of Lake Michigan was 0.1871 gauss, and the angle of dip 
72* 28'. Find the vertical component of the earth's field from 
these data? 

618. In Ann Arbor the horizontal component of the earth's 
field (H) is 0,18 gauss; the vertical component (F) 0.54 gauss. 
Find (a) the angle of dip 9; (6) the magnitude of the earth's 
magnetic field {H') at this place. 

619. It was found that a magnet suspended horizontally at 
Bristol, England, made 110 complete vibrations in 5 min., and 
that the same magnet at St. Helena made 112 vibrations in 4 
min. Find the ratio of the values of H at the two places. 

620. The magnetic dip at Bristol is 70°; that at St. Helena, 
80*. Find the total force of the earth's magnetism at St. Helena, 
that at Bristol being 0.48. 

621. A loi^ bar magnet AB is suspended in a horizontal posi- 
tion about its middle point. The pole strength of this magnet 
is 100 units. A second long magnet ab is placed vertically 
beneath the end A of the first magnet, so that the distance 
.da is 2 cm. The poles A and a attract. A 2.5^ram weight 
attached to £ is required to keep the bar AB in equilibrium. 
Find the pole strength of a. 

622. A magnet suspended to vibrate in a horizontal plane is 
caused to oscillate in two places. At the first it makes 100 vibra^ 
tions in 5 min.; at the second place, 110 vibrations in 5 min. 
Compare the values of the horizontal components of the earth's 
mi^netic fields at the two places. 

623. A magnet makes 15 oscillations per min. in a certain 
magnetic field. How many will it make per minute if re-mag- 
netized so that its magnetic moment is increased 50 per cent. ? 

CUWIENT RESISTAMCE. PALL OF POTENTIAL 

117. HaEnetlc Field Due to b Circular Cuirent — If a conductor carrying 
a current be bent into a loop or coil, of rsdius r, the loop will have the 
property oC a magnet; the face of the loop into which the magnetic lines 
enter being the S-pole, and the side or face out of which the lines come 
beiDg the N-pole. In the case of a circular current, where we consider the 
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proportionality factor between H and / to be unity, the intensity of the 
magnetic field H at the center of the coil is 

H - 2kNI/t - 2rNr/10r 

in which H « intenalty cd field in gaussea; AT « number of turns of wire in 
the coil; / — current in o.g.s. units^ /' = current in practical units (am- 
peres) ; r = radius of coil ia centimeters. 

IIB. Units of Cuirent Strength. — The electrical units of current strength, 
quantity, resistance, and fall of potential, are, in general, defined in three 
ways; that is, as (a) c,g,s. units, (6) practical units, and (c) international 

C.O.S. Unit of Cwreni iSfren^fA.— The equation H = ^NI/t gives us a 
means of defining I in terms of H and r as follows: The electromagnetic 
c.g.B. unit of current is that current which, flowing through an arc of unit 
length, in a circle of unit radius, will produce a unit magnetic field at the 
center of the circle. 

Practical Unit. — The practical unit of current strength ia the ampere. 
An ampere is 10~* c.g.s. units. 

IntemoHimci Unit, — A very close approximation to the ampere, as 
defined alwve, may be made experimentally by means of the silver cou- 
lometer. This unit is known as the international ampere, which ia defined 
as that unvarying current which will deposit silver from a standard solu- 
tion of silver nitrate at the rate of O.OOIIISOO gram per sec. 

The ampere (10~' c.g.s. units) and the international ampere are so nearly 
identical that no discrimination is ordinarily made between these units. 

110. Units of Quantity. — The declromaffnetie c.g.s. unit f^ quantity is the 
quantity transferred by 1 c.g.s. unit in 1 sec.; that is, 

Q=n 

where / and ( represent c.g.s. unit values. 

The pradieal unit of quaTtlUy is the Coulomb, which is the quanti^ of 
electricity transferred by I amp. in 1 sec. One coulomb — 10"' c.g.s. unit 
of quantity. 

Problems 

624. Given a circular coil of five turns, of mean radius 2 cm, 
carrying a current of 10 cg.B. units. Find (a) the intenaity of the 
field at the center of the coil due to the current; (b) the force in 
dynes with which this field will repd a 5-unit positive magnetic 
pole. 

626. Assume that a current of 10 amp. flows throi^h the coil 
(problem 624). Find (a) the current strength in c.g.s. units; 
and (6) the intensity of the field at the middle of the coil due to 
the current; (c) the force in dynes with which a 10-unit magnetic 
pole will be urged along the axis. 
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626. What must be the radius of a circular loop of wire such 
that the field due to a current of 20 amp. will repel a +5-umt 
pole at the center of the coil with a force of 20 dynes? 

627. A circular coil of wire CC, Fig. 74, Ues with its vertical 

face in the plane of the earth's field. 
Assume that the horizontal component 
mmm ^^ *'^® earth's field is 0,18 gauss; that . 
the needle is short as compared with 
diameter of coil; number of turns in the 
coil around the needle, 10; radius of the 
coil, 10 cm; the angle a, 30°. Find the 
current in amperes flowing through the 
coil. 

628. A uniform current deposits from 
a standard silver nitrate solution 5.031 
grams of silver in half an hour. Find the 
current in (a) amperes; (6) c,g.s. units. 
629. What quantity of electricity is required to deposit 0.6708 

gram of silver from a standard AgNOt solution in 20 min.? 

Give your results in (a) practical units; (6) e.g.s. units. 

120, Resistance. — Electrical resistance is that property of a conductor 
by virtue of which the energy of a current is transformed into heat. Ite- 
sistance R ia defined in t«Tms of the equation W = RIH, in which W is the 
heat energy in ergs generated by / c.g.s. unit of current in ( seconds; and 
fi is the resistance in c.g^. units. 

131. Units of ReslBtomce. — C.G.S. Unit f>f Reaittarice. The c.g.e. unit 
of reaiatance ia that resistaoce by wliich heat equal to one erg is produced 
per aecond by unit current. 

Practical Unit. — The ohm is 10* c.g.a. units of resistance. 

International Ohm. — The international ohm is a near approximation 
to the ohm (JO* cg.s. units) as determined by the following specifications: 
"The international ohm is the resistance offered to an imvarying electric 
current by a column of mercury at the temperature of melting ice, 
14.4521 grams in moss, of constant cross-eectionol area, and of length of 
106.300 cm." 

In the practical application of these units no distinction ia ordinarily made 
between the ohm (10* c.g.s. units) and the international ohm. 

133. Laws of Resistance. — The resistance of a conductor ia a function 
of ita length, croas-sectional area, kind of material, and temperature. 

Metric Unitt. — For a given temperature, the resistance R in ohms is 

ft -M/a 

where I — length in centimeters; a = cross-sectional area in square centi- 
meters; and k is the resistivity (specific resistance) in ohm-centimeteis. 
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Resistimty may be defined as the resistance in ohms of a conductor having a 
cross-eectional area of 1 cm', and a length of 1 cm. 

Resistivity Tables, see page 200. 

English Unitt. — For a given temperature, the resistance R in ohms is 
R ■= U/d* 
where I = length in feet; d « diameter in roils; and k = resistance in ohms 
per mile-foot. A "mil" is a thousandth of an inch; a "circular mil" (d") 
is a mil sqiiared; a "mil-foot" represents a conductor 1 ft. in length and 
1/1000 in. in diameter. 

For values of fc in ohms per mil-foot, see Tables, page 200. 

Example. — Find the resistance of 50 m of aluminum wire, the radius of 
which is 0.5 mm. 

Solution. — Refening to the Retwtimly Tablet, page 200, we find Uial k for 
aluminum = 2.6 X lO"' = 0,0000026 oAm-cm. The area a = irr* = ir(6/100)' 
- 25ir/10000. rft«n R - 0.0000026 X 50 X 100 X 10000/25ir = 5.2/t 

Example. — Find the resistance of 1 mile of copper wire, the diameter of 
which is 0.03 in. ' 

Solution. — From Table XXIV we find thai k (ofinw per mil-fool) for copper 
U 9.5. The length of I - 5,280 ft. Diameter d = 0.03 = 30/1000 = 30 
miU; hence d' = 900. Then R - kl/d* - 9.5 X 5280/900 = 55.7 ohms. 

123. Cliange of Resistance with Temperature. — In general the resistance 
of a metallic conductor ina-ea»e» with increase of temperature, in accordsjice 
with the equation ft ■• B»(l + at), where a is the temperature coefficient 
of resistance. For pure metals a is nearly 0.0O4 per degree C. The tem- 
perature coefficient (a) for alloys is very much lower than that of pure 
metals. 

Tlie resistance of carbon and electrolytes deereases with increase . of 
temperature. 

124. Resistances In Series and in Parallel. — Resistance of conductors 
in series and in parallel may be ejipressed in equational form as, 

Series, R = R' + R" + 

Parallel, l/R = l/R' + l/R" + .... 

135, Conductance and ConductiTity.^Conductonce is the reciprocal of 
resistance; eondvctiirUjf (specific conductance) is the reciprocal of resistivity. 
He terms conductance and conductivity are, in general, applied to elec- 
trolytes. 

Sxarrvpie. — The resistance of a cylindrical column of CuSOt solution, of 
cross-section 2 cm*, and length 6 cm, is 60 ohms, (a) What is the conduct- 
ance? (6) the conductivity? 

Soltiiion.— (o) Condwianee - 1/ff = 1/60 reciprooal ohmt. (6) The 
retialivity {specific resistaTtee) = 60/(2 X 6) — 5ohme-cm. The condvctiiiUy, 
then, = H redproeai ohm. 

Problems 
630. Find the resistance of 20 m of iron wire, diameter 0.4 
mm, at 1S°G. 



,v Google 



114 PROBLEMS IN PHYSICS 

631. Compare the resistance of 4 m of German silver wire, 
radius 0.2 mm, with that of 2,700 cm of nickel wire, radius 0.3 mm. 

632. What length of copper wire, of radius 0.5 mm, will be 
required to furnish a resistance equal to that of 15 m of mat^anin 
wire, of radius 0.2 mm? 

633. Find the resistance of 10 miles of iron wire having a 
diameter of 150 mils. 

634. A copper wire is 10 ft. in length; its diameter is 0.025 
in. What is (o) its diameter in mils? (5) its resistance in ohms? 

636. Find the resistance of 6 m of pure platinum wire, B. & 
S. gage No. 40, at (o) SZ^F; (6) 32''C. (See Wire G^e Tables, 
page 200.) 

636. Find the resistance of 5 m of No. 30 copper wire at IS'C. 

637. What will be the reastance of the wire of problem 636 
if both its length and diameter be doubled? 

638. Find the resistance of the wire (problem 636) at (a) 0°C; 
(6) 30'C. 

639. Find the resistance of a mile of a given wire having a 
diameter of 0.02 in., the resistance {k) of a mil-foot being 60 
ohms. 

640. The resistance of No. 12 copper wire having a diameter 
of 0.08 in. is 1.6 ohms per 1,000 ft. Find the resistance of No. 00 
trolley wire, having a diameter of 0.365 in, 

641. The resistance of a cube of a given sample of copper 
1 cm on each edge, density 8.9 grams per cm', is 1.6 microhms. 
Find the resistances of 1.78 1^ of this sample of copper when 
drawn into wire, B. & S. gage, No. 20. 

642. A wire is stretched uniformly until its length is doubled. 
Compare its resistance before and after stretching. 

643. Three conductors have resistances of 2, 4, and 6 ohms 
respectively. Find the resistance of the system when connected 
in (a) in series; (b) in parallel. 

644. Enumerate all the resistances that can be obtained from 
three coils of resistances 2, 4, and 6 ohms respectively, by the 
various ways in which they may be connected, all three coils 
being always in use. 

646, The specific resistance of copper is 0.00000156 ohm at 
0°C. Find the resistance of a copper wire 1 mm in diameter and 
100 m in length, if its temperature is 30°C. 

646. The two circular, parallel platinum electrodes of a con- 
ductivity cell are 0.5 cm apart. The cross sectional area of each 
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electrode is 1 cm*. With this cell it was found that at 20°C the 
resistance of a tenth normal (n/10) solution of KCl between the 
electrodes was 42.92 ohms. Find (a) the conductance of the 
n/10 KCl solution; (&) the conductivity. 

617. Find the area of the electrodes of a conductivity cell in 
order that the resistance of an n/10 KCl solution be 64.38 ohms, 
when the electrodes are set 3 cm apart, temperature and other 
conditions to be the same as in problem 046. 

186. Difference of Potential and Electromotive Force. — Tbe electric 
enei^ of a current may be expressed aa W — J'fft = IR X It ^ IR X Q, 
trwa which we may write IR = W/Q. That is, the expression IR may be 
defined aa the work done in carrying unit quantity of electricity through a 
resiatance R, The product IR measuree the IR drop, or difference of 
polenUal, due to a current / flowing through a resistance R. We may 
therefore write 

Potenlial difference = V - V = IR, 

like e.mj. of a system is the IR drop around the entire ctrcuA. 

Examjile. — A battery having an internal resistance of 4 ohms, delivers a 
current of 0.5 ampere through an external resistance R of 16 criims. Find 
(a) the fall of potential over the external cirouit; (b) fall of potwitial over 
the internal circuit; (c) the e.m.f. of the battery. 

SoIuKort.— (o) IR = 0.S X 16 = 8 twite; (fc) /r » aC X 4 = 2 wite; 
(cl e.m.f. - KB + r) = 0.5 X 20 = 10 voUt. 

127. Ohm's Law.— One of the most important generalizations in elec- 
tricity is that known aa Ohm's law, which holds for constant currents, and 
which may be stated in equational form as 

I - E/R, or E = /fl. 

This law implies that when E and R are once fixed, the current strength 
is the same at every point throughout the circuit, the conductors of which 
are in series- llius for a given current containing a fixed E and R, Fig. 75, 



^Ohk0^ 



the current strength, as registered by ammeters A and A', will be the same 
at both A and A'. If the circuit contains resistances in parallel, Fig. 76, 
the current / — 7' + /', 

138. Fall at Potential over Conductors in Pandlel. — A problem of special 
importance to the student is that of the fall of potential over conductors in 
parallel, especially as it furnishes a method of determining the current 
strength in the various branches of the conductors in the paralld system. 
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The important point to note in this connection ia this : The fall of potential 
oner each branch of a paraiiel system from A to B, Fig. 76, m the same at the 
foB. of potential over (Ae entire system from A to B. If £ be the resistance of 
the parallel circuit of which B" is the resistance of ons branch, and B' the 
resistance of another branch, then E ^ IB — I'R' — /'if. 

Exampk. — Two conductors of 4 and 12 ohms respectively are con- 
nected in parallel to the points A and B. A current of 4 amp. flows from 
A to B, & part passing through each conductor. Find (a) the resistance 
from Ato B; (6) the fall of potential from Ato B; (c) the current through 
each conductor. 

SoliUion.~(fl) l/fl - H + Ma - M- Hetux S - 3 ohms, (b) Fall of 
potential from A to B-E" IB = iX3 = 12 volte, (e) /' - iJi - 3 
amp.; I' = ^?{i = 1 amp. Verification: I = /' + 7'=3+l— 4 amp. 

189. Units of Potential Difference. C.O.S. Unit. — The c.g.a. unit of 
potential difference ia the difference of potential produced at the terminals 
of unit resistance when traversed by unit current. 

Practical Unit. — The practical unit of potential difference is the v(dt, 
which is equivalent to 10< c.g.s. units. 

International Volt. — The international volt is the electric pressure wliioh, 
when steadily applied to a conductor whose resistance is an international 
ohm, will produce a current of an international ampere. 

The cadmium or Wetton standard ceU, when set up according tO standard 
specifications has an e.mi. of 

E, = 1.0183 - 0.00004(i - 20) volta. 

130. The E.H.F. of Some Commonly Used Cells. — It is frequently con- 
venient to know the e.m.f. of some of the cell types that are in common 
use to-day. It must be noted that the following e.m Jb. are only approxi- 
mate working values. 

Nuna of cell E.mi. 

Daniell cell 1.1 volts 

Leclanch6 cell l.S volta 

Dry cell 1.4 volts 

Lead stor^ecell 2.1 volts 

Edison storage cell 1.2 volta 

131. Qells in Series and in Parallel. — In connection with this subject, it 
is important to bear in mind that the e.m.f. of a cell depends only upon 
(o) the nature of the electrolyte, (6) the kind of electrodes used, and (c) the 
temperature, and that it is entirely independent of the size of the plates. 
It is also important to note, on the other hand, that the internal resistance 
of a battery is inversely proportional to the size of the plates. 

Cdls in Series. — The current / for n cells in series, where R is the external 
resistance and r is the internal resistance of one cell, is 
/ - nE/{B + nr). 
Ceile in ParaUd. — Tlie current I for n cells in parallel, where B is the 
e.mj. of a single cell, ia 

/ - E/(R + r/n>. 



,v Google 



ELECTRICITY 117 

Mvitifie SerUe. — GeUs may be connected in multiple series, bs shown 
in F^. 77, in wliicii n ie the number cd cells in each series and m is the 
number ol series. For multiple series the current is 

in which R = ext«mal resistance; and nr/m = internal resistance of the 
syBtem. It is evident that / will be a maxinium when the denominator of 

yl 1--1 H l-l k 
--A l-l h-l l-l iV 

N l-l H hi Y 

Fig. 77.— Cells in multiple series; n - 4, m = 3. 

the fraction is a minimiun. It may be shown that R + nr/m is a mimmum 
when R = y/m. It should be noted, however, that the conditions for 
maximum current in multiple series, as given dsove, do not hold if there 
is a counter e.m.f. in the circuit; nor does it hold for a grouping of cells for 
quickest action when there is an e.m.f. of self-induction in the circuit. 
US. Thermoelectromotive Force. — Thermodectromotive force (t.e.m.f.) 
is the e.m.f. due to a difference of temperature at the juncture of two sub- 
Btances. For example, if a copper iron juncture be heated so that the 
difference in temperature between A and B, Fig. 78, is 200°C there will be 
developed in the system an e.m.f. of about 0.0027 volt, directed at the hot 
juncture from the copper to the iron. 

0- - ..-'. ■ 




Fia. 78. — Thermoelectromotive force. 

Thermoelectric power is the variation of thermoelectromotive force per 
degree change in temperature. For Thermoelectric Power Tables, see 
p^e 200. 

Example. — Reference to Table XXVI, reveals the fact that the 
thermoelectric power of iron is +I7.fi microvolts per degree C, and 
that of German silver, —12 microvolts. Find the thermoelectromotive 
force of 20 German silver-iron couples in series, the difference of temperature 
between junctures being 80°C. 

Solution. — Since the value for iroo (+17.6) is on the positive side of the 
CBTo point in the series, and the value for German silver ( — 12) is on the 
negative side, the total difference between the two values is 29.5 micro- 
volts — 0.000029G volt per degree. The total thermoelectromotive force 
than iaE " 0.0000296 X 80 X 20 = 0.0472 volt 
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Problems 

648. ConBider Fig. 79, in which A is 4 ohms, R' ia6 ohms, and 
R" is 12 ohms. The cmrent flowing through the ammeter A 
is 2 amp. (a) What is the total resistance between B and C7 
(6) What is the fall of potential (/fl drop) from B to C? (c) 
What is the IR drop over each conductor? 

649. Consider Fig. 80, when R m i ohms, B' is 6 ohms, and 
R" is 12 ohms, as m problem 648. The current through the 
ammeter d is 4 amp. (a) What is the total resistance from 
B to C? (i> The IB drop from B to C? (c) The IR drop over 
each conductor? (d) The current through each conductor? 
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Fio. 80. 



-A- 6B0. Given three conductors A, B, and C, havii^ resistances 
of 2, 3, and 6 ohms respectively, and a battery, having an e.m.f. 
of 7 volts and an internal resistance of 3 ohma. Find (a) the 
current flowing through the battery when A, B, and C are 
connected in series across the tenuinals; (b) the IR drop over 
each conductor. 

661. The conductors A, B, and C (problem 650) are in parallel. 
Find (a) the current through the battery; (6) the IR drop over 
each conductor, 

662. The current flowing through the ammeter, A, Fig. 80, 
is 5 amp. The resistance of ii is 2 ohms; fl' is 5 ohms; R" is 
8 ohms. Find (o) the resistance from B to C; {b) the IR drop 
from B to C; (c) the fall of potential over each one of the three 
lines; (d) the current through each line (B, R', R"); (c) the cur- 
rent through A'. 

663. Three resistances, 50, 100, 150 ohms, are connected in 
series to a generator, the terminal potential of which is 150 
volts. Find (a) the current through each resistance; (6) the 
drop of potential over each. 
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664. Afisume that the three resistances (problem 653) are 
connected in parallel. Find the current throi^h each conductor. 

656. Given five conductors, A, B, C,D, E, having resistances of 
1, 2, 3, 4, 5 ohms respectively. The five conductors are connected 
in aeries to a battery, the internal resistance of which is negli- 
gible, llie current throi^ the syetem is 2 amp. Find (o) 
the IR drop over each conductor; (6) e.m.f. of the battery. 




3- 



ill 

Fia. 82. 

666. Consider the five conductors of problem 655 to be con- 
nected in parallel from terminal to terminal, find (a) the 
resistance of the circuit; (6) the IR drop in each wire. 

667. Consider Fig. 81. The resistance of A is 2 ohms; B, 3 
ohms; C, 4 ohms; D, 5 ohms; E, 2 ohms. The e.m.f. of the 
battery is 10 volts. Find (a) the fall of potential over A; 
(b) the fall of potential over B,C,D; (c) the IR drop over E. 

668. The resistances of the various conductors ol Fig. 82 are 
as follows: A and E are 2 ohms apiece; B and D are 4 ohms 
apiece; C is 5 ohms; and F is 8 ohms. The e.m.f. of the battery 
is 12 volts. Find (o) the fall of potential over C) (6) over F. . 




Pio. 83. Fig. 84. 

669. Three wires. A, B, 0, each having a resistance of 100 
ohms respectively, are connected in series across the terminals 
of a generator G, Fig. 83, of constant e.m.f. of 580 volts, and 
negligible internal resistance. A voltmeter of resistance 900 
ohms is connected across the terminals of B. Find the reading 
-of the V.M., the resistance of o and 6 being negligible. 

660. Consider Fig. 84. The resistance from A to fi is 10 
ohms. The resistance of the voltmeter is 100 ohms. The resist- 
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ance of the connecting wires is negligible. A current of 5 
amp. Sows through AB, !Plnd (a) the fall of potential from 
AtoB; (6) the voltt^e from AtoB; (c) the fall of potential over 
the voltmeter. 

661. (a) What current flows through the voltmeter of problem 
6607 (6) What current flows through the circuit beyond B? 
(c) If an ammeter of a negligible resistance were put in the 
circuit to the left of A, what would its reading be? 

662. A storage battery of constant e.m.f., consisting of five 
cells, has a total internal resistance of 0.5 ohms. Connected 
to its terminals is a wire of 10 ohms of resistance. The current 
flowing through the wire is 1 amp. Find (a) the terminal poten- 
tial (fall of potential over external circuit) ; (b) internal drop of 
potential; (c) e.m.f. (fall of potential around entire circuit). 

663. Consider conditions of problem 662. A second wire of 10 
ohms resistance is put in from terminal to terminal of the battery 
parallel with the first wire, (a) What is the resistance of the 
two wires in parallel? (b) What current flows through the 
battery? (c) What is the drop of potential over the external 
circuit? 

664. A battery, e.m.f. 20 volts, internal resistance 0.2 ohms, 
has connected across its terminals a wire of 100 ohms resistance. 
A voltmeter of resistance 490 ohms is connected to this wire at 
two points A and B the resistance between A and B being 10 
ohms. Find the reading of the V.M. 

665. If the V.M. (problem 664) be removed, (a) what will 
be the value of the current in the wire? (&) the fall of potential 
over AB? 

666. Two wires each of 10 ohms resistance are connected in 
parallel to the terminals of the battery of problem 664. Find 
(a) the current in each wire; (6) the current through the battery; 
(c) the IR drop around the entire circuit. 

667. The two wires of problem 664, are connected in series 
to the terminals of the battery. Find (a) the IR drop over 
each wire; (6) the internal drop of potential. 

668. A battery having an internal resistance of 5 ohms has a 
wire ABC connected at its terminals. The resistance of AB 
is 4 ohms and that of BC 6 ohms. A current of 2 amp. flows 
through the circuit. Find (a) the fall of potential over the 
external circuit; (b) the e.mS. of the battery. 

669. A voltmeter having a lesistance of 100 ohms is connected 
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to the points AB, problem 66S. Find (a) the resistance of the 
entire circuit; (6) the current through BC; (c) reading of the 
voltmeter. 

670. Given three conductors, A, B, C, having resistances of 
1, 3, and 5 ohms respectively. These three conductors are con- 
nected in series to a battery, the internal resistance of which 
is 1 ohm. The current through the system is 2 amp. Find 
(a) the IR drop over each conductor; (6) the internal drop of 
potential; (c) the e.m.f. of the battery. 

67i. Consider the three conductors of problem 670 to be 
connected in parallel from terminal to terminal of the battery. 
Find (a) the resistance, of the circuit; (6) the IR drop over each 
conductor. 

672. Five dry cells, each having an e.mi. of 1.5 volts, and 
an internal resistance of 0,1, 0,2, 0.3, 0.4, 24 ohms respectively, 
are connected in series, (a) What current will the five cells 
furnish through an external resistance of 5 ohms? (b) What 
current will be furnished throi^h the same resistance if the last 
cell be cut out? 

673. A storage cell, e.m.f. = 2.1, r = 0.1 and a Daniell cell, 
e.m.f. = 1,1, r = 2.9, are set in opposition. Find the current 
furnished through a resistance of 7 ohms. 

674. Suppose that the voltmeter, F^. 84, has a resistance of 
94 ohms and the connecting wires, a and b, have a resistance of 
2 ohms each. The resistance of AB is 2 ohms. The voltmeter 
registers 18.8 volts. Find {a) the current through the volt- 
meter; (6) the current in a and b; (c) the fall of potential from A 
to B; (d) the current over AB. 

675. A conductor ABCD is connected in series to the poles of a 
generator of constant e.mi., the terminal potential of which ia 
360 volts. Resistance AB is 200 ohms; BC, 50 ohms; CD, 200 
ohms. Find (a) the current through the system; (6) the fall of 
potential over BC. 

676. A voltmeter having a resistance of 200 ohms is connected 
to the points BC (problem 675). Find (o) the current in AB; 
(ft) the fall of potential from B to C; (c) the reading of the volt- 
meter; (d), the current through the voltmeter. 

677. Suppose that the points BC (problem 675) be connected 
directly to the poles (360 volts). The resistance of BC is, as 
before, 50 ohms. Find the fall of potential over BC (o) with 
the voltmeter out; (6) voltmeter in. 
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678. An arc lamp, requirii^ 5 amp. to operate it, resistance 
15 oluns, is comiected in series with a resistance of 5 ohms, across 
the terminals of a generator, internal resistance 2 ohms. Find 
(a) the voltage across the lamp; (b) the brush potential of the 
generator; (c) the e.mJ. developed by the generator. 

679. A current ni 2 amp. flows through a series circuit contain- 
ing a generator of resistance 1 ohm, line of 2 ohms, lamp 97 ohms. 
Find (o) the e.mi. developed by the generator; (b) its brush 
voltage. 

680. A battery, e.m.f. 20 volts on open circuit, internal resist- 
ance 5 ohms, ia delivering a current of 2 amp. Find (a) the 
external resistance; (b) the terminal potential. 

681. Calculate the resistance of a galvanometer shtmt in terms 
of the resistance of the galvanometer if it is desired to have one- 
fiftieth of the current go through the galvanometer. 

682. A galvanometer having a resistance of 5,000 ohms is 
shunted with ICX) ohms. A certain deflection of the galvanometer 
is obtained with a battery of constant e.m.f. when the resistance 
of the rest of the circuit is 2,000 ohms. What additional 
resistance must be inserted to produce the same deflection when 
the shunt is removed? 

683. Consider Fig. 85. Assume that the bridge is in balance; 
that is, the fall of potential over CD is zero, (a) How does the 

fall of potential over AC compare 
with that over AD7 (6) How does 
the current over AC compare with 
that over AD? (c) How does the 
IR drop over CB compare with that 
over AC? (d) How does the cur- 
rent over CB compare with that 
over AC? 
' pj^ gg 684. Consider five conductors (A 

= 2 ohms, B = 4 ohms, C = 6 
ohms, D = 8 ohms, E = 10 ohms), Fig. 86, to be connected to a 
battery of e.m.f. 50 volts, internal resistance and the resistance 
of a and 6 negligible. Find (a) the resistence of the circuit; 
(6) the IR drop over each wire. 

686. Consider the five conductors (problem 684) to be con* 
nected to a battery of 30 volts e.m.f., as shown in Fig. 87. (a) 
Find the IR drop in B, C, and D respectively, (i) How does the 
fall of potential over B + C compare with that over E? 
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688. A battery havii^ an e.m.f. of 88 volts and internal resist- 
ance of 2 ohms, furnishes current through a circuit consisting 
of a 4-ohm coil and a 6-ohm coil in parallel. Find (o) the current 
in the battery; (&) the current in each coil; and (c) the potential 
difference between the extremities of the coils. 





Fig. 87. 



687. With an external resistance of 8 ohms a given cell furnishes 
a current of 0.14 amp. With an external resistance of 5 ohms 
it gives a current of 0.2 amp. Find the internal resistance of 
the cell. 

688. The potential difference between the terminals of a cell 
is 1.5 volts when the cell is furnishing no current. When its 
terminals are connected by a wire of 2 ohms resistance, the 
terminal potential falls to 1.2 volts. Find its internal resistance. 

689. Fifty incandescent lamps in parallel constitute a group 
at a distance of 200 ft., from a center of distribution at which 
the voltage is 110 volts. Each lamp takes 0.5 amp. Find 




Fia. 88. 



the maximum resistance of conductors allowable if a 2 per 
cent, drop in line is specified as the maximum drop. 

690. In problem 689, what would be the voltage at the lamps 
if only 10 lamps were lighted? 

691. In Fig. 88 we have a diagrammatic representation of 
the e.m.f., terminal potential, internal resistance, and external 



,v Google 



124 PROBLEMS IN PHYSICS 

reaietaace of a cell, in which AD is the e.m.f. ; AC, the terminal 
potential; r and R the internal and externa] resistances re- 
spectively. Suppose that the external resistance R be increased 
from I to J. Make drawing to show how this will a£Fect (a) 
the e.m.f. of the ceU (AD); (6) the internal IR drop {FG). (c) 
Will the internal resistance of the battery r be aflFected? (d) 
What external resistance R will be required in order to make the 
external IR drop (AC) equal to the e.m.f. of the cell? 

692. Given four cells, the e.mi. of which is 1.5 each, and the 
internal resistance 2 ohms each. Find the current furnished 
through a resistance of 100 ohms when the cells are connected 
in (a) series; (b) parallel. Solve for conditions (a) and (b) when 
the external resistance is 1 ohm. 

693. How should four cells be connected to produce maximum 
current through a 2-ohm coil, if each cell has an e.m.f. of 1.6 
volts, and an internal resistance of 2 ohms? What is the 
maximum current? 

694. Given five cells, each having an internal resistance of 
0.5 ohm and an e.m.f. of 1.2. Find the current through an 
external resistance of 75 ohms when the cells are connected in 
(a) aeries; (t) parallel. 

696. Find the current through a 0.5 ohm coil (cells as in 
problem 694) when connected in (a) series; (6) parallel. 

696. Given 12 cells each having an internal resistance of 0.5 
ohm and an e.m.f. of 2 volts. Make diagrams to illustrate six 
arrangements of these cells (series, parallel, multiple series). 

697. Find the current furnished by each arrangement (problem 
696) through an external resistance of 10 ohms. 

698. How must a battery of 10 cells, each having a resistance 
of 2 ohms and an e.m.f. of 1.1 volts, be arranged to give the 
largest current through an external resistance of 5 ohms? Und 
the value of the current. 

699. Three cells each haying a resistance of 2 ohms and e.m.f. 
of 1.1 volts are to be used to produce current in a wire of 2 ohms 
resistance. Diagram three ways of connecting them, and com- 
pute the current in each case. 

700. Given a battery of 12 cells, the e.m.f. of each cell being 
1 volt, and its internal resistance 4 ohms. Make sketch to illus- 
trate set-up for maximum current for an external resistance 
of 3 ohms. Calculate the current strength. 

701. Given 10 cells, 1 volt each, internal resistance 3 ohms 
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each. Find the current through, a resistance of 10 ohms when 
the cells are connected in (a) series; (fc) parallel. 

702. Find the current through an external resistance of 1 ohm 
(cells as in problem 701) in (a) series; (fe) parallel. 

703. Find the thermoelectromotive force of an iron-German 
silver couple, the difference in temperature between the two 
junctures being 130°C. See Tables, page 200. 

704. A difference of SCO between the faces of a antimony- 
bismuth thermopile gives a thermoelectromotive force of 0.2034 
Volt. Of how many elements (antimony-bismuth) is the thermo- 
pile composed? 

■ 705. One juncture of an iron-constantan couple consisting of 
a single element is placed in ice; the other juncture in an oil bath, 
the temperature of which is 55''C. Find the thermoelectromotive 
force generated. 

706. An iron-constantan thermopile consists of 100 couples, the 
resistance of each couple being 0.1 ohm. The two faces of the 
Instrument are maintained at a difference of temperature of 200°. 
What current will the thermopile furnish through an external 
resistance of 2 ohms? 

707. It is desired to install a copper-constantan thermopile 
in a chimney in such a way that one set of junctures is within 
the chimney, and the other set outside. The average difference 
of temperatiu^ maintained between the two faces of the system 
is 95°C. How many elements will be required to furnish an e.m.f . 
as-great as that of a dry cell (e.m.f. = 1.34)? 

708. K we consider that each of the two wires (copper-con- 
stantan) of each element is 1 ft. in length, and that No. 10 wire 
was used, what current will the thermopile of problem 707 
furnish through an external resistance of 5 ohms? 

709. The maximum effective area of the working face of a given 
thermopile is A; its length from face to face is L. It is desired 
to draw a maximum current from this thermopile through a given 
external resistance R, the temperature difference being T. By 
using wire of diameter d it is possible to have 16 junctures in 
each face of the pile; by using wire of diameter d/2 it is possible 
to have 32 junctures per face. Which number of junctures will 
furnish the greater current for a given R and T*? 
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ELECTROLYTIC AND HEATING EFFECTS OF A CUSItENT. 
ELECTRIC POWER 

1S3. DissodAtlon and ElMtndTBls. — Acids, bases and salta when placed 
in water undergo, to a certain degree, dissociation into positive and negative 
ions. The following leactions illustrate a few typical cases of dissociation 
in water. 

Ha in water - H + CI Na,SO« in water =« Na + Na + 80. 

KCl in water " K + CI CuSO* in water - Cu + SO* 

HNO, in water - H + NO. ZnCl, in water - Zn + CI + CI 

A«NO,in water - Ag + NO, NaOH in water - Na + OH 

H,SO. in water - H + H + SO. KOH in water - K + OH 

184. Chemical Eqolvalenta. — The chemical equivaUnt of a substance is ita 
atomic weight divided by its valence. The valence of the radicals given in 
the preceding article is in each case indicated by the number of charges 
(positive or negative) which the radical carries. For example, the valence 
of H and of Ag is 1; the valence of Cu and of Zn is 2, and so on. 

The following table pves the symbol, atomic we^t, valence, and chemical 
equivalent of a number of elements. For the sake of c 
computation, values are given to the first decimal place only. 
Bj^bol At.W. VUuua ChamiMJ 



Ag 107.9 1 107.9 

Cu 63.9 2 31. S 

Zn 65.4 2 32.7 

A faraday is the quantity of electricity (Q = /() required to liberate a 
chemical equivalent (gram ion) of a given substance. A faraday -^ 06,500 
coulombs. This means that the passage of 96,500 coulombs through an 
electrolytic cell will liberate 1 gram of H, 8 grams of 0, 36.6 grams of CI, 
107.9 grams of Ag, and so on. 

136. Electrochemical Equivalent. — The eUetroehemieal equitialeTU of a 
substance is the mass in grams deposited by a current of 1 amp. flowing 
for 1 sec. By international agreement the electrochemical equivalent 
of ^ver is 0.001118 gram per coulomb. With the electrochemical equiv- 
^nt of silver as a starting point, we nu^ compute from the chemical 
equivalent of a given substance its electrochemical equivalent. 

Examjde. — The electrochemical equivalent of Ag is 0.001118 and the 
chemical equivalent is 107.88. Find the electrochemical equivalent of H, 
its chemical equivalent being 1. 
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iSoEuttim. — EUctrochemieal eguuioieni of Ag: eUctroehemuxd eguwdlenl oj 
H = chemical eguivalerU of Ag: chemical equivaienl of H. Tften 0.001118 :« 
- 107.88 ; 1. Hence declroehemical equiv(dent of H = x = 0.00001036. 

188. FandsT's Laws ot Electrolysis. — ^In terms of the data given in the 
preceding articles, Faraday's laws may be stated thus: 

I. The mass of a substance deposited electrolytically is equal to the 
product of its electrochemical equivalent times the current in amperes, 
times the time in seconds. The law may be written M = Zlt, where M 
is the mass in grams deposited, Z is the electrochemical equivalent of the 
substance in question, / is the current in amperes; t is the time in seconds. 

II, If the same quantity of electricity pass through different electrolytes, 
the masses liberated at the electrodes are proportional to the chemical 
equivalents. 

Example. — A given quantity of electricity passes through two electrolytic 
. cells, one containing AgNOi and the other containing CuSOi. Two grams 
of silver are deposited in the one cell. How many grams of copper (Cu) 
will be deposited in the other cell? 

S<A«iion.^M:M' -C.E.:C'.E'. Then 5: M' ^ im.9:Sl.8. Hence M' 
■ 1,47 grams. 

Problems 

710. Define: Chemical equivalent, electrochemical equiva- 
lent, faraday. What is the chemical equivalent of hydrogen? 
oxygen? How many grams of H will be liberated by 2 faradays? 
How many grams of 0? ' 

711. (o) What is the atomic weight of silver? its valence? 
chemical equivalent? electrochemical equivalent? (&) How much 
Ag will be deposited by 1 faraday? 

712. How many grams of zinc will be consumed in 10 hr. 
by a battery dehvering 2 amp. 7 

713. What time in seconds will be required to refine by elec- 
trolysis 5 kg of copper by means of a current of 10 amp.? 

714. (a) What time will be required to deposit 1 gram of 
silver electrolytically with a current of 2 amp.? (6) How much 
copper will be deposited by the same current in the same time? 

716. What time will be required to decompose electrolytically 
90 grams of water by a current of 2 amp.? How many grama of 
oxygen will be hberated? 

716. In a certain test it was found that a current of 4.5 amp. 
would decompose 18 grams of water in 12 hr. From these data 
compute the electrochemical equivalent of oxygen? 

717. A current passes through three electrolytic cells in series; 
one contains a solution of silver nitrate, the second a solution of 
copper sulphate, and the third acidulated water. It is found 
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that 2.7 grains of silver are deposited. Calculate the masa of 
copper, hydrogen, and oxygen liberated. 

718. Two electrolytic cells each containing copper sulphate 
and having a resistance that is very high as compared with all 
other resistances in the circuit are placed first in series then 
for the same length of time in parallel. Compare the total 
quantities of salt decomposed in the two cases. 

719. (o) How long will a current of 0.5 amp, have to flow to 
deposit 0.1 gram of silver on a metal spoon? (6) How much 
hydrogen will the current liberate in the same time? 

720. How much will a metal plate be increased in weight if 
it be nickel-plated by a current of 0.5 amp. running 5 hr.? 

721. A Daniell cell furnishes 0.1 amp, for 1 hr. (a) How 
much zinc goes into solution? (6) How much copper is deported 
on the positive electrode? 

722. A deposit of 6.445 grams of Cu is made by a current 
flowing for 1 hr. through a copper coulometer. What quantity 
(coulombs) of electricity passed through the cell? - 

723. A copper coulometer and a silver coulometer are placed in 
series. What is the ratio of the deposits in the two coulometers? 

724. An ammeter is calibrated by means of a silver coulometer, 
the ammeter and coulometer being in senes. A constant current 
is passed through both instruments for 1 hr. The reading of 
the ammeter during this time is 0.76 amp.; the amount of 
silver deposited in the platinimi bowl of the coulometer is 3.0186 
grams. Find (a) the error in the ammeter reading; (i?) the 
percentage of error. 

1ST. Electric Energy Expended as Heat. — The energy expended by a 
current in the form of heat is proportional to the squam of the current and 
the time which it flows; that is, 

Energy = I'Bt - Elt. 
When /, R, and t are given in c.g.s. units, the energy is expressed in ergs. 
When, however, / is the current in amperes, R is ohms and t is -seconds, 
then the energy is expressed in joviei. 

Since 1 calorie = 4.186 X 10' ei^fa — 4.186 joules, and consequently 1 
joule = . -„. = 0.24 eal., then 

Amperes' X ohms X see&nda X 0.24 ■» calories. 
IBS. Electric Power. — As formulated in the preceding article, eUctrical 
erurgy = I*St = Elt. Power is the expenditure of eneigy per unit oi 
time; that is 

Power = im = EI. 
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When /, R, and E are given in o.g.B. unite, power is expressed in ergs per 
teeond. When / is amperes, R is otims, and E is volts, then power is 
expressed in joviM per second, th&t is, in watts. 

Amperes* X ohms — t>t>&« X amperes = watte. 

1S9. Watt-honra. Kllowatt^oiira. — The total amount of energy ex- 
pended by a current may be measured (a) in terms of the amount of metal 
deposited in an electrolytic cell; (6) in terms of the quantity of heat gen- 
erated; and (c) in terms of power multiplied by the time. The last-named 
method is the one most usually employed in measuring the total energy 
expended by a current. The units are the waU^umr, or more commonly 
the kilowait-hour. A kilowatt-hour is 1,000 watt-hours. 
Watt-koura — wotis X time in hows. 

Example. — A current of 0.5 amp. flows through an incandescent lamp 
for 5 hr. Fmd (a) the power expended in watts; (b) the energy expended 
in watt^iours; (e) in kilowatt-hours; (d) in ei^; (e) joules. 

Strfutiim.— (a) EI - 110 X 0.5 - 55 watts, (b) 65 X 6 - 275 waU-hr. 
(c) 275/1000 - 0.276 kw-hi. (d) 55 X 10' X 5 X flO X 60 - 99 X 10" 
ergs, (e) 99 X 10"/10' - 99 X 10« joules. 

Problems 

725. A 110-voIt 16-cp. lamp takes 0.45 amp. of current. Find 
the heat in calories developed per minute. 

726. A current of 5 c.g.8. unite flows through a conductor for 
2 min. The enei^ expended in heat is 24 joules. Find (a) 
the energy expended in ergs; (6) the resistance of the conductor 
in c.g.s. units; (c) in ohms. 

727. What power, in watts, is used by a conductor, (a) which 
takes 2 amp. at 110 volts? (b) which takes 2 amp, through a 
resistance of 65 ohms? 

728. A car heater, supplied with a pressure of 550 volte, uses 
a current of 5 amp. Find (a) the resistance of the heater; (b) 
calories developed per hour. 

729. How much enet^, in joules, is used by a 55-watt lamp 
burning 10 rain.? 

730. A bank of incandescent lamps takes 10 amp. at 110 
volts, 80 per cent, of the enet^y received being given off as heat. 
Find the heat pven off in 1 hr, in (a) joules; (6) calorics. 

731. Two wires, A and B, of the same materia and length 
are connected in series. The diameter of A is to that of B 
as 2:1, The resistance of A is 2 ohms. The applied e.m.f. is 
10 volts. Find the beat in calories generated in B durii^ 10 
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732. A 16-cp. carbon filament incandescent lamp on a IlO-volt 
circuit takes 0.5 amp. Find its efficiency in watts per candle- 
power. At 10 cts. per kw-hr. for dectric energy, what is the cost 
per hour of operating this lamp? 

733. An ordinary gas jet consumes about 6 cu. ft. of gas per 
br. for 18 cp.; a gas mantle burner, 4 cu. ft. per hr. for 60 cp. 
At $1 per 1,000 cu. ft. of gas, compare the cost per candlepower- 
bour of these lamps with the incandescent lamp of problem 732, 
electric energy being furnished at 10 cts. per kw-hr. 

734. An arc lamp takes a current of 10 amp. at 110 volts. Its 
candlepower is about 2,200. Find its efficiency in watts per 
candlepower. 

735. An electrolytic cell for the purification of cppjwr has a 
resistance of 0.01 ohm. How much heat will be developed in 
this cell j>er minute at a time when 10 grams of copper are being 
deposited per minute? 

736. The arc lamp for street %hting takes 4S0 watts. If the 
ciirrent used is 6.4 amp., what voltage must be appUed to a 
circuit operatii^ 60 lamps in series allowing 2 per cent, voltage 
drop in the lines? 

737. Suppose that we have a battery of five storf^e cells. 
A wire of 10 ohms resistance is connected to the terminal of the 
battery. The internal resistance of the battery is 2 ohms. A 
current of 0.8 amp. flows through the circuit. Find (a) the drop 
of potential (the IR drop) over the external circuit; (fi) the drop 
of potential over the internal circuit; (c) the e.m.f, of the battery. 
((f) Find the heat developed in the wire in 10 min. in joules; 
ergs; calories. 

738. A 40-watt tungsten incandescent lamp is capable of 
giving about 32 cp. Compare the efficiency of this lamp in 
watts per candlepower with that of a 16-cp. carbon filament 
lamp which takes 0.5 at 110 volts. 

739. Consider fig. 84, p. 119. The resistance of AB is 100 
ohms, that of the voltmeter circuit 1,000 ohms. The current 
fiowing across AB is 2 amp. Find the power expended on AB 
in (o) watts; (6) kilowatts, (c) Find the heat in calories de- 
veloped in AB in 10 min. 

740. Find the total energy expended on the voltmeter (problem 
739) in 10 min. in (a) ergs; (b) joules. 

741. Three wires AB, AC, CB, have resistances of 6, 3, and 
2 ohms respectively. These conductors are connected in the 
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form of a triangle ABC, of which AB is the base. Ad e.m.f. 
of 10 yolts is applied to the points A and B. Find the total heat 
expended on the system in calories in half an hour. 

742. Consider the three wires of problem 741 to be connected 
in series, and an e,m.f . of 100 volts to be applied to the ends of 
the wire. Find (a) the power expended in each wire in watts; 
(fe) the total energy expended on the system in 10 sec. (c) Find 
the heat developed in each wire in calories during a period of 
half an hour. 

743. A current of 1.2 amp. under a pressure of 110 volts flows 
through an incandescent lamp for 5 hr. (a) Find the power 
expended in watts, (b) Find the energy expended in watt-hours. 
(c) Find the total energy expended in ergs. 

744. A 220-volt motor is using 10 amp. of current. It is 
glared to an apparatiis for lifting coal from a mine. The effi- 
ciency of th« system is 60 per cent. About how long a time 
will be required for this apparatus to lift a ton of coal from a 
mine 200 ft. deep. 

746. If it requires 100 hp. to drive a dynamo producing 137 
amp. at 500 volts terminal potential difference, find the efficiency 
of the machine. 

746. Find the horsepower required to opiate 150 incandescent 
lamps, each taking 0.45 amp. at 110 volts. 

747. Find the current used by an 8-hp. 500-volt motor if its 
efficiency is 90 per cent. 

748. Find the current used if 100 kw. are to be transmitted 
(o) at 110 volts; (ft) at 2,200 volts. 

749. For the same weight of copper conductors and the same 
percentage drop in the lines, compare the distances to which the 
same power could be transmitted, using the two voltages 110 
and 2,200, problem 748. 

760. For the conditions ^ven in problem 749, compare the 
heat losses In the Unes. 

761. A storage battery has an e.m.f . of 60 volts and an internal 
resistance of 0.8 ohm. When it is being charged a current of 
20 amp. is used, (a) What is the applied e.m.f., and (6) what 
is the rate at which energy is stored in the battery? 

762. Assuming an efficiency of 50 per cent. , what current would 
be used by a 220-volt electric hoist when raisii^ 2,200 lb., at 
the rate of 30 ft. per min.? 
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CHAPTER VIII 

ELECTRICITY (Continued) 

HAGHETIC EFFECTS OP A CURRENT 

140. Magnetic Field. — When an electric current flows through a con- 
ductoc there is set up in the medium around the conductor lines of magnetic 
induction. He direction and sense of these lines may be determined by 
the right-hand rule, which is etated as follows: Orasp the conductor with the 
right hand, the thumb pointing in the direction o} the etarent, and the fingers 
will indicate the sense <^ the line* qf magnetic induction, Fig. 89. If, on the 
other hand, we cwisider that we are looking at the end of the conductor, 
the right-hand rule again ^ves us the sense of the magnetic field. In 
Fig. 90 there is represented a conductor, viewed "end-oo," in which the 
current is represented as flowit^ into the paper; the lines of magnetic 



Fig. 80. — Thumb indicates sense of 
current; figures, sense of magnetic 
field. 



inducticm are clockwise in sense, in F^. 91 the current is represented as 
coming out; the field is counter-clockwise in sense. It should be noted 
that a cross, Fig. 90, representing the feathered end of an arrow, indicates 
an " in " current; a dot, Rg. 91, representing the point of the arrow, indicates 
an "out" current. 

141. Deflection of Magnetic Needle. — A magnetic needle in a magnetic 
field always tends to set itself in such a position that the lines of induction 
<^ the field enter the S-pote and come out of the N^mle. Suppose that a 
wire carrying a current is placed in a north-south position directly above a 
magnetic needle. The needle is now acted upon by two fields, the earth's 
field in a north-south direction, and the field due to the conductor, at right 
angles to the earth's field. "The position of the needle is such that the 
respective torques due to the two fields are equal to each other. 

ProblemB 

753. Draw a line to represent a magnetic needle, the N-poIe 
being to the right. Draw a second hne to represent a conductor 
carrying a current flowii^ from A Ut B. Make drawings now 
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to indicate the direction of deflection of the needle when (a) 
the conductor AB is above the needle; (6) below the needle; 
(c) beaide the needle, and between it and the observer. 

764. A wire carrying a current lies in a north-smith direction. 
Find the sense of the current for the following deflections of 
the N-pole of the needle; (o) needle above the wire, N-pole to 
the east; (6) needle beside the wire, N-pole down. 

766. A circular coil of wire carrying a current lies in a north- 
south vertical plane. On which side of the coil (east or west) 
must an N-pole be placed in order that repulsion occur? 

766. A circular conductor lies in the plane of the paper. 
Determine by the right-hand rule the polarity of the face of the 
coil toward the observer when the current is (a) in a counter- 
clockwise sense; (b) clockwise. 



143. Hagnettc Effect of m Solenoid. — The magDetio inteiuity in the 
interior of a solenoid whose length ie great in comparison with its croas- 
section, or of a solenoid bent into the form of a ctoaed ring, may be shown 

H - iwnl - iiml'/lO 

in which / o current strength in c.g.B. units; 7' = current strength in 
amperes; n = number of turns per centimeter length of the solenoid; and 
H — intensity of the field in gausses. 

lis. Hugneticlnductlon. — Magnetic induc- 
tion B is equal to the permeability it multi- 
pUed by the intensity of the magnetizing field 
H; that ia, B — /xH, from which we may write 
H - B/H. 

A study of the magnetization curve of a 
given sample cf iron. Fig. 92, reveals the fact 
the It is not a cooBtant, but varies from point 
to point, being greatest at the point of tan- 
genoy of the line OC with the curve. 

144. Hagnetic Flux. — Magnetic induction 
B may be considered aa the number of lines 
of magnetic induction passing through a sub- 
stauce per unit area. Magnetic flux ^ 
through ft given area ^ is the total number 
of lines passing through the area; that is, ^ » BA. 

Example. — A helix 1 m. long containing 2,000 turns, and having a cross- 
sectional area of 10 cm*, carries a current of 10 amp. Ibe length of the 
helix ia sufficiently great so that the end effects may be ignored with ref- 
erence to the field near its middle point. The value of /x is 5. Find 
(a) the intensity of the field H near the middle of the helix; (() the induc- 
tion B; (c) the flux <t>. 




Pig. 92. — Magnetization 
curve, showing point of 
maximum permeability. 
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Solution. — (a) Tht number <tf funu per centimeter length, n - 2,000/100 
-20. H-2irX20X 10/10 - iOrgauesei. (6) B = 6 X 40r - 200ir. 
(c) - 200r X 10 - 2000ir lines of inducHon. 

lU. Magnetization Curves. — In Fig. 93 we have plotted a number of 
n curves for different aamplee of iron. 
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Pio. 94. — ^Hyat«resis curve. 

146. UagaetiC Hysteresis. — Hysteretie is a tagging (tf the induction 
behind the magnetizing field. A hysteresis curve, Fig. 94, is a loop mapped 
out durii^ a complet« cycle ot the field intensity, increasing from to H, 
decreasing from ff to O; then reversing the sense and increasing from 
to — fl, decreasing from ~ H to O; reversing and increaung fiam 
to the point when the loop is completed. 
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The remanence is the induction B which remftina in the iron when the 
field H ia reduced to zero at 0. The cotreiBe force is the negative field in- 
tensity required to reduce the induction to sero, as at a. 

Problems 

767. From Fig. 93, find the permeability ^ for (a) curve A, 
for H = 40; (6) curve B, H = 20; (c) curve C, H = 30. 

758. Since B/H is the tangent of an angle, show that fi will 
be a maximum for that point on the magnetization curve when 
a straight line drawn from touches the curve tangentially on 
its upper side. 

769. Consider the hysteresis curve, Fig. 94, (a) What is the 
remanence at the point b t (b) What is the coercive force at a f 

U7. HagnetomotiTe Force. — If a magnetic pole m be carried once 
around the magnetic circuit within a closed solenoid, against the magnetic 
field, W units of work will be done. MagnetfOmotiiie force (m.m.f. — Q) 
IB numerically equal to the work done in carrying a unit pole once around 
the magnetic circuit; that is, m.m.f. ^ TF/m, If we let J be the length 
of the magnetic circuit, n the number of turns of wire per unit length, and 
N the total number of turns (n •> N/l), then since W " Fl, and F - Hm, 
we may write 

M.M.F. ~ W/m ~ ixNl = ixNl'/lO, 

where / = current in c.g^. units, and J" = current in amperes. 

The c.g.s. unit of m.m.f. is the giStert, which is equal to 1 erg per unit 
pole. The practical unit of magnetomotive force is the ampere-him. 
The product NI — ampere-luma, where N is the number of turns in the coil, 
and / ia in c.g.s. units. 

148. Hagnetic Reluctance. — In the case of a magnetic circuit we have 
an equation which is very similar to Ohm's law (/ = B/R) for electrical 
circuits, 

it, - M.M.F./(R 

in which — magnetic flux (^ — BA); m.mi. — magnetomotive force; 
and (R = magnetic rduetanee. 

The c.g.s. unit of flux is the maxwell; the c.g.s.unit of reluctance is the 

Let n be the permeability of the medium, I the length of the magnetic 
circuit, and A its cross-sectional area. Then the magnetic reluctance (R is 

(R = l/nA 

Example. — An insulated wire is wrapped in the form of a spiral around 
a circular iron ring, the mean length of which ia 60 cm and the crosa-eectional 
area is 1 cm'. The number of turns of wire per centimeter is 3. A 
current of 6 amp. flows through the wire of the solenoid. The permeability 
It of the iron for the given conditions is 400. Find (a) the intensity of the 
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magnetic field B; (6) the magnetic induction S; (e) the flux 4>i (^ the mag- 
netio reluctance IR; (e) the magnetomotive force m. m. f., by two methods. 
Solution.— (a) H - iw X3XMo -ftrffouMW. (6) 400 X 6ir ■= 2,400jr, 
lines of indaetUmfemK (c) * = 2,4(Khr X 4 - 9,600a- Unea. (d) <A - 
60/(400 X 4) - 0,0375. (e) M.mJ, - iirNl = 0« = 360r erffa/una jwfe. 



BLECTROHAGnETIC INDUCTION 



149. Induced E.H.P. — If a magnet be thruat into a coil of wire, an 
induced e.m.f. Ib eet up in a given sense; if the magnet be withdrawn an 
e.m.f. is Bet up in an opposite sense. In general, whenever a conductor 
cuts across the lines of induction of a magnetic field, an induced e.m.f. is 
set up in the conductor. Ib is important to know the relation which exists 
between the motion of the conductor or field 
and the directioa and sense of the induced 
e.m.f. There are a number of rules which 
may be employed to advantage to determine 
the direction and sense of the induced e.m.f. 
two of which are: 

Rvit I, — For the case of a circular con- 

duct(»', the following rule is serriceable: 

Consider that the observer is looking in the 

direction and sense of the field. An increoM 

of the number of lines threading through the coil gives an indirect (counter^ 

clockwise) e.mi.. Fig. 96; a deereaae in the number of lines gives a direet 

(clockwise) e.m.f. 

Ruts //. — The right-hand rule, which was employed to determine the 
direction and sense of the magnetic field about a conductor, may be used 
also to determine the sense of the induced e.m.f. 





Fig. 97.— "Out" e.m.f. 



In F^. 96 we have an end view of a metal rod fallii^ vertically through a 
magnetic field. Each line on being cut by the conductor C may be con- 
ceived of as tending to wrap itself around the rod. Grasp the conductor with 
therigHhandjlhefingeribeinginthediTectionandBeiiseof the lines of induction, 
and the thumb niU extend in the diTcction and sense of the indwed e.m.f. Ac- 
cording to this rule the e.m.f. in the conductor C, Pig. 96, is directed into 
the paper; the e.m.f. in C, Fig. 97, is directed out. 
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Problems 

760. By means of the right-hand rule determine the direction 
and sense of the induced e.m.f. when the conducting rod R, 
Fig. 98, moves in the direction (a) from Rto A; (b) from R to 
B;{c)RtoC;id}R to D;ie) RtoE;(J) Rto F. 

761. Find the direction and sense of the induced e.m.f. when 
the conductor mores in the circular path (a) from A to B; 
(6) C to D; (c) at what two points does the sense of the induced 
e.mi. change? 
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Fio. 98. FiQ. 99. 

160. Magoltude of Induced Electrical Quantitioa. — Qualitative experi- 
ments have shown that the lelation of the induced dectromotive force E 
to the number of turns AT of the conductors and the time rate of change of 
the flux ia 

E - - 2VC0 - <f>')/l c.g.a. units - - JV(* -*')/(( X 10*) volta, 
where N = the total number of turns in the coil, the minus sign indicatii^ 
that the induced ejnJ. is opposed to the action producing it; 4 — #' ■ the 
change of flux in the time t seconds. Special note should be made of the 
fact (n) that E represents average values of the e.m.f. during the time t, 
and (b) that (<^ — 0'}/' may represent either a time rate of change of 
flux through a given coU, or a time rat« of cutting of ]iaea of induction 
in the magnetic field. 

Examjde. — A given coil of wire consisting of five turns, encloses 1,000 
lines of induction. The flux changes from 1,000 to 200 in 0.1 sec. Find (a) 
the time rate of chai^ of flux; (6) the averse £ in c.g.a. units; (c) in volta. 

SoIuiiOTi.— (o) (0 - 0')/t - 800/0.1 = 8,000 per sec (b) B = 6 X 8,000 
= 40,000 c.g.B. vnila; (e) E = 40,000/10« - 0.0004 woK. 

Example. — A single straight conductor 1 m in length ta moved across 9. 
magnetic field at right angles to the direction of the lines of induction 
with a uniform speed of 1 m in 2 see. The induction B of the field ia 800. 
Find the average E induced in the conductor in (a) c.g.a. units; (6) in volts. 

Solvtian. — -BA '^ 800 X 100 X 100 = 8,000,000 fines of indwiUm and, 
t - 2. Thm (a) E = 8,000,000/2 = 4,000,000 cg.s. unit*; (b) E - 0.04 voU. 

ISl. Counter E.U.F. of Self-induction (Lenz's Law). — ^When a current 
in changing (increasng or decreaaing} there ia set up in the circuit at every 
instant a counter e.m.f. of self^nduction, which tends to oppoae the change. 
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Tbia oppoqUon to change in an electromagnetic system is fonnulated by 
Leni'a law, which may be stated as follows: Wken a ehangeoecun in an ^eo- 
tromagnelie aytiem, that thing happens which lenda to oppote the change. Thus, 
if on N pole is thnut into a closed circuit, Hg. 100, the induced murent 
will be of Buoh a nature as to produce in the coil an N-pole opposing the 

motion of the magnet; and in a like manner, when 

the magnetic pole is withdrawn the inductive system 

opposes the change. 

1S3. B.U.F. of Self-induction. — The e.mi. of 

sdf'induction is expressed by the.equations 

B •' - Ni<t) - <l>')/t cgA units = 

- W(* - *')/(( X IC) volts 

whwe E — ejnj. of self -induction; N — total num- 
ber of turns in the coil; — 0' — change of flux 

ISS. Self-inductance. — The flux in a given 
coil multiplied by the number of turns N of the 
ooil is called the coil fiux, Ntt>. Now the coil flux is 
proportional to the current / flowing in the coil, 
and by introducing the proportionality factor L 
we may write iV* = LI, where I. is the coefficient 

<(f tdS-induetion, or the indueHmee. 
Starting with the equation N^ — LI, we may define L in terms of two 

equations as follows: Fitst, by differentiating with respect to t, we have 

- Nd*/dt - trfi/dt, from which 

B Ar(^ - ^)li ^ -L(I - I')/i 

We may define L, then, as the ratio of the induced e.m.f. to the time rate of 
chaise of current. 

Second, by letting N = nl, where n is the number of turns per unit length 
of the coS and lis its length, and by substituting^ = BA = liHA =ijrfinAl, 
a second expression for inductance L may be obtained, as follows, 
L = 4xfin'li c.g.8. units * Itr/mHA/lO* henrys. 

164. Hntnal Inductance. — The mutual inductance of two coils is the ratio 
of the e.m.f. induced in one of the coils to the time rate of change of current 
in the other. The equation is 

E - - Mitxfdl 

in which E = induced e.m.f. in one coil; di/dt = time rate of change of the 
current in the other coil; and M "- coefficient of mutual inductance. 

166. Units of Inductance. — Self-inductuice L and mutual inductance 
M are physical quantities of the same nature, and hence the same unit may 
be used for both. 

The cg.s. unit t^ induetante is an inductance such that a chai^ of one 
o.g.s. unit of current per second will give rise to one c.g.a. unit of e.m.f. 

The praaictd unit of inductance ia the henry, which is equal to 10* c.g.s. 
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unite of induotance. The henry is an inductance Buch that a current chang- 
ii^ at the rate of 1 amp. per sec. will give rise to an induced e.m.f. of 1 volt. 

Exam-pU. — In a coil the inductance of which is 5 X 10' c.g.s. units, 
a current of 12 amp. drops to 2 amp. in Ko s^- Find the induced e.m.f. 
developed in volte. 

Solution.— L = 6 X 10*/10' = 1/200 h^ry. E " L{I - /')/( = (1/200) 
{12-2)/CMo) =0.5<«)H. 

Example. — A helical coil of wire of cross-sectional area 4 cm* bent into 
the form of a ring of mean radius 60/t cm , consiste of 3 turns per centi- 
meter. Find the inductance of this coil (a) in c.g.s. unite and (b) in henrys, 
when it ie filled with a substance having permeability of 200. 

Soia«OT».— t - AitimHA =4irX200X9Xl20X4= 3,466,00(hr e.?.8. 
unit* = 0.003456r hmry. 

156. Energy Stored In the Field. — If we assume that in a circuit of self- 
inductance/: the current rises from lero to/ in isec., then the average current 
during the time is 1/2, and the quantity of electricity flowing through the 
circuit is Q = lt/2. Also, since the time rate of change of the current 
(dt/dl) is uniform, the induced e.m.f. is constant during the time t, and 
E — LI /I. Now the energy stored in the system diuii^ the time I (that 
is, while the current is rising from zero to /) is represented by EQ — (t//() 
(7(/2) = LI*/2, and hence we may write 

EQ = W = Z./V2 

where W — energy stored in the circuit of inductance, L due to the rise of 
the current from zero to /. IF is expressed in ergs when L and / are in 
c.g.s, unite, and in joulet when Z> is in faenrys and / is in amperes. 

Problems 

762. Write the foll«wing equations, and explain the meaning 
of each term contained therein; H = 4nml; B = iiH; <i> = BA; 
M.M.F. = ^Nl;<^ = l/itA; <> = M.M.F./<R ;£ = - Nd<i,/dt = 
- Ldi/dt = - Mdi/dt; L = irtmHA. 

768. State Lenz's law, and make drawings to illustrate applica- 
tion of the principle. 

764. How would you determine from the curve B, Fig. 93, 
the maximum value for ;i? Illustrate by a sketch. 

766. A solenoid of crosa-sectional area 5 cm^, having 1,200 
turns of wire, and bent in the form of a ring of mean radius 10 
cm, carries a current of 5 amp. Consider the permeabiUty of the 
air within the coil to be tmity. Find (a) the intensity of the field 
H within the coil; (b) the induction B; (c) the flux d. 

766. Suppose that the solenoid of problem 765 is filled with an 
iron core of permeabiUty 500, for the given conditions. Find 
(o) H; (6) B; (c) 0; (d) (B'; (e) m.m.f. 
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767. A cuirent flows around a coil of wire in a counter-clock- 
wiae aense. Make a eketch of the coil illiistrative of the direction 
and sense of the induced magnetic field within the coil (a) while 
the current rises to its maximum; (b) while the current remains 
steady; (c) while it falls to zero. Make sketch to illustrate 
direction and sense of the induced e.m.f. in the c<ul for the 
conditions (o), (fc) and (c). 

768. A current of 5 amp. flows through a solenoid consisting 
of 500 turns of wire, and bent in the form of a ring having a 
mean radius of r cm. Find the radius r such that B shaU 
equal 50 gausses. 

769. ConsLder Fig. 93. Compute from the curve marked C 
values of n for field strengths (H) as follows: (a) 10; (6) 20; 
(c) 30; {d) find the maximum value of it. 

770. Five hundred turns of wire are wrapped around a metal 
ring, having a mean radius of 8 cm; cross-sectional area, 10 cm*; 
permeabihty, 1,000. A current I flows in the solenoid, such that 
the field intensity (H) is 4 r gausses. The maximum magnetic 
flux (S) through this coil is reduced to zero in 0.1 sec. Find 
(a) /, in amperes; (b) the induction, B; (c) the flux 8. 

771. (a) Find (conditions as in problem 770) the reluctance, 
(R. (b) Find by two methods the m.m.f. 

772. Find the value for E (due to change of flux, problem 770) 
in (a) c.g.s. units; (6) volts. 

773. Find the coefficient of self-induction of the coil (problem 
770) by means of formula (o) L = 4]r pn'ZA; (b) E = Ldi/dt. 
Give results in henrys. 

774. A solenoid of e.8.a. 4 cm*, having a total of 500 turns 
of wire, and bent in the form of a ring of mean radius 10 cm, 
carries a current of 2 amp. (a) Find the intensity d the 
magnetic field H within the coil; (b) the magnetic flux; (c) 
reluctance ; (d) magnetomotive force. 

776. Suppose that the solenoid of problem 774 have an iron 
core of permeabihty 500 for the given conditions. Find (a) 
H;(b)B;(c) S; (d) m.m.f. 

776. Suppose that the m^inetic fiux in the coil of problem 
774 be reduced to zero in 0.01 sec. What is the aven^ value 
of the induced e.mi. in (a) cg.s. units; (b) volts? 

777. If the current of problem 774 increase from 2 to 12 amp. 
in 0.1 sec. and the resultant E be 0.2 volt, what is the coefficient 
of self-induction in henrys? 
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778. (a) Compute the inductance in henrys of a coil a meter 
loi^ and 50 cm* in cross-Bectional ai;ea, if it has 10,000 turns. (6) 
If the current in this coil increases from to 5 amp. in 0.01 aec, 
find the average e.m.f . induced. 

779. If 110 volts be applied to the coil of problem 778, at 
what rate will the current increase at the instant the circuit 
closed? Why will the rate of increase be less immediately 
afterward? 

780. A ^ven solenoid having 25/ir turns per cm, and a c.8.a. 
of 5 cm* is bent in the form of a ring of radius 5 cm. Assuming 
that the permeability is one, and that the solenoid carries a 
current of 5 amp., Snd (a) the intensity of the magnetic field 
(H) within the coil; (b) the flux; (c) the reluctance. 

781. Find (a) the m^netomotive force (problem 780) in , 
gilberte; (6) the ampere-turns. 

782. Suppose that the current in the coil (problem 780) in- 
creases from 2 to 12 amp. in 0.1. Find the average e.m.f. 
induced in volts, ft being 250. 

783. Suppose that the solenoid (problem 780) contains a core 
of steel (curve A, Pig. 93). Rnd the magnetic flux in this core, 
the current in the solenoid being 4 amp. 

784. Find the reluctance of the system under conditions of 
problem 783. 

785. Find the coefficient of self-induction under the conditions 
of problem 783. 

786. Consider a current to flow around a coil of wire in a 
clockwise sense. Illustrato by a drawing the direction and 
sense of the induced m^netic field within the coil (a) while the 
eurrent is rising to its maximum; (b) while the current remains 
stationary; (c) while it falls to zero. Illustrate by a drawing 
the direction and sense of the induced e.m.f. in the coil for the 
conditions (a), (b), and (c). 

787. Assume that the hues of mc^pietic induction are coming 
out of the blackboard toward the observer. Consider that a 
conductor is movii^ vertically through the field. Draw a line 
on the board to represent this conductor. Indicate by an arrow 
the sense of the induced e.m.f. when the conductor moves (a) 
down; (&) up; (c) to the right. 

788. Draw a vertical Une in the field and indicate the sense of 
the induced e.m.f. when the conductor (line) moves (a) to the 
right; (jb) left. 
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789. A conductor cuts across a uniform field of area 1 by 1 
m, having an induction (B) .of 500 lines, in 0.1 sec. Find the 
average induced e.m.f. in (a) c.g.s. units; (&) volts. 

790. A steel ring having a mean radius of 8 cm and sectional 
area <A 12 cm* is wound with 60 turns of wire. If the permea- 
bUity is 1,500, find the total magnetic flux in the steel when a 
current of 3 amp. flows in the wire. 

791. If the iron ring whose magnetization curve is B, Fig. 
93, has a mean radius of 8 cm and a sectional area of 10 cm* 
and is wound with 600 turns of wire, And approximately the cur- 
rent in the wire which will produce a flux of 130,000 lines oS 
induction in the iron. 

792. Find the coefficient of self-induction of the coil of the 
preceding problem when the flux is 130,000. 

793. Find the coefBcient of self-induction of the same coil 
(problem 791) when H = 20, What change in L would a 
further decrease in H to 10 gausses produce? 

794. If the current in the coil of the preceding problem is in- 
creasing at the rate of 25 amp. per sec, find the counter e.m.f . due 
to self-induction at the instant the flux reaches the value 130,000. 

796. Find the energy stored in the magnetic field of the ring 
under the conditions stated in problem 794. 

796. A coil of wire containing 2,000 turns is 1 m long and has 
a mean cross-sectional area of 40 cm*. This is sufficiently long 
BO that end efi'ects may be ignored. A current of 5 amp. flows 
through the wire. Find the intensity of field within the helix. 

797, In the preceding problem find (a) the magnetomotive 
force; (b) the m^netic flux. 

796. If the coil of problem 796 were bent into the form of a 
ring solenoid and were wound upon an iron rii^ of mean length 
100 cm, and 40 cm* of cross-section, permeabiUty 1,200, what 
would be the magnetic flux for a current of 5 amp.7 

799. How would the result of the preceding problem be changed 
if we imagine an air gap in the ring 1 cm across? 

800. The mean radius of a Faraday transformer ring is 10 cm; 
sectional area 10 cm^; permeability under given conditions 2,000; 
number of turns in the primary per unit length two; total 
number turns in the secondary 50; current at a given instant in 
the primary 5 amp. Find the mutual inductance M in (a) c.g.8. 
units; (6) henrys. 
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DTNAMO ELECTRIC UACHIKES 
157, The Dynamo. — When a dynamo is used b) trauBform mectumioal 
energy into electrical energy it is called a generalar; when it is used to 
tiansform electrical energy into mechanical enei^ it is called a motor. 

Let UB consider first the case of the simple dynamo, as outlined in Fig. 101, 
The armature ac which is here shown consists of a single coil of wire which 
rotates in the magnetic field N^. The component of the velocity of a given 
conductor at right atiglei to the field is e mi a, where f is the linear velocity of 
the conductor, and a is the angle which the face of the armature loop makes 
with a line at right angles to the direction of the field, Rg. 102. Then the 

ImtarUaneoTa e.m/ = e - NBl v ma a 
where N = total number of conductors cutting the field; B = magnetic 
induction; I ~ lei^th of the conductors cutting serosa the field; vain a = 
component <tf the linear velocity of the conductors at right angles to the field. 
If we consider the average e.m.f. developed during any number of revolu- 
tions of the armature, we have 

Average e.m.f. = E = N4>ft e.g.s. unUa = JV*/C( X lO") volta, 
in which N ~ number of conductors in the armature, or coil; ^/( = total 
number of lines of induction cut per second, or the change of flux per second. 
It is important to note that for each revolution of the armature, each 
conductor cuts all the lines of the field twice. 

Example. — Consider a coil consisting of a nngle loop moving in a circular 
path through a unifonn field, as shown in F^. 102, The induction of the 
field is 60 lines per cm'. The length 
of one conductor (conductor a, F^. 
101, for example) is 30 cm. The coil 




3 



Fio. 101,— Heal ample dynamo. 



Fia. 102,- 



makes 3,600 r.p.m. The radius of the circular path is 10 cm. Find the 
instantaneous value of the e.m.f. when the coil has advanced 30° from the 
vertical position shown in Fig. 102. 

SohUkm. — Since there are tino wiret cutting the field at every insiatU, toe may 
nriue -NBlpaiaa - 2 X 60 X 30 X 2t10 X 60 X sin 30" - l,800,00Or 
e.g.1. unila •■ O.OlSir volu. 

Example. — An armature consisting of a single loop. Fig. 101, makes 120 
r.p.m. The flux through the armature coil, when its face is at right angles 
to the direction of the field, is 20,000. Find the average e.m.f. induced in 
volte. 
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SobUion. — In lki» eaie N ^ 2. AUo, Hrux each wire cuts the field twice 
during each revohUion iff the armature, <^ = 2 X 20,000. The time of one 
revolutitm i» t = 60/120 - 0.5 see. Then E = (2 X 2 X 20,000)/(0.5 X 
10») = 0.0016 voU. 

1S8. The FuniUmenUl Eqnatioii of the Generator. — For purposes of 

niuBtrating and explaining the fundamental equation of the generator, we 

shall consider a two-pole ma- 

-'''' *■ chine of the ring armature type, 

(%. 103. The armature rotates 

of the r^t-hand rule we may 
show that the e.mX at a is di- 
rected toward the brush A ; and 
. in h, the e.m.f . is directed away 
from brush B. Then A' is the 
positive terminal of the machine 
' and B' is the negative terminal. 
Pio. 103. — Two-pole, two-path dynamo. It will be noted that in a 
dynamo of the type shown in 
F^. 103 there are two parallel paths through the armature from terminal 
to terminal {A' to B'). In a four-pole dynamo of the corresponding ^pe, 
Fig. 104, there are four parallel paths from terminal to terminal. 

The equation which expresses the relation between the e.mi, of the 
dynamo on one hand, and the flux, the number of poles, the number of paths 
in parallel between the terminals, and the speed of the armature on the other 
is called the fundamental equation of the generator, and it is written 

E = pN4in/p' c.g.B. units - pN<ltn/(p' X 10") volts, 

where E » the e.m.f. developed 
in the armature; p = number of 
poles; N = the number of con- 
ductors;^ = flux per pole; n = 
number of revcJutions pet 
second; pf •• number of electri- 
cal paths in parallel between the 
terminals. 

Example. — In a given four- 
pole dynamo the flux per pole is 
250,000 lines; the number of 
conductors on the outside of the 
armature is 200; the speed is 
1,200 revolutions per minute. 
Find the e.m.f. 

Soluiitm.—E = pNij>n/(,p' X 
10«) - {4 X 200 X 250,000 X Fia. 104.— Four-pole, tour-path dynamo. 
20)/(4 X 10») = 10 volts. 

169. Tb< Transformer. — Neglecting small losses due to hs'steresis and 
eddy currents in the transformer, we may write EI — E'l', in which EI and 
BT are the e.m.f. and currents in the primary and secondary lespectivel;. 
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It may also be shown that E/E' = N/N' where N is the number of turns 
in the primary, and N' is the number in the eecoadary. 

160. The Fnndamratal Equation of Oie Motor. — The e.m.f. applied to a 
motor is used in overcoming the counter e.m.f. developed, and in forcing a 
current through the armature and field. The counter or induced e.m.f. 
due to the rotation of the armature in the magnetic field ia E' = pNijm/p', 
where p is the number of poles, iV the number of conductors on the ouUide 
of the armature, ^ the flux per pole, n the number of revolutions per second, 
and p' the number of parallel paths from the terminal to terminal. The 
fundamental equation of the motor is 

E ~ E' + J.fi. - (piV*n/p') + I,R„ 

• E' ■• counter e.m.f.; /.£. = fall of potential 

Note. — In all problems relatii^ to the motor it will be understood that 
E' " the induced or counter e.m.f., and E = the applied eon.f. 

161. Work Done by a Motor. — The work done by a motor is a function 
of the counter e.m.f. developed in the armature, the current flowing through 
the armature, and the time; that is 

W = E'U. 

When E', !„ and ( are eicpregsed in c.g.B. units TT is in ergs; when E' is 
in volts, /a in amperes, and 1 in seconds, TT is in joules. 

162. Efficiency of the Dynamo. — The efficiency of a dynamo (generator or 
motor) may be expressed as the ratio of the power output to the power 
input; that is 

Efficiency = ovipul/input, 

in which output — input — losses; or, on. the other hand, input « maput + 
losses. The losses in a dynamo are, in general, of two kinds: (a) copper 
losses, and (5) stray power losses. 

Copper losses « /*£, heat losses in the armature + IfBf heat losses in 
the field. 

Stray power Iomm = S = hysteresis and eddy-current losses + friction 

The efficiency of a dynamo may be expressed in terms of (a) the commer- 
oial or true efficiency, or as (b) the partial efficiency. The commercial 
efficiency is the ratio of the output to ^e input, taking into account all 
the losses. In computing the partial efficiency, on the other hand, some 
of the losses are n^lected. There are several types of partial efficiency. 
In the problems of this text, we shall consider only that partial efficiency 
of a generator known as the electrical efficiency; and in the case of the 
motor that partial efficiency known as the efficiency of oonvereion, or the 
armature efficiency. 

It should be not«d also that in the foUowii^ problems we shall consider 
only the case of simple shunt-wound and series-wound machines, and not 
that of the compound-wound dynamo. 

168. Generator Efficiency. — We shall consider (a) the commercial or 
true efficiency of the generator, and (6) the electrical efficiency. 
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Commercial efficiency •• output /{oulptU + copper loeeee + »tray powtr 
loeeee) = EI/(EI+ J^fl, + I) R/ + 5). 
Ekcbical efficieticy = El/(_EI + llB. + Jjfl/). 

Example. — The output of a ahunt-^ound generator is GO amp. at 110 
Tolta. The stray power losa (S) is 400 watts. The lesistance of the 
arniatureis0.2ohm;thatof the field, SSohme. The current in the armature 
is 52 amp.; the current in the field is 2 amp. Find (a) the commercial 
affioiency ; (6) the electrical efficiency. 

Solulion.—(a) C.E. » E!/[El + /X + H^/ + S) - (110 X 60)/ 
(110 X 50 + 52> X 0.2 + 2' X 55 + 400) = 82.5 per cent. (6) E.E. - 
110 X 50/(110 X 50 + 52' X 0.2 + 2' X 55) = 87.8 per cent. 

164. Motor Efficiency. — In the case of the motor, we shall consider (a) 
the true or commercial efficiency, and (6) the efficiency of conversion or 
armature efficiency. 

Commercial efficiency = {input — copper losses — Btraj/ power hsses)/ 
input = (EI - IlR, - I)R, - S)/BI. 

Armatwre efficiency = (Munter e.mj. developed in the armature X armature 
current) /(applied e.m.f, X total current furnished to the motor) = E'l^/EI. 

Example. — A ehunt motor running at full-load speed takes 62 amp, at 
110 volla. The stray power loss is 400 wattB. The armature resistance is 
0.02 ohm, and the field tesistajice is 55 ohme. Find (a) the commercial 
efficiency; (b) the efficiency of conversion. 

Solution. — The field current // = 110/65 = 2 amp.; the arTnature current 
therefore = 62 - 2 = 60 amp. (a) C.E. = (.EI - IlIU - I'Rf - S)/ 
EI - (110 X 62 - 60> X 0.02 - 2' X 55 - 400)/(UO X 62) = 89.8 per 
eenl. (6) The counter e.m.f. E' = E - I.S, = 110 - 60 X 0.02 - 108.8 
voUs. A.E. - E'lJEI - 108.8 X 60/110 X 62 - 96.7 per cerd. 

IBS. The Force Acting on a Simple Armature CoiL — Let us consider a 
section of the motor, showing a single armature coil AB, Fig. 106. The 
current in the armature coil flows in at 
A, and out at B, thus distorting the 
magnetio field N S. The reaction of the 
field against the coU tends to cause the 
latter to rotate in a counter-clockwise 
sense. The force acting on each wire is 

F - BIJ, sin a 
where F = force in dynes; B = induc- 
tion; fa — current in the armature, 
Pio. 105. — Sectional view of motor, c.g.s. units; I — length of the wire 
cutting across the field; and ol = angle 
of rotation, measured from the CD posiijon. The force F is manifestly a 
maximum when the coil lies in a plane parallel to the direction of the field; 
that is, when a = 90°. 

166. Torque. — An expression for the torque developed by a motor may 
be derived in more than one way. First, for ejcample, if we consider the 
radius of the armature coil, Fig. 105, to be equal to r, and since torque =• 
Fr, we may write at once 

Torgue - fT = Bhlr sin a 
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Second, we m&y derive &n equation involving {T froia the equation for 
power. Since power — W/t, and the work per revolution of the armature ^ 
W =FS '^ F2jrr, we may write, power = E'l. = ^FrlT— ^ai^n, where » 
ia the number of revolutions per second, and therefore 

3- = WUI2ntn . 

When E' and /. are expressed in c.g.s. units, and n is the number of 
revolutions per second, the torque J ia expressed in dyne-centimetera. 

Example. — Given a two-pole two-path motor, having 100 conductors on 
the armature, a pole flux of 5,000,000 lines, an armature resistance of 2 
ohms, a field resistance of 55 ohms, an applied e.m.f. of 110 volts, and a 
speed of 1,200 T.p.m., to find (a) the counter e.m.f. developed; (b) the work 
done by the motor in 2 hr. ; (c) the mechanical power developed in kilo- 
watts; (d) the torque developed. 

Solution.— {a) E- = pJV^/p'10« - 2 X 100 X 5,000,000 X 20/2 X 
10» - 100 vdtg. C&) I. = (E - E')/IU = .{110 - 100) /2 - 5 amp.; W ■= 
E'lJ = 100 X 5 X 10' X 2 X 60 X 60 = 36 X10"«rff3 = 36 X lO'joWw. 
(e) P = E'h = 500 waiU ■= 0.5 ifcio. (d) 5 = E'Ia/2im = 500/2t 20 - 
12.5/* dyne-cm. 

Problems 

801. A rectangular loop of five turns of wire, 20 by 20 cm, 
lies in a vertical position with its face at right angles, to the 
direction of a magnetic field, the induction of which is 2,000 lines 
per cm'. The -armature (rectangular loop) rotates about a 
median axis, lying in its face, 360 times per min. Find the in- 
stantaneous value of the e.m.f. (a) when the loop ia 30° from the 
vertical position; (fc) 60°; (c) 90°. 

802. Find the average e.m.f. developed per revolution (loop 
of problem 801) (a) in c,g.s. units; (b) volts. 

803. The loop of problem 802 rotates from a vertical to a 
horizontal position in 0.1 sec. Find the average current in the 
coO, assuming that the resistance is 4 ohms. 

801. A square frame 10 cm on a side is wound with 10 turns 
oi wire. It rotates about an axis perpendicular to a field bf 
5,000 lines of induction per cm^, 1,200 times a minute. Find the 
instantaneous e.m.f . produced at the instant the plane of the coil 
is (a) perpendicular to the lines ^f induction; (h) when it makes 
an angle of 45° with the direction of the field; (c) when it ia 
parallel to the lines of induction. 

806. A coil of 500 turns of wire, wound on a square frame 
40 cm on a side, is rotated about a horizontal axis in a horizontal 
field which is at r^t angles to the axis. The average e.m.f. 
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developed ia 6.4 volte and the speed is 600 r.p.m. Find the 
intensity of the field, assuming the permeability to be unity. 

80$. A coil of 100 turns of wire is wound on a square frame, 
the mean area enclosed beii^; 900 cm*. The coil is revolved in a 
horizontal field of uniform intensity of 80 gausses in air. It 
makes 600 r.p.m. Find (a) the instantaneous e;mJ. when 
the coil is horizontal; (b) the averE^e e.m.f. per revolution. 

807. If a circular coil of wire were made to spin about a vertical 
diameter first at the m^netic equator, second at the magnetic 
pole of the earth, explain the e.m.fs. that would be developed in 
each case. 

808. Consider a generator of the type shown in Fig. 104, and 
assume that the armature rotates in clockwise sense. Determine 
the positive terminal {A' or B') of the dynamo. 

809. A four-pole dynamo having a four-path armature, has 
a fiux in the air gap at each pole of 2,250,000 lines of induction. 
There are 672 conductors on the armature. The speed is 900 
r.p.m. Calculate the e.m.f. of the machine. 

810. A two-pole generator has pole faces of area 240 cm*. 
There are 200 conductors on the armature in the form of two 
parallel circuits. The speed is 1,200 r.p.m. The e.m.f . developed 
is 96 volts. Find the induction in the air gap. 

811. A four-pole generator has an armature of the Gramme ring 
type. There are four brushes and four parallel paths for the 
current in the armature. The total flux from each pole is 2,500,- 
000 lines of induction. There are 600 turns of wire on the ring. 
At what speed is it running, if it develops 22.5 volts? 

812. An impressed e.m.f. of 110 volts is applied to a series 
motor, the armature of which has a resistance of 0.4 ohm. (a) 
What is the counter e.m.f. developed in the armature when the 
motor is taking a current of 5 amp.? (&) If the armature be 
suddenly stopped, what current will flow through it? 

813. In the case of a given motor p/p' = 1; N = 100; ^ = 
1,200,000. Find the speed with which the armature would have 
to run in order to develop a counter e m.f. of 108 volts. 

814. Given a shunt-wound generator which deUvers a current 
of 50 amp. at 110 volts. The field resistance is 22 ohms; the 
armature resistance is 0.15 ohm. The stray power loss is 500 
watts. Find (a) the commercial efficiency; (6) the electrical 
efficiency. 

815. Given a shimt motor to which is applied a pressure of 
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110 volts. The field resistance is 44 ohms; the armature resist- 
ance is 0.14 ohm. The current supplied to the motor is 50 amp. 
The stray power loss is 700 watts. Find (a) the true efficiency 
(commercial); (b) the armature efficiency. 

816. A two>pole shtmt motor, having a two-path armature, 
has a flux of 2,000,000 lines of induction through the armature. 
The armature resistance is 1.67 ohms; the field resistance is 55 
ohms. The armature current is 40 amp.; the field current is 
2 amp. The speed is 900 r.p.m. Find (a) the counter e.m.f. 
developed ; (fc) the electrical work done in 4 hr. ; (c) the mechanical 
power developed. 

817. Find (a) the torque (problem 816); (6) the commercial 
efficiency, the stray power loss beii^ 250 watts. 

818. Consider the generators, Figs. 106 and 107, to run at 
constant speed. If the resistance in the main circuit of each 
be reduced what will be the eflfect on (o) the field; (6) the voltage? 
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Fia. 106. — Series dynftmo. Fio. 107. — Slraiit dynamo. 

819. A street car motor has a resistance of 1.8 ohms. It is 
operated on 500 volts apphed e.m.f. and takes 20 amp. of current. 
Compute (a) the counter e.m,f.; (b) the power edveloped in 
kilowatts; (c) the electrical efficiency. (Street car motors are 
series machines.) 

ELECTROSTATICS 

167. Introductory. — It is manifestly not the province of a teit of this 
sort to take into consideration the various theories which seek to explain 
the nature of electricity, except insofar as such theories may be necessary 
for the solution of certain practical problenis. 
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We shall i^rae to call the electricity found on glasa wh^L rubbed with 
silk, poBitive (+); that found on hard rubber or sealing wax when rubbed 
with cat's fur or flannel, oegatave (— ). We shall agree, also, to let the con- 
dition of the bodies of A and B, Fig. 108, in which the lines represent elec- 
trostatic tubes of force, be represented by the simpler outline aa shown by 
.<1 and fi in Fig. 109. 




0C 



Pig. 109.— Electrified bodies. 
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The symbols + Q and — Q represent positive and negative charges, 
respectiTely. Surface density ff is the charge per unit area; that is 
» - Q/A. 

Electric chaises of like sign repel; charges of unlike s^, attract. The 
force oS attraction or repulsion as given by Coulomb's law, is 

F = ± QQ'/kd* 

in which P = force in dynes; Q and Q' = the two charges; d = distance 
in cm between the points at which the charges may be considered as 
concentrated; and k •- dielectric constant of the medium. 

For a vacuum the dielectric constant k is taken as unity. For air fc is 
very nearly unity. For Tables of Dielectric Constants, see page 201. 

16S. Electrostatic Unit Qoantlty. — The una of qvaTUity is that quantity 
(or charge) which repels an equal quantity of like sign at a distance of one 
cm, in a vacuum, with a Force of one dyne. 

leS. Intensity of Electric Field. — The intensity £ of an electrostatic 
field at a given point ia measured by the force which is exerted on a unit 
charge at that point. As in magnetism H = F/m, so in electrostatics 
E = F/Q. From Coulomb's law we may then write 

E = ± Q/kiP. 

The intensity of an electrostatic field E at any point is a vector quantity, 
and has the same direction and sense as the force acting upon a unit positive 
charge at the given point. 

Example. — Two charges Q and Q* are at a distance of 30 om apart in (ur 
(£-1). Tike charge Qis+100unit8;Q'is -800 units. Find the magnl- 
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tude, direction, and sense of the electrostatic field at a point p between 
the two chaises, and 10 cm from Q. 

Solution. — Comider a unit positive charge to be placed at p. Then the inten- 

*au ofthefield at p loiih respect to Q i» E - + 100/10' = + 1, the + ti^n 

indicating reptdsion. Alto, the inten»Uy of the field at p mth respect to Q' 

is E' = — 800/20* = - 2, (Ae - sign indicaiirig attraction. The sum of 

. these (wo vectors = 3 dynes ha/oing the direction and sense p toQ'. 

170. Electroatatie Induction. — As in magnetism, electrostatic induction 
corresponds to a strain in an elastic body, while intensity of field cor- 
responds to a stress. In magnetism the relation of strain to stress is 
expressed by the equation B = uH; in electrostatics we write D — kE, 
where D ia the electrostatic induction; E the electric stress ; and k the di- 
electric constant. 

If we agree to represent iinit induction by one line per square centimeter, 
then the total number of lines of induction passing through a sphere of unit 
radius, described about a point charge of Q units as a center, is 4irQ. 

171, Electrostatic Potential. — Consider two points p and p' in v elec- 
trostatic field due to a cha^e Q. The difference of potential V between the 
two points is numerically equal to the work done in moving a unit positive 
charge from p' to p. It may be shown by methods of the calculus that the 
potential of any point p witii reference to the charge Q m 

V = Q/U, 

in which the s^ of Q (+ or — ) determines whether the potential V ia 
positive or negative. 

Since a charge Q uniformly distributed upon a sphere acts as if it were 
conoentrat«d at the center, it follows that d, in the equation above, is tbe 
distance from p to the center of the sphere upon which Q is uniformly 
distributed. 



ExampU. — Thechai^Q, Fig. 110, is + 120 units. Find the work in ergs 
required to move a linit positive charge from p' to p the distance from p' 
to p — d' =5 cm, and d = 15 cm. 

Solution. — The potential at p = V = Q/d = 120/15 = 8, and (Ae potential 
at p' — V — 120/20 = 6. The difference of pott/ntial between p and pf - 
V — V "2 ergs per unit quantity. 

Example. — To find the potential at a point due to a number of concen- 
trated chaises, Q, Q', etc. In this case we get the sum of the potentiab at 
p -with reference to Q, Q', etc., taking each with its proper *ign as illustrated 
by the following example. Two concentrated charges Q and Q' are 
SO cm apart. Find the potential at a point jt, 10 cm from Q, and 20 cm 
from Q', when fl - -(- 100 and Q' 1= - 800. 

Solutiim. — Let V be the potential at p, due to the charge Q. V = + Q/d~ 
+ 10, This means that 10 unUs (.ergs) of work woiUd be expended upon a 
unit dtarge in moving it from p to Q. LdV hethe potential at p due to <^. 
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Then V - - Q'/d' - - 40. Thit mean* that 40 wiiU iff work inniU be 
expended by a unit poeiiive charge in mooinn iifrom p to Q'. The (otol potential 
(Am - F + V - { + 10) + { - 40) 30. 

172. Cmpadty. — The relation of a given charge Q to the capacity and 
potential o( the conductor is 

Q = CY 

where C ~ capacity of the conductor, and V ^ the potential to which it is 
raised by the charge Q. The capacity of a conductor is numerically equal to 
the quantity required to raise it to unit potential. 

173. Capacity of Conductois.—The capacity of a conductor depends 
upon its shape, its contiguity to other conductors, and dielectric constant 

k of the medium concerned. The capacity 
of the following conductors is in each case 
expressed in o.g.s. nnits. 

Capacity of a sphere = C •'kr, where fc = 
dielectric constant, and r <^ radius of sphere. 

CotKentrie apherie<U condensers = C = 
kn-'/ir' — r), where r and r' are the radii of 



Pjg 2JJ the two spheres. 

PUOe condenter — C — kA/iirt, where A — 
total area in square centimeters of the dielectric between the conductors; 
and t — thickness of the dielectric in centimeters. 

Cable ■• C > ld/2tog. (r'/r), where I = length of cable in craitimetera; k =• 
dielectric constant of the sheatli; r* =• radius of the sheath or envelope; 
and r — radiua of the core. 

Sin^ wire = C - l/^log, (.l/r), where I ■» length in centimeters ; r = radius 
of wire in centimeters. 

Aerial Imn wires = C — tU/4log, (d/r), where I — length in centimeters; 
d " distance in centimeters, between the wires; r = radius of each wire. 

Example. — A plate condenser 



B of eleven sheets of tin- 
foil, as shown in Fig. Ill, the 
area of each sheet being 400 

cm'. The conductors (sheets ^^^_^^__ 

of tinfod) are separated by p,o_ iw.-Condensera m mri«8. 

glass of thickness 5 mm, having 

a dielectric constant 8. Find the capacity of this condenser in c.g.s. units. 

Solutum. — The deven sheets of tinfoil enclose ten Ihicknesaea of the dielectric, 
the area of each being 400 cm*. From the equation C = tA/4«1 toe may write 
C - (8 X 10 X 400)/(4 X n- X 0.5) = 16,000/fl- o.g.s. units. 

174. Capacity of Condensers in Series and Parallel.— >SerMs.—>The 
cqiacity of condensers connected in series, Tig. 112, as expressed in reciprocal 
quantities, is 

1/C-1/C' + 1/C"+. . . 

ParaUeL — The capacity of condensers in parallel, Fig. 113, is 
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Example. — Given three condenaere, e&ch having a capacitor of 6 units, 
to find the capacitj' of the syatem when the three are connected (a) in 
series; (_b) in paralld. 

Solution.— (a) 1/C = H + H + 14 - H; then C '^ 2. (6) C = 6 + 
6 + 6 = 18. 

17B. Energy Expended in Charging Condensers. — It may be shown that 
the energy W required to charge a condenser with a quantity Q to a po- 
tmtial V is 

W = QV/2 = CVV2 = QV2C, 

where W is expressed in ergs when Q, C, and V are expressed in c.g.s. units. 
ITS. Loss of Energy Due to Dividing a Charge.— Let us take as a special 
case for illustration two spheres A and B, 
having equal radii r. Sphere A is charged 
with a quantity Q to a potential V. It ia 
then brought into contact with B by means 
of a thin wire. A spark appears when the ■ 
contact is made between the spheres. The 
energy of the charge on A before contact 
with BiaW = Q'/2C = QV2r. Since the 
two spheres have equal radii their capacities 
are equal. TherefoK, after ccmtact, Q wiU 
be equaUy distributed over the two spheres, 
and the energy of each will be IF = (0/2)'/2r. The energy due to the 
chai^ on the two spheres is now W = (Q/2)»/2r + (Q/2)V2r = Q*/ir. 
The loss of energy b therefore QV2r - Q*/ir - Q'/ir. 



Problems 

820. Charges Q and Q' are placed 20 cm apart in air. Chaise 
Q is +100 units. Find the force acting between the two charges, 
when (a) Q' is +100 units; (fc) -100 units. 

821. Find the field intensity E under conditions named in 
problem 820 at a point p midway between Q and Q'. 

822. Find the potential V at the point p, conditions as in problem 
820. 

823. A charge of 4,000 electrostatic units is placed upon a 
sphere which is free from the influence of other charges. The 
radius of the sphere is 10 cm. Find (a) the surface density (tr) 
of the charge; (6) the capacity of the sphere. 

824. (a) Fmd the potential of the sphere (problem 823). 
(b) Find the potential at a point 10 cm from the surface of the 
sphere. 

825. What is the enei^y of the chaise on the sphere (problem 
823)? 
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826. Given three condenserB, each having a capacity of 300 
electrostatic c.g.8. units. Find the capacity of the system when 
the condensers are connected (a) in parallel; (6) series. 

827. Find the charge on each system (problem 826) when the 
chai^g potential is 300 units. What is the charge on each 
condenser? 

828. Find the energy of the charge on each system, under the 
conditions of problem 827. 

829. Consider a straight line on which there axe three points 

A, B, and C, such that the distance from A to £ is 70 cm and B 
to C ia 30 cm. A charge of +50 cg.s. units is placed upon A. 
Find the magnitude, direction, and sense of the force between 
A and B when (a) B is charged with +50 imits; (6) -~50 units. 

830. A charge of +50 units is placed at A, and —20 units at 

B, problem 829. Find the magnitude and sense of the field in- 
tensity (B) at a point (a) midway between A and B; (b) at C. 

831. Find the potential (F) at the two points mentioned in 
problem 830. 

832. A sphere whose radius is 10 cm is charged with 1,000 c.g.s. 
units of electricity. Find (a) the capacity of the sphere; (6) 
its potential; (c) the energy due to the chai^. 

833. Suppose that the sphere of problem 832 be inade to divide 
its chaise with a similar sphere. Find the energy due to the 
charge on both spheres. How do you explain the apparent 
loss of energy? 

834. Sphere A has a chaise of +20 and an equal sphere B 
a charge of —10. The two spheres are brought into contact for 
a moment and are then separated to a distance- of 20 cm. Find 
the direction and magnitude of the force acting between them. 

836. Two equal spheres charged one with +20 and the other 
with —15 units of electricity are placed at a certain distance 
apart. They are then brought into contact and afterward placed 
in their original position. Find the ratio of the forces acting 
between them before and after contact. 

836, A sphere of radius 10 cm charged with 30 units, ia made 
to share its charge with another sphere of radius 5 cm. The 
two spheres are 85 cm apart from surface to surface. Find 
(a) the ratio of the two charges, (b) the force with which the two 
spheres repel each other, assuming that the charges act as if 
at the center of the respective spheres. 

837. Three small spheres A, B, C are placed at the vertices of 
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an equilateral triangle, 1 m on each side. A has a positive charge 
of 10 electrostatic units. Find the magnitude and direction of 
the resultant force acting on A when (a) B and C are each 
charged with 10 positive units; (b) with 10 negative units; (c) 
B has a positive charge of 10 units and G a negative charge of 10 
units. 

838. Consider A (problem 837) to have a positive charge of 
10 units, B a positive charge of 15, and C a charge of 5. B and 
C are connected for an instant by means of a wire of negligible 
capacity. Find the direction and magnitude of the force acting 
on A when (a) C is positively charged; (6) negatively chained. 

839. Find the capacity of a condenser made of two concentric 
spheres having radii of 10 and 8 cm respectively, when the space 
between the spheres is filled (a) with air; (b) oil of dielectric 
constant 2. 

840. A condenser consists of two parallel circular plates. 
Find its ca[>acity when (a) the radius of each plate is 10 cm, 
distance apart X mm, dielectric air; (b) radius 12 cm, distance 
apart 2 cm, dielectric sulphur. 

841. Two small spheres are charged with +400 and +100 
units of electricity, respectively, and placed 100 cm apart, (o) 
Find the neutral point in the field, i.e., the place where the in- 
tensity of electric field is zero, (fc) If the 100 units were negative, 
where would the neutral point be? 

842. Two metal spheres one having a diameter six times as 
great as the other, are connected by a long Ahin wire and elec- 
trified. - Compare their electric charges, potentials, surface 
densities, and enei^es. 

843. From Coulomb's law we may write Q* = hd?F. Show 
that the dimensional formula for electrostatic quantity, Q = 

844. The defining equation for current, measured in e.m.u. 
is H = %rI/T, from which I = Hr. Also, Q = H = HH. Show 
that the dimensional formula for electromagnetic quantity, Q = 

846. Show that the ratio of the two formuhe for quantity, 
as developed in [ovblems 843 and 844, is of the nature of a 
velocity, v. 

177. Units of Quantity, Potential and Capacity.— The practical electro- 
Btatic units of Q, V, and C may be defined in tenoB of the corresponding c.g.s. 
imita. 
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Qrumtity. — Tlie eUctnttaiic e.g.8. unif of quantity is that qu&ntity which, 
in a vacuum, will repel an equ^ and like charge with a force of 1 dyne. 
The practical unit <tf quantity is the coulomb = 3 X 10* c.g^. unita. 

Potential. — The eUdroitaiic c.g.s. unit of potential difference exists between 
ttro points when one erg of work is required to move unit quantity from 
one point to the other. The practical vnit of potmtial difference is the volt =• 
1/300 c.g.s. units. 

Capadly. — Tie etedMwfo/tce.j.a. unit o/capa*i/y is a capacityauch that unit 
quantity will charge the given body to unit potential. The practical unit of 
capacity is tha farad = 9 X 10" c.g.s. unite. A microfarad = one millionth 
of a. farad = 9 X 10*. 

178. Relation of Electromagnetic Units to Electrostatic Units. — The 
relation of the practical unite of current, quantity, potential capacity 
resistance and inductance to the corresponding electromagnetic c.g.s. units 
and electrostatic o.g.s. units are given in the following table. 

PrmcU«l EleiitnimscDstio EUotnKtstiii 

unit* c. ■. *. uniU e. (. i. usiti 

1 ampere 10"' 3 X 10' 

1 coulomb 10-' 3 X 10» 

1 v(« 10" 1/300 

1 farad lO"' , 9 X 10" 

1 microfarad 10"" 9 X 10» 

1 ohm 10* 1/(9 X 10") 

1 henry 10* 1/(9 X 10") 

Problems 

Note. — The problems of this set are intended to illustrate 
the relation between the practical units and the corresponding 
absolute units of the electromagnetic and the electrostatic systems. 
In the solution of these problems it is to be understood that, 
unless stated to the contrary, the dielectric constant fc = 1 ; and 
also that the symbols e.m.u. stand for electromagnetic absolute 
units, and e.s.u. designate electrostatic absolute units. 

816. A spherical conductor having a radius of 10 cm is given 
a charge of 300 e.s.u. Find the quantity on the sphere in 
coulombs. 

847. Find the capacity of the sphere (problem 846) in (a) 
e.s.u.; (6) mfs. 

848. Find the density of the charge on the sphere of problem 
856. 

849. Find the potential of the sphere (problem 846) in (o) 
e.s.u.; (6) e.m.u.; (c) volts. 

860. Find the intensity of the field at a distance of 10 cm from 
the surface of the sphere of problem 846. 
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861. Find the potential in volts at a point 10 cm from the 
center <rf its sphere of problem 846. 

862. Find the energy of the charge (problem 846) in (a) 
ergs; (6) joules. 

863. Given an insulated metal sphere radius 10 cm, charged 
to a potently of 9,000 volts. Find the potential of the sphere 
in (a) e.s.u. and (6) e.m.u. 

864. The capacity of the sphere (problem 853) in (a) e.s.u,; 
(b) farads; (c) mfs, 

866. The quantity on the sphere (problem 853) in (a) e.s.u.; 
(ft) coulombs. 

866. The enei^ of the chai^ (problem 853) in joules. 

867. The intensity of the field (problem 853) at a distance of 
10 cm from the surface of the sphere. Name the unit in which 
the intensity is expressed. 

868. The capacity of a condenser is 10 mfs. Find its capacity 
in (a) electromagnetic cg.s. units; (b) electrostatic c.g.s. units. 

869. Three condensers, capacities 2, 3, 5 mfs. respectively, 
are charged in parallel by means of a 110-voIt circuit. Find, 
in practical units, (a) the capacity of the system; (b) charge 
(quantity) on each condenser; (c) potential of each condenser. 

860. Compute the energy of the system (problem 859). 

861. Solve problem 859, assumii^ the condensers to be 
connected in series. 

862. A conducting S|diere of 30-cm radius is charged with a 
quantity equivalent to 0.001 coulomb. If it divides its charge 
with another insulated sphere of 10 cm radius, what will be the 
charge on each sphere in e.8.u., and how will the energy of the 
system compare with the energy of the chaise on first sphere? 

863. The coatii^ of a Leyden jar are 500 cm' each; the glass 
2 mm thick; the dielectric constant of the glass, 8. Find (a) 
the capacity of the jar; (6) the energy in ergs of the chaise when 
the jar is chained to a potential of 30,000 volts. 

864. Given a condenser having nine sheets of tin foil. These 
conductors (sheets of tin foil) are separated by glass X mm in 
thickness, ft = 5, the area of each dielectric being 20 by 20 cm. 
Find the capacity in mfs. 

666. Given three condensei^ having capacities of 4, 6, and 8 
mfs. respectively. Make drawings to illustrate these three 
condensers connected (a) in series and compute capacity; (&) 
in parallel, and compute capacity. 
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666. A condenser having a capacity of 10 mfs. is charged 
by means of a 220-volt circuit. Find, in c.g.8. units, (a) the charge; 
(fc) the energy. 

867. A given condenser contains eb dielectric 100 sheets of 
paraffined paper, the dielectric constant of which is 2.1. Each 
sheet has thickness of 0.005 cm and an area of 20 by 20 cm. 
Find the capacity in mfs. 

868. It is desired to build up a capacity of 2 mfs. by using 
three condensers of 4, 1.2, and 1 mfs. capacity respectively. 
Show how this may be done. 

869. It is desired to construct a plate condenser having an 
area 40 by 40 cm, using tin foil conductors, separated by a sub- 
stance the dielectric constant of which is 3. The thickness of the 
dielectric between sheets of tin foil is to be J^ir cm. According 
to the specifications the capacity of the condenser is to be 0.08 
mfs. How many square centimeters of tin foil will be required? 

870. Given a strip of tin foil 20 cm wide and 120 cm in length. 
A condenser is made by cutting this tin foil into two equal pieces 
which are separated by a sheet of paraffin 2 mm in thickness. 
Find the capacity of the condenser. 

871. Suppose that the two strips of tin foil of problem 870 had 
been cut into squares 20 cm on each side, and made into a 
condenser, each sheet of tin foil being separated by paraffin 2 
mm thick. Find the cafiacity of this condenser. 

872. Suppose that the squares of tin foil of problem 871 had 
been made into separate condensers, each consisting of two sheets 
of tin foil separated by a sheet of paraffin 2 mm thick, and the 
condensers connected in parallel. Find the capacity, 

873. Find the capacity of the condenser system (problem 872) 
when the units of the system are connected in series. Express 
the result in farads. 

874. Show that the capacity of a plate condenser, measured in 
mfs., is C = 885fcA/(d X lO"). 

875. Show that the capacity of a cable, measured in mfs., is 
C = 2.413fcV10'' I(«io (r'A). 

876. The radius of the metallic core of a given cable is 1 cm; 
that of the insulating sheath is 1.6 cm. The dielectric constant 
k of the sheath ia 2.3. Find the capacity, in mfs., of this cable 
per mile. 

877. Show that the capacity of aerial twin wires, measiu-ed in 
mfs., is C = Ukl/lO" logio (d/r). 
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878. What is the capacity per mile of a Une conBiating of two 
wires, 0,1 in. in diameter, and 20 in. apart? Give results in 



879. Find the capacity of a single telegraph wire in air, of 
radius 2 mm, length 10 miles. Express your result in mfs. 

ALTERNATING-CTHIHENT PHENOMENA 

ITS. Me&oda of Representliig Alternating E.M.F. and Currents. — An 

harmonic alternating e.m.f. or current is one nhich obeys the laws of 

simple harmonic motion. An harmonic E and / may be represented by 

means of (n) a sine curve, (b) a clock diagram, or (c) an algebraic equation. 




Fid. 114. — Alternating e.m.f. 

(a) In F^. 114 wo have represented an harmonic alternating e.m.f. The 
letters «i, ei, ef, etc., represent instantaneous values; + E and — E repre- 
sent maximum values. A similar curve may be used to represent an A.C. 
The portion of the curve shown in Fig. 114 represents a cycle, in which 
ti is the instantaneous value, at the 30° phase, Ct the instantaneous value 
at the 60° phase, E is the instantaneous (maximum) value at the 90° phase, 
and so on to the end of the cycle. The frequency n is the number of times 
the cycle is completed per second. A 60-cycle syst«m is one in which there 
occurs 60 cycles per sec; that ia, n = 60. 




Fia. 115. — Use of clock diagram to illustrate an alternating E 



(b) The cycle represented in Fig. 114, forexample, may also be represented 
by means of the rotation of a line, numerically equal to E, which represents 
a maximum value, and which rotates in a counter-clockwise sense. Zero 
phase is shown in Fig. 115 by the position of the vector in J ; the 30° phase in 
B; the 120° phase in C, and so on. 

(c) TTie third method of representing an harmonic B and / is by means 
of the equations 



- Esin wt, 

- I Bin w(. 
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where e aod i <> instantaneous values; B and I — maxi m u m valuea; and 
at = the phase at^e. 

UO. Average Values of B and L — Consider the values of e of the sine 
curve for a half cycle, aa shown in Fig. 114. The quantities ei, ei, etc., 
represent numerical values of the sines of a series <rf angles, varying from 
0° to 90" to 0°. 

An average value for e (or i) may be found approximately by getting the 
mean of a series of values throughout the half cycle. The true average 
for the half cycle, as determined by methods of the calculus, is 

AE = 2E/«- - 0.636E 
AI - 21/ir = 0.6361 

where AE and AI ~ average values; and E and I = maximum valuea. 

Example. — In a given half cycle representing an alternating e.m.f. curve 
the following values for e were found: 20, 60, 80, 90, 95, 90, 80, 60, 20, 0, 
where 95 represents the maximum E. Find (a) the approximate average of 
these quantities by taking the mean of the values given, and (6) compare 
the result with the average value obtained by use of the equation. 

SoiuiHTO.— (o) ApproxiiruUe AE = (20 + 60 + 80+90+95 + 90 + 80 
+ 60 + 20 + 0) /lO - 59.5; (6) AE = 0.636 X 95 = 60.4 true value. 

181. Effecdve Values of E and I. — A.C. instruments measure not 
average values, but square root of average square values. The square 
root of the mean square value for e and i are called the effective valvea, 
and are des^naled by the letters E and /. The efFective values (squaw- 
root-of-mean-flquare-values) of E and /, as recorded by A.C. instruments, 
correspond in magnitude to the E and / values ss given by D.C. voltmeters 
and ammeters. It may be shown that 



where E and / - effective values; and E and I = maximum values. 

Example. — Consider the data given in the example of Art. 180. Fiod the 
efFective values of the e's given (a) by taking the square root of the average 
squares, and (b) by use of the equation. 

Soiuiion.— (a) (20> + 60' + 80' + 90* + 95' + 90" + 80» + 60* + 20* 
+ 0)/10 = 4,602.5. The square root of this average square = v'4,602.5 •■ 
67.84 = approximate value; (6) E = 0.707 X 95 = 67.17 - true value. 

182. Symbols.— As explained in Arts. 180 and 181, the followii^; symbols 
are employed to Tepreaent harmonic e.m.fs. and currents: 

e and i = instantaneous values of e.m.f. and current, 

E and I = maximum values, 

E and / = effective (square-rootHDf-mean-square) values. 

IBS. E and I in Phase.— When an harmonic alternating e.m.f. is impressed 
on a Hyatem in which there is resiatance R only (no inductance L or capacity 
C), there tesulta an A.C. which ia in phase with the impressed electromotive 
force. Fig. 116. 

184. Angle of Lag. — When an harmonic e.m.f. ia impressed on a system 
contmning resistance R and inductance L in series, there results an altemat- 
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ing current which lags behind the impressed e.m.f. by an angle <j>, which is 
called the angle of lag. When we say that a current lags behind an e.m.f. 
we mean that the current comes to its maximum value at a later time than 
the e.m.f,, as shown in Fig. 117, in which we have represented a current 
lagging behind the e.m.f. by 30°. 




Fia. 116. — Current and e.m.f. in phase. 



Starting with the equation i - 1 sin ul, we get by difFerentiation an ex- 
pression for the induced e.m.f., e = ~ Ldi/dt •• — Loil cos wt. Thus 
we see that t ia a sine function of <Dt and the induced e is a cosine function 
of the same angle. This means that t and e differ in phase by 90°. And 
further, it may be shown from the solution of the differential equation 



^B^ 



Fig. 117. — Current lagging behind the e.m.f. by 3i 

e = Ri + Ldi/dt that — Ldi/dt lags behind the current by a quarter of a 
period, as shown in Fig. 118. The generator then must furnish an Ei 
e.m.f. in phase with the current, and it must also furnish an e.m.f. having 
a value of + Ldi/dt to overcome the — Ldi/dt of self-induction. The im- 



.ImcrsiMd e.tnj. 




''^--L^l/dt 

Fia. 118. — Electromotive forces due to if and L in 

pressed e.m.f. is the sum of these two e.m.fs The current thus lags behind 
the impressed e.m.f. by an angle represented by ab. Fig. 118. 

Now tor maximum values of the current and the induced electromotive 
force we have Rt and -|- Lail, where M is the component of the impressed 
«jni. in phase with the currrent^ and + Lai is the component requved to 
11 
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overcome the — Lul of self-induction. These two e.m.fs. are at right angles 
to each other, and therefore may be represented as in the diagram of 
Fig. 119. The maximum impressed e.m.f. is then E <- I V/P + i'«*. 

The angle of log ^ may be found 
from the equation: 

tan <^ = Lu/R 
185. Ai^e of Lead. — When an 
harmonic e.m.f. is impressed on a 
system containing resistance £ and 
capacity C in series, there results an 
alternating current which leadi the 
impressed e.m.f. by an angle ^' which is called the angle of lead. 

Starting with the equations e = q/C, and i = / sin at = dq/dt, and 
integrating dq = t mi i->tdt, we have 5 = — / cob wt/w. Now the e — q/C of 
the condenser is in phase with the chai^ q, and since i and q are sine and 
cosine functions of ti>t respectively, it follows that t and e differ in phase by 




Fia. 119.- 



n.f. digram. 




Fia. 120. — Electromotive force due to R and C in series. 

90°. It may be shown further that e " +q/C, the instantaneous e.m.f. 
of the condenser, leads the current by a quarter of a period, Fig. 120. 
Again, as in the case in which we considered the factor of inductance, the 
generator must supply two e.m.fs.: an Ri e.m.f. in phase with the current, 
and an e = —q/C to overcome the +q/C of the condenser. The impressed 
e.m.f., then, is the sum of the Rl and 

— q/C values. It thus appears that ^.^ 
the current leadt the impressed e.m.f. 
by an angle represented bycd, F^. 120. 

From the equation q = — t cos 
<i>t/tii, we may write for maximum 
values, Q = I/ii. And since Q - CE, 
we have E — ^I/Cu, where E is the 
maximum e.m.f. furnished by the 
generator to overcome the + I/Cu 
of the condenser. The generator then must furnish two e.m.fs. RI and 

— l/CiD, which are in q uadrature, and which may be represented as in 
Fig. 121. Here E - IVfl' + (I/Clc)". 

The angle of lead ^' may be found from the equation 

tan <f>' = l/C<aR. 

186. Summary.— In Arts. 184 and 185 we liave dealt with maximum 

values of e.m.f. and current. Since, however, the effective values are equal 




Fia. 121.- 



n.f. diagram. 
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to a congtftnt timea the oorreaponding maximum values, i 
equationa as follows: 

Given R and L in aeries in an A.C. system, we have 



E = ly/W+L^', or 
E = IV R' +!''«'; 
and given R and C in series in an A.C. system, we have 



E = ly /W+ a/Cu)*, or 

E - WR' + (l/Co,)' 

When the system contains all three factors, B, L, and C, then the equa- 
tions become 

E - I-y/ fi' + (La - I/Cto)', or 
E - /VB" + (i'« - 1/Cw)», 

in which E and I — maximum vf^ues, and E and / = efeetive values. 

When I oi I, R, L, C are given in c.g.s. units, E and E — o.g.s. units; 
when I or /! is expressed in amperes, R in ohms, L in henrys, C in farads, then 
E and B = volts. 

187. Reactance and Impedance. — Consider the equation 



E = /-v/fl' + (i« - l/Cw)'. 

The term Lw is called the inductife reacUmce, and l/Cw is called the 
capaeUi/ reaclance. Reactance is measured in ohms. The expression 
Vfl' + Ci" - 1/Cu)» or Vfi* + L"«* or \/ji» + (1/Cta)' is the imped- 
ance. 

Example. — A 60-cyde A.C. circuit contains in aeries a reastance of 
21 ohms, an inductance of 0.5 henry, and a capacity of 40 mfs. Find (a) 
the inductive reactance; (6) the capacity reactance; (c) the impedance. 

Solution. — (o) Indwtive reactance = Lw - 2T7tL = 6.28 X 60 X 0.6 - 
188.4 ohme. (6) Capacity reactance = 1/Cw =■ l/(2imO - 1/(0.28 X 
6 X 0.OOOQ4Q) - 66.3 okiTie. (e) Imjiedance = Vfi* + if"-> - 1/C«)» - 
V441 + 14,884 - 123.8 ohmt. 

Example. — What effective E will be required to maintain an effective cur- 
rent / of 5 amp. in a circuit having a resistance of 5 ohms, and containing a 
helical coil 1,250 turns, lei^h 25 cm, mean cross-sectional area IO/tt cm', 
when li is considered an equal to 20, and the frequency n of the allematit^ 
system is 60 cycles per sec. 

Solvtim.—L = 4ininUI/10' - (4t X 20 X 2,600 X 10 X 26)/C» X 10») = 
0,0 5 henry. The angular iieloeily w = 2im = 120t. Then B - 
5-1/25 + 366.32 - 97.5 voUs. 

Example. — A 60-cycle alternating e.mi. <A 110 volts (effective) is applied 
to a ayatem having a resiatftnce of 7 ohma, and a condenser of capacity C. 
The current / is 6 amp. Find (a) the reactance resistance, and (6) the 
value of C in microfarads. 

Soluiion.—(,a) £ = 110 = sV?' + l/w»C>. The reactance reeUlance 
1/aC - 20.85 okma. (f>) u-2im~ 120ir. Then 1/I20)rt7 - 20.85. 
Hetuie C - 0.000121 farads - 121 i^fs. 
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188. Power In an A.C. Syatem.— In a D.C. system the power in watts ia 
equal to the product of volte timea amperee; that ia, P = EI, In an A.C. 
ayetem, however, this is not necessarily the case, because of the fact that the 
current / may be in phase or out of phase with E. In the case of the 
A.C. the power expended at any instant is p = et, in which e Is the instan- 
taneous e.m J. in volta, and t the instantaneous current in amperes. Since e 




Fia. 122. 



and i may be in phase or out of phase, it follows that a consideration d power 
values invdvee two cases, namely, (a) when e and t are in phase, Fig. 122, 
and (5) when e and i are out of phase, Ilg. 123. In Fig. 122, we have repre- 
sented a power curve for e and i in phase. The ordinates of the power are 
obtained for any given point by multiplying the ordinates of e and t for 
that point. The curve abode ia all on the positive side of the time axis. 




Fig. 123. — Power curve, e and i differing in phase. 



In Fig. 123, we have a power curve for an « and t out of phase; that is, i 
tags behind e by an angle of 30°. In this case some of the ordinates (e X ») 
are positive and some are n^ative. This gives part of the curve on the 
positive side of the axis, and part on the negative side. The positive 
part of the power curve represents power dehvered to the circuit; the nega- 
tive part of the curve represents power given back from the circuit. 

The power delivered by an A.C. systfim is 
P - E/ cos « 
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when F = power in watts; E = effective volts; / = effective current; ^ — 
phase difference between e and i [angle of lag or leftd]. The quantity coa ^ 
ia called the power factor. 

Example. — An alternating e.m.f. of 110 volts ia applied to an inductive 
ayst«m in which R — 60 ohms, and L = 0.1 henry. The frequency is 60 
cyclea per Bee. Find the power expended by the current. 

Soltilion.—I = E/s/ft'+L*^' = llO/VS.eOO + 0.01 X 14,400x'; bence 
/ = 1.56 amp. To fivd the angle o} lag i, iMimtetan^ = Lu/R =0.6283, 
whence <t> = 32.15°. Cos * = 0.8467. Power = 110 X 1.56 X 0.8467 - 
145.3 warn. 

Problems 

880. Illustrate and explain three ways of representing an 
harmonic e or i, as follows: (a) Sine curve; (6) clock diagram; 
(c) equation. 

881. Define and illustrate the following: Instantaneous, 
maximum, average, and effective values of e.m.f. and current. 

882. (a) Find the instantaneous value of an harmonic e.m.f. 
at 30°, the maximum value of which is 110 volts, (b) Instan- 
taneous value of an harmonic e.m.f, at 45" is 60 volts, find the' 
maximum value, (c) Find the maximum value of an A.C. the 
instantaneous value of which at the 60° phase is 8 amp. 

883. (a) Find the average value of an A.C. whose maximum 
value is 70 amp. (6) An A.C. at 30° has an instantaneous value 
of 4 amp. To what D.C, is this A.C. equivalent? 

884. Make drawings to illustrate the fundamental relations 
between an alternating harmonic e and i (a) in phase; (b) i lag- 
ging behind e; (c) i leading e. 

886. Make drawing to illustrate (a) i lagging behind e by 30° ; 
(ft) lagging behind e by 60°; (c) leading e by 90°. 

886. Drawing to illustrate (o) i leading e by 30°; (h) leading 
e by 60°; (c) lagging behind e by 90°. 

887. Drawing to illustrate power curve when e and t are (a) 
in phase; (b) e and i out of phase. 

888. Having given the maximum RI and the induced e.m.f., 
explain how to find the impressed e.m.f. by the vector method. 
Write the equation and explain each term. 

889. Explain how to find the angle of lag due to (a) induction 
in the circuit. Explain tan = Lu/R. 

Given a coil of 1,000 turns, length 2(hr cm, cross-sectional area 
20 cm^, and resistance 5 ohms. Upon this coil there is impressed 
an alternating e.mi. (effective) of 110 volts, having a frequency 
of 60 cyclea, that is, a period T of J^o sec. 
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890. "Eind (a) the inductance L of the coil described bottom 
page 165 in (a) c.g.s. units; (6) henrya. 

891. Find (a) the angular velocity; (b) the angle of lag; (c) 
the inductive reactance. 

892. Find the effective value of the current. 

893. Find the maximum value of (a) the current; (fi) the e.m.f. 
89i. Find the value of the current in its 30° phase; (6) 120° 

phase. 

886. When the current is passing through its zero phase, what 
is the instantaneous value of the impressed e.m.f.? 

806. What capacity would have to be put in series with the 
inductance in order to annul the effect of the latter? 

897. Find the power expended upon this coil. 

898. Plot a power curve to show the instantaneous values of 
et, for the conditions given. 

Given a coil of 3,000 turns, 30t cm in let^h, 50/r cm' in cross- 
sectional area. The resistance of the coil is 6 ohms. The per- 
' meability of the medium within the coil is 10. The coil is con- 
nected to a 60-cycle 110-volt circuit. 

899. Find the inductance of the coil in (a) cg.s. units; (b) in 
practical units. 

900. Find (a) the effective value of the current; (b) the maxi- 
mum value; (c) the averse value. 

901. Find the phase difference between e and i. 

902. Power expended upon the coil. 

Given a 60-cycle 110-volt circuit in which there is connected 
in series a resistance of 20 ohms and a condenser of 120 tnfs. 
capacity. 

903. Find (a) the. capacity reactance of the sj^tem; (f>) the 
impedance; (c) the current flowing in the system. 

904. Find the power conveyed by the current. 

906. A. non-inductive resistance of 20 ohms, a 120-mf. con- 
denser, and a 6-ohm coil, having an inductance of 0.006 
henry, are connected in series with a 60-cycle 110-volt circuit. 
Find the current in the system. 

906. Find the phase difference between the current and the 
e.mJ., problem 905. Does the angle represent a lag or a lead? 
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CHAPTER DC 

LIGHT 
INTENSITY OF ILLOTOKATION 

189. The Law of Inverse Squares. — Geometrically a light wave may be 
considered to move outward from its source in the form of a series of con- 
centric spheres. Since the area of a sphere varies as the square of its 
radius (area of sphere =• iwr*), it follows that the area illuminated will vaiy 




Fio. 124. — niustratjng Ian of 



as the square of the distance from its source, and, on the other hand, the 
intensily of iUvmination (quantity of light per unit area) will vary inversely 
as the square of the distanoe from the source; that is, 

where / and /' represent respective intensities at the distances d and d' from 
the source. 

rrhe intensity of illumination of a given light may be measured in terms 
of candlepower (cp.) by means of a photometer. There are, in general, two 
kinds of candlepower standards: (a) the fiame ttandardg of Great Britain 
(the Pentane lamp), France (the Bourgie decimale), and Germany (the 
Hefner lamp); and (6) the eUctric standards of the United States. The 
American unit of candiepouier is defined in terms of certain tested carbon 
filament incandescent lamps, kept at the Bureau of Standards, at Wash- 
ington. 

The intemalional unit of candlfpovxr = one American electrical unit = 
one Pentane unit = one Boui^ie decimale » 10/9 Hefner unit. The 
Hefner unit of candlepower is the light given by a horizontal beam from 
the Hefner lamp, burning pure amyl acetate, at normal atmospherio pressure 
(76 cm), in an atmosphere containing 8.8 liters of water vapor per cubic 

190. Velocity of Light. — The velocity of light was first determined by 
the Danish astronomer, Roemer, who concluded that light travels with a 
speed of 186,000 miles per sec. The velocity of light as determined by 
Michelson is 

V = 299,900 km/sec. = 186,349 mi./sec. 
167 
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Problems 

907. Consider Fig. 124: (a) How does the quantity of light on 
the screen in position S' compare with S? (b) How does the in- 
tensity (quantity per unit area) on S' compare with that of SI 

908. A candle flame 2 in. in length is placed 6 in. in front of 
the small aperture in A, Fig. 125. Find (a) the length of the 
image on the screen placed 2 ft. from the aperture; (b) 5 ft. 
from the aperture, (c) Compare the intensity of illumination 
of the image for each position of the screen. 




t-H I 



Fig. 125. — Illustratiag inverted images. 

909. A standard candle placed at a distance of 1 ft. from the 
screen of a Bunsen photometer gives the same intensity of illu- 
mination as that of an incandescent lamp placed at a distance 
of 4 ft. What is the candlepwwer of the lamp? 

910. If a 2,000-cp. street lamp actually gives 2,000 cp. in a 
defluite direction, at what distance from the lamp will the same 
amount of illumination be obtained as from a standard candle 
at a distance of 2 ft.? 

911. The nearest fixed star is about 3 light-years from us. 
Express this distance in miles. 

REFLECTION 

191. Law of Reflection. — Ttie law of reflection states that the angle of 
incidence t is equal to the angle of reflection r, 
.0 the two angles being in the same plane, Fig. 126. 

192. Plane Mirrors. — Images formed in plane 
mijTora are virtual. A irirlwU image ia one formed 
by the apparent focusing of the rays of light 
from an object, Fig. 127. The virtual image of 
A lies at the point A', on the straight line ^JC, 
and as far back of the minor as the object is in 
front of it. 

193. SaccessiTe ReSections. — ^We have given 
two plane mirrors, set in position such that cA represents the angle between 
their reflecting surfaces, Pig. 128. Suppose that a ray of light from a given 
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BOurce fall upon the mirror M and is reflected twice, once at M and again 

at M'. Since e = 180 - 2(e + i), and * = 90 - (e + i) we have 

Total deinalion = 8 ^ 2<t>, 
that is, for the case ot two reflections, the total deviation is twice the angle 
included between the mirrors, This equation has an important application 




Fid. 127. — Image in plane 

in the iiseof the sextant, an instrument for measuring the ai^e subtended 

by two distant points {pand p'), or the angular elevation of a point above the 
horizon. 

194. Images of Images. — When light is reflected auccesaively from two 
becomes the object in the second, 
point between the mirrors AB and 




Fia. 128. — Illustrating principles of the sextant. 

AC it may be shown geometrically that the images pi, pi, pi, etc., lie on a 
circle, the radius of which is AP. Starting with the object p, im^es will ap- 
pear on the circle siicceeaively until the arc DE is reached, after which no 
further reflections will occur. The arc DE Ues behind both mirrors. 

Let the angle BAC between the mirrors be *, then 2t/<I> = n. When n 
is a whole number and is even, then the images of the arc DE (pt and pg)> 
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Hg. 12S, coincide and the number of images - n — 1; when n is a whole 
number and is odd, the images in DE do not coincide, and the number of 
images — n. 

^ Problems 

912. Prove geometrically that the vu*tufd image A', Fig. 127, 
lies OD the straight line AK, and as far back of the mirror as the 
object ^ is in front of it. 

913. A beam of hght falls upon a plane mirror which lies in a 
horizontal position on the ground 20 ft. distant from the vertical 
wall of a building. The reflected ray strikes the wall at a point 
10 ft. from the ground. Find the angle of incidence of the light 
on the mirror. 

911. It may be shown geometrically that the virtual image of 
A, Fig. 127, lies on the straight line AK, and that this Virtual 





FiQ. 129. — ^Images of images. Fio. 130. — Rotating 

image A' appears to be as far from behind the mirror as the 
object A is in front of it. If the angle of incidence ABF is 40°, 
and the distance KB is 3 ft., what is the distance of the virtual 
image A' from the object A7 
• 916. The distance KB, Fig. 127, is 3 ft.; BC is 10 in.; angle 
ABK is 50°. Find the angle BAG. 

916. Suppose that a ray of light AM, Fig. 130, falls upon a 
mirror M. The mirror is rotated about M through an angle $ 
of 5°. Through what arc will the point A be swept, provided 
AM is 2 ft. in length? 

917. Consider Fig. 128. Angle <t> is 20°; angle MM'C is 
36°. Find (o) the total deviation due to two reflections; (6) the 
angle AMP. 

918. Show by means of a drawing that three im^es are 
formed when BAC, Fig. 129, is equal to 90°. Theoretically how 
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many images are possible when the mirrors, AB and AC, are 
parallel 7 

919, Find the number of images formed by two plane mirrors 
[daced with two of their edges together, and fonuii^ an angle 
of (o) 60"; (6) 72"; (c) 45'. 

196. Splierical Mirron. — Consider Ftg. 131. The opening MM' is the 
aperture of the mirror. The vertex V is ft point midway between Af and Af '. 




Via. 131. — Object and image in spherical 



The center of curvalure C is the center of the sphere of which the mirror is 
a part. The principal axit PP' is a straight line paaaing through the center 
of curvature C and the vertex V. AB is an object placed in front of the 
mirror and o6 is its real image. A real image is one which is formed by the 
actual focusing of rays of light. The ol^ea distance, p is the distance of the 
abject AB from the vertex V; the image diiUmce, p' b the distance of the 
image ab from V. 




Fia. 132. — Principal focus. 



IM. Typical Mirror Cases. — There are seven typical casee involving the 
relation of object and image in spherical mirrors. These seven cases may 
be illustrated by the following diagrams: 

Cote /.—Object at an infinite distance. Fig. 132. Image is real, a point, 
and it lies at the principal focus, midway between V and C 

Ca»e II. — Object at a finite distance, greater than the radius, F^. 133. 
Image is real, inverted, sm&Uet than the object, and it lies between F 
and C. 

Cow ///. — Object at the center of curvature, Fig. 134, Image is real, 
inverted, aasae size as object, and it lies upon the object. 
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Cate IV. — Object between F and C, Fig, 135. Image is real, inverted, 
larger than the object, and it lies beyond the center of curvature C. 

Caae V. — Object at the principal focua. Fig. 136. Image ia real, infinitely 
large, and it lies at an infinite distance from the mirror. 




Fro. 137. 



Caw VI. — Object between V and F, Fig. 137. Image ia virtual, erect, 
latter than the object, and it lies on the rt^gative side of the mirror. 

Case VII. — Object in front of a convex mirror, Fig. 138. Image is 
virtual, erect, smaller than the object, and it lies on the negative side of the 
mirror, between F and V, 
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Fia. 138. 



197. General Hirror Formultt. — The general formula for spherical mirrors 
having a small angular opening is 

1/p + I/p' - 2/r = 1//, 
where p = object distance; p* — image distance; r — radius of mirror; 
/ — focal lengtji. 

When the object is at an infinite 
distance p — », 1/p = 0, and hence 
1/p' » 2/7- = 1//; that is, / = r/2. 
This means that the principal focut 
of a spherical mirror is at a point on 
the principal axis midway between 
F and C. 

198. The S^ of the Factors p, p", 
r and f . — In dealing with the equation 
1/p + 1/p' = 2/r = 1//, it is of the 
utmost importance to be able to de- 
t«rmine the sign of the factois p, p', r, 
and /, Distances measured on the object 
side of a spherical mirror are positiee 
{+); distances measured on the opposite 

nde are negative ( — ). It follows that pis ^waj^ positive. 

Id the case of the concave mirror, when p is at a dbtance fronj V greater 
than F, Fig. 133, p', r, and/are all on the object aide, and hence are positive, 
and the equation is (l/+p) + (l/+p') = (2/+r) = (1/+/); that ia, 
1/p + 1/p' - 2/r = 1//. 
In the case of the conaate mirror when the object is placed between V 
and F, the image is virtual, 
Fig. 137, Here we have 
(l/+p) + (l/-p')={2/+r) 
- (1/+/); that is, 
^ 1/p - 1/p' = 2/r - 1//. 
In the case of a convex 
mirror, Kg. 138, p', r, and / 
are negative, and the equa- 
tion becomes Cl/+p) + 
(l/-p)-(2/-r) = {l/-A 
A «"■ 
1/p- 




FiG. 139. 



-l/p'--2/r=-l// 
199. Size of Object and Image. — A study of the sketches illustrating 
any one of the cases of reflection, as shown in the preceding article, reveals 
the fact that the «iz« of the object is to that of the image as their respective dis- 
tances from the center of curvature of the mirror. 

Example. — An object 3 in. in length is placed 1 ft. from the vertex of a 

concave mirror the radius of which is IS in. What is the size of the image? 

Solution. — We first make a sketch illuttratitig the relative positions of the 

half object AB and its image ab, Fig. 139. The triangles ABC and abC are 
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Hmiiar. Hence AB lab -' BC : Cb. Out next step is lo find the oalu* of BC 
and Cb. From eguaiwn 1/p + 1/p' = 2/r we lortle 1/12 + 1/p' = 2/18, 
Hence j/ = 36 in. Then C6 = 18 - 12 - 6 in., and CB - 36 - 18 — 

18 in., yshenet 3 : x = 6 : IS and x = 9 in. 

Problems 

Make a sketch to illustrate the position and character of the 
image in the following cases for the spherical mirror; write the 
formula for each case, and note the signs (+ or — ) of the quan- 
tities p', r, and /. 

920. Object at an infinite distance from the concave side of 
the mirror. 

921. Object at finite distance greater than radius. 

922. Object at center of curvature. 

923. Object between C and F. 

924. Object at F. 

926. Object between F and V. 

926. Object in front of convex mirror. 

927. The radius of a given spherical mirror is 1 ft. An object 
(candle fiame) is placed 24 in. from the mirror on the principal 
axis, concave side. Find the position of the image. 

928. Find the size of the image (problem 927) the length of the 
candle flame being 3 in. 

929. Object placed 9 in. from mirror (problem 927). Find 
position of image. 

930. Find size of im^e (problem 929). 

931. Object placed 3 in. from mirror (problem 927). Find 
position of image. 

932. Find size of image (problem 931). 

933. Object placed 1 ft. from mirror (problem 927) on prin- 
cipal axis, convex side. Find position of image. 

934. Find size of image (problem 933). 

936. Given a spherical mirror of radius S in. Find the dis- 
tance of the image from the vertex of the mirror when an object 
4 in. in lei^h is placed 2 ft. from the mirror, on the principal 
axis, concave side. 

936. Object 6 in. from the mirror (problem 935). Find posi- 
tion of image. 

937. Find the size of the image (problem 936). 

938. Object 3 in. from the mirror (problem 935). Find posi- 
tion of image. 
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939. Find the size of the image (problem 938). 

940. Object 10 in. from the vertex of the mirror (problem 
935), on the convex side. 

941. Find the size of the image (problem 940). 

942. An object is placed between the vertex of a mirror and 
the principal focus. The image is virtual, erect, and twice the 
size of the object. The object is 8 in, from the mirror. Find the 
radius of curvature. 

943. A concave mirror has a radius of curvature of 32 in. 
(o) Where must a person stand in front of it in order to see an 
image of one's face twice its natural size? (&) Is the image real 
or virtual? (c) Erect or inverted? (d) Make a drawing to 
illustrate the relation of object to image. 

944. Make a drawing to any convenient scale of a concave 
mirror of 10 cm radius. Place an object 3 cm long, 20 cm from 
the mirror and find its image. Measure the distance of the 
image from the mirror and its length and compare these results 
with those found by computation. 

946. What kind of a mirror will produce an erect image of an 
object one-half of its natural size when the object is 10 in. from 
the mirror? (6) What ia the radius of curvature of the mirror? 

946. Given two mirrors having the same aperture. Which 
will make the hotter image of the sun, a concave mirror of S-in. 
focal length, or one of 20-in. focal length? Why? 



200. Deflning Terms. — Refradiom is the bending of a ray of light out of 
ita course due to its paaeage from one medium to another of different den- 




Fm. 140. — Refraction. 




Fio. 141. — nhiatrating sin i and ain 



ta.%y, light passing from a rare medium (as air) to a dense medium if 
refracted tovard the normal; l^t passing from a denser medium to a ran 
medium is refracted away from the nonnal. 
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ConBider Hg. 140. Here a. ny of light AB is incident at the point B. 
Angle i » the angle of incidence; r — tmgle of refraction; <j = angle of 
deviation. 

SOI. Index ot Refraction. — Snell's law of refraction states that the ratio 
of. the sine of the angle of incidence to the sine of the angle of refraction is a 
constant; that is, sin t/sin r ■> ;<, in which the constant /i is called the indeit 
of refraction. 

According to Buygen'e principle of refraction, it may be shown that the 
index of refraction ^ with reference to two media is the ratio of the velocity 
of light in one medium to the velocity of light in the other; or in equational 
form;;i =V/V'. 

Absolute index of refraction is the ratio of sin t to sin r when the l^ht 
passes from a Tacuum to the given medium. Rdaiive index of refraction is 
the ratio of sin { to sin r when the light paeses from one medium to another. 
The relative index of refraction from air to water may, for example, be 
designated as >ti.. 

If we consider light to pass from the rare medium (as air) to a denser 
medium (water), Pig. 141, we may write ein i>AB/sin CAE = ;i.,; if, on 
the other hand, we consider the light to pass from the dense mediimi to the 
rare, Mn CAB/sn DAB = ti^, from which it follows that fi„ - l/p... 
In general, the index of refraction considered from the dense medium to the 
rare medium is equal to the reciprocal of the index of refraction from the 
rare medium to the dense medium. 

202. To Trace a Kay of Light from One Medium to Another. — Suppose 
that we wish to trace a ray from air to water, the angle of incidence being 
42° and the relative index of refraction being fi„= %. Erect a normal 
at the point of incidence, and determine the angle of refraction from the 
equation sin t/sin t '^ ti. The angle of refraction in this case is r — 30° 7'. 




^ 






i^^ 


. » 


./ 


\ 
\ 


. n 


A 


31 



803. Refraction through Plane Parallel Plates.— Light refracted through 
a medium bounded by plane parallel surfaces. Fig, 142, suffers no change in 
direction, but does imdergo a lateral displacement. It may be shown that 
their lateral displacement m is 

PAT = J sin (i - r)/coa r 
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wbere PN => latertJ dispUcement; ( » thickness of plate; i — angle of 
incidence; and r = ai^e of refraction. 

301. Refraction tbrougli Several Hcdia. — In the case of the refraction 
of l^ht through several media, aa for example, from air to water, to glass, 
to air. Fig. 143, we may write 

ThuB we may say that the relative indes of refraction for any two media, 
aa from water to glass Oi^,) may be expressed in terms of the relative 
indices of the given media to some third medium, as air. 

Example. — The relative index of refraction for a given specimen of glass 
Mm ■ M; the relative index from air to water is >(«. — %. Find the 
relative index of refraction from water to glass. 

Solvlvm.—it^ = >«^/M» = (K)/(^) '% = 1-125- 

SOB. Critical Angle.-— Consider light ae passing from the dense medium 
to the rare medium, Mg. 144. The critical ai^e ABN' = a \a that angle 
of incidence in the dense medium such that ^ 

the angle of refraction is 90°. Let a be the 
critical angle, then sin a/sin 90° may be written 

sina = 1//I, 

that is, the sine of the critical angle ie equal to [^ 

the reciprocal of the index of refraction. ^^^ 

Example. — If an eye immersed in a fluid, the ^^^2 
index of refraction of which is 1.42, look out ^i^^Lr 

through the horizontal surface, what will be - ^ 

the greatest apparent zenith distance of a star, pjg^ ^44^ Critical imgle. 

the light from which juat grazes the surface. 

Solidion.— Light from the star C, Fig. 144, wiU be refraOed freym B to A. 
The ttar teiU eoneequeiUly appear at C The angle NBC meaewei the "zemth 
dielance." But NBC = ABN' = the critical angle a, and ein a — l/fi — 
1/(1.42). Hence a = 44° 46'. 



Problems 

947. Taking Michelson's value for the velocity of light in air 
as 2999 X 10^ cm/sec, find the velocity of light (o) in water, 

948. A ray of light falls upon crown glass makii^ an angle 
of incidence equal to 36°. The thickness of the plate is 25 mm; 
ita index of refraction is 1.5. Make a sketch to show the path 
of the ray through the plate. Find the angle of refraction, and 
the lateral displacement. 

949. A piece of plate glass (ju = 1.34) is placed parallel to the 
surface of a table. An object on the table viewed through the 
glass at an angle of incidence of 45° appears to be displaced par- 
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allel with the surface of the table by 0.7 cm. Find the thickness 
of the glass. 

QBO. The refractii^ angle of a glass prism (n = 1.58) is 40°. 
A ray of hght falls upon one face of the prism, making an angle 
of incidence equal to 38°. Trace the ray through the prism, and 
find the angle which the emergent ray makes with the opposite 
face. 

961. A plate of crown glass is 2 cm thick. A ray of light falls 
upon this plate, making an angle of incidence of 30°. Find how 
much the beam is displaced in passii^; through the plate. 

962. A ray of light faUs on a piece of plate glass, making an 
angle of 45° with the normal. The index of refraction of the 
glass is 1.54. The ray sufFers a lateral displacement of 1 cm. 
Find the thickness of the glass. 

963. Consider F^. 143. Let the medium a be air; let the 
medium 6 be a liquid, the index of refraction 1.6; let the medium 
c be glass, index 1.52. Find the index of refraction from & to c. 

961. Taking the index of refraction of carbon disulphide to be 
1.68 find its critical angle. 

966. The index of refraction from air to crown glass is 1.512; 
from air to carbon disulphide, 1.68. Find the index from crown 
glass to CSi. 

966. Find the critical angle between crown glass and carbon 
disulphide. 

967. Find the velocity of Ught in a medium whose critical 
angle is 42°, taking the value for the velocity of l%ht in air as 
2,999 X 10' cm/sec. 

RSFRACTIOH THROUGH LENSES 

306. Defining Tenns. — There &re two general classes of lenses, convex 
and concave. A eorwex lent ia one that is thicker at the middle than at the 
edges. A concave Una is one that ia 
tbiimer at the middle than at the 
edges. Convex lenses may be classi- 
fied, Fig, 145, as double-convex, 
planoconvex, concave-convex. Coo- 
Fio. H5. Flo. 140. cave lenses, likewise, are divided into 

Convex lenses. Concave lenses, double-, piano-, and convex-concave 

lenses, Fig. 146. 
The tine PP', Fig. 147, is the principal axis of the lens; Ois tiie optical 
center; F ie the principal focus. In the case of thin lenses, the focal length 
/ ia measured from ^ to the lens; in the case of thick lenses, the focal length 
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/ is meaaured from F to tiie privcipoi jAme of tiie lens. In tiiia text we shall 
deal only with thin lenaes, unless specifically stated to the contrary. 

SOT. Typical Letts Cases. — There aie five cases involving the relation 
of object and im^e in lenses. These five cases may be illustrated by the 
following digrams, the first four dealing with the relation of object and 
image in eotwex kntea. 




Fia. 147. — ^Principal focus and optical center of lens. 



Cote I. — Object at an infinite distance from the lens, F^. 147. Image is 
real, a point, and it lies at the principal focus. 

Ca»« //.—Object AB at a finite distance from the lens, greater than the 
focal length. Fig. 148. Ims^ ab is leal, inverted, and it lies on the princi- 
pal axis beyond tiie foous F, 




Cate III. — Object at a distance from the lens equal to the focal length, 
Hg. 149. Image is real, and at an infinite distance from the lens. This 
is the conju^te of Case I. 




Fia. 149. 



Com JY. — Object between the lens and the focus, Fig. 150, Image is 
virtual, erect, larger than the object and it lies on the object side of the lens. 
This illustrates the principle of the simple microscope. 

Case V. — Concave lens, 'Fig. 151. Image is virtual, erect, sm^ler than 
the object, and it lies on the object side of the lens. 

S06> The Lens Formula. — For thin lenses it may be demonstrated titat 
1/g _ i/p _ 0* _ i)(i/r - l/r-) - 1//, 
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in which p ~ tbe object distance from the lens; q = image distance; /t '^ 
index of refraction of lens; r -■ radius of curvature of face of lens on tbe 
objmi tide, and r'<- opposite face; / — focal length of the lens. 

In using the general lens equation it is of the utmost importance to be 
able to determine the signs of the various factors entering therein. ZH^- 




\ I Oblsct (Ida 

Fia. 154. 



Fia. 155. 



taneet meaewed on the object tide of the lens are poaitwe (+); diatarieet meaa- 
wed on the opposite side are negative (—). It follows then that p is alwaj^ 
positive; in convex lenses, / is always negative; and in concave lenses / is 
always positive. For convenience we shall consider the object tide <rf the 
lens as Uie righi'hand Hde. 
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The signs lA r and K depend upon the type of lens considered. For ex- 
ample, in Mg. 162 we have - r and + r'; in Fig. 153, + r', and r - oj ; in 
Fig. 154, +rand +r';in Fig. 155, +rand - r'. It should be noted that 
in the cases shown in Figa. 153 and 154, the ugns of r and r' will be reversed 
if the lenses are reversed. 

ExamyU. — Make eketch of and write the appropriate lens fonnula for 
COM //, Fig: 148. 

Sobition, — Remembering tAol the olfject side of a letu ia eotuidered at 
potilive, we may lerite from Fig. 148, the following valuee: — g, + p, — r, 
+ r", — f. SvbetUvting iheee valuet in the general lem equation, tee haee 
1(1/- 3) - (1/+ p)] = \M- 1][(1/- r) - (1/+ Ol - 1(1/ -/)] - 1/8 + 
1/p = (M - l)(l/r + 1/r') - 1//. 

209. Size of Image and Object.— From a conuderation of the mmilar 
triai^des ABO and <AO, Fig. 148, or the corresponding triangles of any one 
of the typical lens cases, ne may say that, in general, the size of the image is 
to that of the object as the image distance is to the object distance; that is 
AB :ab = p:q. 

310. Focal Length of a Thick Lens. — ^A practical method of finding the 
focal length of a thick lens is that employed in the use of the optical bench, 



A 



A 



"^^^ 



\A 



FiQ. 158. — Optical bench. 

Fig. 156. The lene is first set in position, B, giving a large and distinct 
image on the screen; it is now placed in position C, giving a small distinct 
image on the screen. Now AB = CD. If we let AD " I and BC > a, 
we may show that 

/ - (P - a')/4! 



Problems 

Make sketch, to illustrate the position and character of the 
image in each of the following cases for the double convex lens, 
and write the appropriate lens formula for each case. 

058. Object at an infinite distance from the lens. 

069. Object at a finite distance from the lens greater than 
twice the focal distance. 

060. Object at twice the focal distance. 

061. Object between twice the focal distance and the focal 
distance. 
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962. Object at the focal distance. 

963. Object at a point less than the focal distance. 

964. Case of the bi-concave lens. Find by drawing the posi- 
tion and character of the image. Write the approi»iate lens 
formula. 

966. The focid length of a bi-convex lens is 10 in. Where 
must an object be placed ao that the image will be 16 in. from 
the lens? 

966. An object is placed 60 in. from a bi-convex lens. A 
real im^e appears at a distance of 20 in. on the opposite side of 
the lens. Find the focal length of the lens. 

967. The focal length of a bi-convex lens is 1 ft. (a) Where 
must an object be placed so that the image will be 18 in. from the 
lens and real? (6) 18 in. from the lens and virtual? 

968. If an object 4 in. in length be placed 3 ft. from a convex 
lens, the focal length of which is 1 ft., what will be the position 
of the image? size of the image? 

969. If the object (problem 968) be placed IS in. from the lens 
what will be the size of the image? 

970. The focal length of a double concave lens is 10 in. An 
object 4 in. in length is placed at a distance of 15 in. from the lens. 
Find the position and size of the image. 

971. How far from a bi-convex lens of focal length 10 in. must 
a candle flame be placed in order that a distinct image appear on 
a screen 30 in. distant. 

972. Suppose that the candle flame of problem 971, is 3 in. 
in length and it is placed 2 ft. from the lens, what will be the size 
of the image? 

973. What ^rill be the size of the image (problem 971) if the 
candle be placed 6 in. from the lens? 

974. The focal length of a convex tens is 1 ft. An object 2 in. 
in length is placed 3 ft. from this lens. Find the position of the 
image. 

975. Where miist the object (problem 974), be placed in order 
that the image be 4 in. in length? 

976. If the object (problem 974) be placed 6 in. from the lens, 
what will be the the size of the image? Will it be real or virtuid? 

977. The radii of curvature of a flint glass lens (n = 1.6) are 
as follows: r = 10 cm; r* = 15 cm. Determine the signs of r 
and r', and find the foc^ length of this lens, when it is (a) bi- 
convex; (6) bi-concave. 
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978. A concave-convex lens has radii as follows: r =■ 12 cm; r' 
" 10 cm. Its index of refraction b 1.5. Find its focal length. 

979. Find the focal length of a plano-convex lens, if the radius 
of the curved surface is 12 cm, and the index of refraction is 1.6. 
If this lens were to produce an image having the same aize as the 
object, how far would it have to be from the object? 

980. A concave-convex lens of crown glass has radii as follows: 
r «- 12 cm; r* «- 10 cm. (a) Which face of the lens (concave op 
convex ade) is toward the object? (6) Find the focal length. 

981. The radius of a bi-convex crown glass lens ia 10 in. for 
each face. Find the focal length for the D line (see Table XXX, 
page 201). 

982. A pocket magnifying glass has a focal length of 2 in. 
Find the ^ze of the image when the object is placed between the 
lens and the focus and 0.5 in. from the focus. 

983. The Washii^on monument is 550 ft. high. A photo- 
graph of it was taken at a distance of a quarter of a mile from the 
monument. The lens was 6 in. from the plate. Find the length 
of the [Hcture of the monument. 

984. A telescope lens is to be made of crown glass, index of 
refraction 1.53. The radii ue to be equfd, and the focal length 
is to be 15 ft. Determine the radii. 

986. The object glass of the Yerkes telescope is 40 in. in diame- 
ter; its focal length is 62 ft. Taking the angular diameter 
of the sun as 32', and assuming that the image is practically at 
the focus, find the size of the sun's im^e produced by this lens. 
How does the diameter of the lens affect the brilliancy of the 
image? 

986. A convex lens placed at a distance of 25 cm from a candle 
flame forms a distinct image upon a screen. When the lens is 
moved 50 cm further from the candle a second image is formed 
upon the screen. Find (a) the focal length of the lens, and (fc) 
the distance of the screen from the candle. 

987. An object and a screen are 250 cm apart. Where must a 
lens having a focal length of 40 cm be placed to produce a clear 
image on the screen. Show that there are two solutions and find 
the relative aze of image and object in each case. 

988. A thin double-concave lens, whose radii are 25 cm, is 
made of glass the index of refraction of which is 1.57? An object 
4 cm long is placed 30 cm from the lens. Where is its image, and 
how long is it? 
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989. The focal length of a lena is 80 cm. The mdlces of glass 
and water are taken as ^ and ^ respectively. Find (a) the 
value of the term (1/r — 1/r'); (b) the index of refraction of 
glass with reference to water; (c) the focal length of the lens in 
water. 

UETHODS OF DETERMINING INDICES OF KEFRACTION 

311. Spectrometer Hethod. — The Bpectromet«r is used to det«niiiiie the 
indicea of refraction of transparent media in the form of prisms. To 
determine the index of refraction of a liquid by this method it is neceaaaiy 
to place the given liquid in a prismatic vessel having transparent faces. 
If w6 let A be the refracting angle of the 
prism, Fig. 157, and D be the an^e (^ 
deviation, and if we set the prism f»r 
the position of itiininm n ) deviation we 
may write 

M-ainHW + i))/8inHA 

212. Microscope Method.— Let AO be 
the real depth of a given medium, and 
let AI be its apparent depth, aa viewed 
Fro. 16..-De™Uon throHgh a ^^ jhe naked eye, or through a micro- 
' scope, which is provided with a measur- 

ing scale for the determination of the distances AO and AI. The index 
of refraction in this case is 

p - AO/AI 
when AO - real depth; AI — apparent depth. 

Let us think of two media, A and B, aa considered in the above equation. 
If we let the real depth of B be AO = d, and the apparent depth AI •= d', 
then d' — d/n, where n is the index of refraction of B with respect to A. In 
case we consider three media, A, B, C, the real depths of B and C being 
db and de respectively, then the apparent depth of B + C is 

d" " db/iiab + dc/iiac; 
aa may be shown by considering the image of the bottom of C as seen from 
B as an object viewed from A. 

313. The Lens Method. — By means of the equation 1/f — (fi — 1) 
(1/r — 1/r') wa may determine n in terms of /, r, and r'. The focal length 
/ is usually determined by the optical bench method, and the radii r and r" 
are determined by means of a apherometer. 

Problems 

990. The refracting angle of a prism is 60°; for the poeition 
of minimum deviation, the angle of deviation is 36°. Find the 
index of refraction of the prism. 

991. If the apparent depth of an object below the surface of 
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still water is 3 ft., what is the real depth, it, for water being taken 

992. A fisherman armed with a spear, and standing on the 
bank <^ a stream sees a fish lying on the bottom of the stream, 
which is 3 ft. deep. The fisherman's hne of sight makes an angle 
of 60° with the surface of the water. Where, with reference to 
the apparent position of the fish, should the fisherman strike in 
order to hit the fish? Illustrate by sketch. 

993. An 18-in. layer of a dense liquid L, which is immiscible 
in water, and which has an index of refraction of 1.5, is covered 
with water to the depth of 24 in. Consider the index of refrac- 
tion of water to be ^. Find (a) the apparent distance of the 
surface of the liquid L below the surface of the water; (6) the 
apparent depth of the liquid L, as observed by an eye immersed 
in the water. 

994. Find the apparent distance from the surface of the water 
(problem 993) to the bottom of Uquid L, as observed by an eye 
in the air above the water. 

995. (a) A microscope is focused upon a printed page. A 
block of glass 12 mm thick is laid over the print and it is now 
found that the microscope must be raised 4.5 mm in order to 
produce a clear image. Find the index of refraction of the glass, 
(b) Of what sort of glass would you judge the lens was made? 

996. A given lens has a focal length of 10 cm. Its radii of 
curvatiu-e are: r = 10 cm; r' = 15 cm. Find the index of re- 
fraction if (a) the lens is bi-concave; (ft) bi-convex. 

997. A concave-convex lens, having a focal length of 1.2 m, has 
radii of curvature as follows: r = 12 cm; r' = 10 cm. (a) Find the 
index of refraction of this lens, (b) Make a- sketch to illustrate 
which face of the lens is considered as being on the object side. 

998. A bi-convex lens On = 1.6) has a focal length of 12 cm; 
r = 12 .cm. Find r'. 

999. The focal length of a certain lens is 12 cm; the index 
of refraction = 1.5; r = -|-15 cm; r' = —10 cm. Determine 
whether the lens is concave or convex. 

1000. A 60° prism of flint glass having an index of refraction 
of 1.6 will produce what angle of minimum deviation? 

OPTICAL mSTRUMENTS 

214. Dlspeision. Fraimhofei Linca. — If a beam of eunlight be passed 
through a prism, it suffers dispersion, the relative poaitions of the cha> 
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Mteristic colors red, oruige, yellow, gteea, blue, indigo, violet being rep- 
resented by the Fraunhofer Ihies, from B to H respectively, 1%. 168. 

216. Dlsperaive Power. Angular Dispersion. — ^Let fiBi 1^, A>r> Ms be 

the indices of refraction for the corresponding IVauohofer lines from B to 
H. Then total di«p«r»tiMi " fta — tta; pattiai i^pffgion — lite — Ita, l^o — I^Ct 
etc.; mean dUperrion ~ ftf ~ nc', and retolu'e dUperewn or diapertive power 
- <Jtr - lic)/<Jio - I). 



I I I 



11 



Fio. 158. — Fraunhofer lines. 



Conaidei a prism of small refraction angle, Pig. 159. It may be shown 
that the angle of deviation for a given line, the tf line say, is D •= Afjm — 1) 
and the angle of deviation for any other line, the B line, isD' — A(jiB — 1). 
Then the angular dispersion = 4, = D — ly — Aijin — Its). This equa- 
tion tells us that for a given refracting medium, the angular dispersion ^ 
for any two lines may be varied by varying the refracting angle A. It is 
thus possible for the optician to produtx at will prism combinations which 
will pve either deviation without dispersioD, or dispersion without deviation. 




FiQ. 169. — Angular dispersion, *. 

216. Conditions for AchromatiBm. — Suppose that we wish to fit two 
prisms (or lenses) together so aa to achromatize certain colors, the B and 
H lines say. It is necessary to select refracting angles A and A' such 
that the angular dispersion }// shall be the same for both refracting media; 
thatb, ^ - A(jiM — Ms) — A'iii'a — i»'b). The condition for achromatism 

A/A' - (M'a - t^'B)/(MB - Hb). 
817. The Projection Lantern. — The essential parts of the projection 
lantern. Fig. 160, are (a) the source of light; (b) condenung lens C, the 
function of which is to "condense" the divergent rays from the source upon 
the slide S; (c) the focusing or objective lens 0. Since it is desired to form 
on the screen a magnified real image, the object S must be placed at a dis- 
tance from O greater than the focal length of the objective lens 0. The 
relation of the distance of the object from the lens to the distance of the 
screen from is 

1// = 1/9 + 1/P 
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in which / •■ focal lenstli of lens 0; p = dietance from S to the objective 
lenB 0',q= distance from to screen. 

218. Th« Human Eye. — MechanicBJly considered^ the human eye is a 
photographic camera, having an automatic focusing aystem in the muscles 
that control the crystalline lens, and a sensitive plate (the retina) which 
leports the image to the brain. The adjustment of the lens system of the 
eye, such that a distinct image is formed on the retina, is called 
accommodation. 




Fig. 160. — Section of projection lantern. 

A normal eye can accommodate over all the distances from 6 in. (near 
point) to' infinity (far point). Distance of distinct vision is distance from the 
eye at which ordinaiy print can be most easily read. The dUlanee o/ dis- 
tinct viiion for the normal eye = 10 in. ^ 25 cm. 

Example. — If a far-sighted person can see distinctly objects 30 in. away 
but none nearer, (a) what kind of glasses does he need in order to read at & 
distance xif 10 in.7 (b) Determine their focal length. 

Solution. — The problem in thi» ease is to find a lena of a focal length ruch 
that an object at the distarice of distinct vision (10 in.) »baU appear to the eye 
tobeata distance of 30 iTi.; that i» q = 30, and p =• 10. Then 1/q — 1/p — 
1//, and 1/30 - 1/10 = 1//, hence f - -15. The sign of f is minus; this 
means that the lenc required is 

319. Magnification. — The mag- i 
nifieation (ff magnifying power of'l 
an instrument is the ratio of the 
apparent size of an object as seen 
through the instrument under 
given conditions, to the apparent 
m^nitude as perceived by the eye. 
Since, however, it is not always convenient or possible to measure the ap- 
parent siie of an object as seen through the instrument, it is the usual 
practice to express the magnifying power of an instrument in terms of cer- 
tain constants of the instrument. 

"Hie apparent size of a linear object is measured by the visual angle V 
which it subtends, Fig. 161. The visual angle may be expressed as 
V =L/d = l/b = l/L = b/d. 

320. The Simple Microscope. — In the case of the simple microscope. 
Fig. 162, the object AB is placed between the principal focus P and the lens, 




Fig. 161.— Visual angle. 
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(see Case IV, page 179). The image A'B" is virtual, erect, and larger 
than the object. Let us consider that the eye ia located in such a position 
that the crystalline lens lies at the principal focus of the lens. We 
deeire to det«rmine the magnifying power of the simple microscope in 
terms of the visual angle subtended by AB, with and without the use of the 
lens L. Assuming that db — AB, the visual angle with the lens — AB/f; 




Pia. 162. — Simple microscope. 

. the visual angle without the lens is AS/25 cm = AB/10 in. in which 25 
cm or 10 in. is taken as the distance of distinct vision. Then 

Magnification = {AB/f)l(AB/25 cm) - 25 cm// - 10 in.//, 
where / = focal length of the lens. 

SSL The Comjioand Hicroscope. — In Fig. 163 we have shown in outline 
the relative positions of the two lenses composing the refractive system 



Fio. 163. — Compound microscope. 

of a compound microscope. Lens is the objective; E is the eyepiece. 
The object AB is placed just outside the principal focus F of the lens 0. 
There are two images; a real image at and a virtual image A'B'. 

■Die magnification (approximate) due to lens O is {ab/AB) — {L/F) where 
L is the approximate length of the microscopic tube, and F is the focal 
length of the objective lens 0. The magnification due to the lens E is 
25 cm// = 10 in.//, where/ ie the focal length of the eyepiece, lens E, The 
total magnification due to both lenses ia 

Ma^ificidion = (L/F) X (25//) - 25L/F/. 

223. The Telescope. — In determining the magnifying power of the astro- 
nomical telescope in terms of the focal lengths of the lenses O and E, Y'vg. 
164, it is necessary again to make use of certain approximations. Let the 
object AB be a star at a great distance from lens O. We assume that the 
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image distance Cp is practically equal to F, the focal length of lens 0. The 
angular measure of the apparent magnitude of the object AB \b ab/F. 
Also, the angular measure of ab, considered with reference to lens E and the 
eye, is approximately ab/f. The magnifying power, then, of the instru- 
ment is the ratio of these two angles; that is, 

MagnificcUum = (ab/f) /{ab/F) = F/f. 



1^Ss4 




Fio. 164. — Astronomical telescope. 



328. Combination of Two Lenses. — Let L and L', Fig. 165, represent two 
lenses (convex or concave) placed so that their axes coincide. Ziet d — dis- 
tan(» between the lenses;/ = focal length of L; and/* — focal length ofL'. 
Consider first the relation of object to image in the case of L. From tha 
general lens equation we may write 1/q — 1/p -> 1//, where p is the object 
distance, and g is the image distance, with reference to L. Consider now 



X' 



Fia. 165.- 



a placed coaxially. 



that the image formed by L becomes the object for L'; then q ± d = dis- 
tance of image from L' = p^ •= object distance with respect to L'. If we 
let g" be the image distance with respect to L', then 1/g' — 1/p' = 1/f. 
In dealing with these two cases, it is important to note that diglancea 
measared on the side of Ihe leris from which the light cornea are poailive, and 
distances measured the other tide are negative. 




Fia. 166. — Image due to two 



When the lenses touch, d — 0, and we may write 1/F = \/f + \/f, 
where F is the focal length of the combination. 

Example. — Two convex lenses of focal lengths / = 20, and /' = 30 are 
placed symmetrically on an axis at a distance 10 cm apart, F^. 166. An 
object is placed 100 cm in front of lens L. Und the position of the im^e 
due to the combination. 
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Solviion. — Lei u» eonaider fint the imoife formed by L, Hen pis +,/u — , 
and q ia —, hence the equation 1/g — l/p = 1// heeomea 1/g + 1/100 = 
1/20, frotn tuAtcA 9 •= 25. Since q w meaaured on the negative tide of tite 
teni, (a + (I) - p' - - 25 + 10 = -15, In the ease oflenaL', p', q", and 
f are ail on the negatiee aide, and hence we terile — l/g* + 1/15 ■= —1/30, 
and hence g* » 10 em, measured to the left of V. 

Example. — Given a convex lens (/ - 4 in.) and ft concave lena (/' — 4 in.) 
placed coudally 4 in. apart, to find the poaition and character of the image 
of an object placed 6 in. from lens L, Pig. 167. 




Fio. 167. — Image due to combination of concave and convex lenaes. 



Sdvivm. — We akoll firat find the image due to L, In this case p u 
poailitie and q and f are negative, hence 1/q + 1/6 = 1/4, whence q — 12, 
measured on the Tiegaiitie side of L. In the eaae of the concave iena, g" and 
f are posUife wlale p' ia negative. The term (g + d) = p' = —8. The 
general equation l/q — 1/p = I// therefore beeomea 1/?' + 1/8 = 1/4, 
from which g" = 8, and ia meaaured to the right of L'. Thia meana that the 
image ia virtual, and lies b^ueen the ot^ect and the lena L. 

Problems 

The indices of refraction for the B, C, D, F, and H lines of 
flint glass, crown glass, water and carbon disulphide are given in 
Table XXX, page 201. 

1001. Find for flint glass (a) the total dispersion; (b) mean 
dispersion; (c) dispersive power. 

1002. Find for crown glass (a) the total dispersion; (b) mean 
dispersion ; (c) dispersive power. 

1003. Find for water (a) the total dispersion; (5) mean dis- 
persion; (c) dispersive power. 

1004. How does the dispersive power of carbon disulphide 
compare with that of flint glass? 

1006. The refracting angle A of flint glass prism is 20". Find 
the angular dispersion between (a) the B and H lines; (b) the 
C and D lines. 

1006. The angular dispersion in a crown glass prism for the 
B and H lines is 22* 27.84". Find the refracting angle. 

1007. The refracting angle of CSs prism is 40°. Find the 
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length of the spectrum (B to H) formed on a screen 10 ft. distant 
from the prism, assuming that the screen is at right angles to 
the B line. 

1008. Ho\r far from a flint-glass prism having a refracting 
angle fA 30° should a screen be placed so that a spectral im^e 
2 ft. in width shall be shown? 

1009. A plano-convex lens whose radius is 60 cm is made of 
a glass having an index of refraction of 1.53 for red rays, and 
1.55 for blue rays. Find how much farther from the lens is the 
principal focus for red than is that for blue. 

1010. Find the angle of a flint glass prism that will achromatize 
the region from B to H in a crown-glass prism whose angle is 4°. 

1011. The refracting angle of a flint ^ass prism is 4°. What 
must be the refracting angle of a crown glass prism that achro- 
matizes the B — H region of the spectrum? 

1012. A projecting lantern is to produce a magnification of 50 
diameters at a distance of 50 ft. Find the distance of the lens 
from the slide, and the focal length of the lens. 

1013. The projection lens of a lantern has a focal length of 1 
ft. How far back of the lens must a slide be placed in order to 
focus clearly upon the screen 24 ft. from the lantern? 

1011. Make drawing of the section of an eye, and a spectacle 
lens necessary for correction of (a) far sight; (6) near sight, 

1016. It the greatest distance of distinct vision for a myopic 
(near-sighted) eye is 10 cm, what is the focal length of a spectacle 
lenses to read at a distance <d 25 cm? 

1016. If the nearest distance for distinct vision for a far- 
sighted person is 35 in., what should be the focal length of the 
spectacles he would require for reading at a distance of 10 in.? 

1017. If the greatest distance of distinct vision for a myopic 
eye is 4 in. what should be the focal length of the proper readii^ 
spectacles? 

1018. The focal length of the objective of a 12-in. refracting 
telescope is 20 ft. Determine the focal length of the eyepiece 
in order that the magnifying power may be 80. 

1019. Given two convex lenses of focal lengths 23 in. and 1 in. 
respectively. Make drawing to illustrate the use (^ these lenses 
as a telescope, and compute the magnifying power. 

1020. Explain the principle of the compound microscope, with 
the aidof adic^ram, and state from what data you would calculate 
its magnifying power. 
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1021. Write & problem to illustrate the magnifyiug power of 
a compound microscope, as shown in Fig. 163, and solve the same. 
State the relative distance of AB from 0, and ab from E. 

1022. Substitute for lens L, Fig. 166, a concave lens having 
the same focal length, and find the position of the image, with 
respect to L', data as in Example under Fig. 166. 

1023. A convex and a concave lens, each 10 in. in focal length, 
are held coaxially at a distance of 3 in. apart, find the posi- 
tion of the im^e when the object is at a distance of 15 in. be- 
yond the convex lens. 

1024. Solve problem 1023 assuming the object to be placed 15 
in. beyond the concave lena. 

1026, Two thin convex lenses, having a common axis, touch. 
The focal length of one is 20 cm; that of the other is 15 cm. 
Find the focal length of the combination. 
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I. Some Iupobtant EQurvAiiBNTS and Equations 

NOTB. — The approximate values employed in ordinary computationa 
&re giveii in parentheses. 
X - 3.1416; x» = 9.8696 = (9.87); yfit = 1.7724; log i - 0.49715. 
Converaion factor between common and natural Xo^ = 2.30258 = (2.3). 
Logitn - log.n/2.3; log.» = logion X 2.3. 
One radian = 57°.296 = (57°.3); l" =-0.01745 radian. 



= 0.0 



° = 1.0 



COB 0° = 1.0 
COB30' =0.866 
COB 45° = 0.707 
COS 60° - 0.5 
COS 90° - 0.0 



= 2rrk; volume = it'A. 

J^ (circumference X slant height); volume = ^ 



Circle: circwTf^/'erene 

Cylinder: IoUtgI an 

Cone: later(U area 
(area base X height). 

Sphere: area — 4it',- voluTiie = %rr'. 

Pressure of one atmoBpher^ = 76 cm mercury 
per cm* = 1,012,634 dynes per cm* = 14.7 lb. per in*. 

Mass of 1 cm* of pure water at 4°C = 1 grant (very nearly). 

Massof lou.ft. ofpurewaterat4°C ■= 62.35651b. = (62.41b.). 

Moss of 1 gallon of pure water at 4°G » 8.33585 lb, " (S.3 lb.). 



n. mercury = 



II. Conversion T abides 



English to Metric 

1 mile = 1.60935 km 

Imile = 1,609.347 m 

1 foot = 0.3048 m 

1 inch = 2.54 cm 

1 cubic toot = 28.31701 1 
1 qt. (dry) - 1.101 1 
1 qt. fliq'd) - 0.946 1 



1 pound 
1 grain 



0.45359 kg 
0.06480 g 



Metrio to En^iih 

1 kilometer -= 0.62137 mi. 
1 meter >- 0.0006214 mi 
1 meter = 3.28083 ft. 
1 centimeter = 0.3937 m. 

1 liter = 0.03632 cu. ft. 

1 liter = 0.908 qt. (dry) 

1 liter - 1.0567 qt (liquid) 

1 kilogram = 2.204622 lb. 
1 gram = 15.432 gr. 
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Ithaca, N. Y 

Chicago, HI 

aeveland, O 

Philaddphia, Fa.. 
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III. Val0E8 or g 

080.38 Waahington, D. G... 

i9 Cincinnati, O 

ift CharlotteBville, Va. . 

!3 Denver, Col. 

18 Rke'sPeak, Col.... 



IV. MoMSNTe OF Inebtia 

1. Uniform thin rod, axis through middle, / •= Ml'/12. 

2. Rectai^^lar figure, axis through cent«r, peipeDdicular to plane, width 

a, length b, I = M{a' + b')/l2. 

3. Circular plate or cylinder, axis through center, perpendicular to face, 

radiuB r, I = Mt*/2. 

4. Circular ring, axis through center, perpendicular to face, outer radius = 

T, inner radius - r', ... J - M(r' + r")/2. 

5. Sphere, axis through center, radius f, 1 - Mt'2/5. 

6. Moment of inertia about axis parallel to axis tlirough center of gravity, 

/ = /q + MdK 

7. Moment of force Fd — la = la/r. 





V 


Elastic Constants 






Youiw's Modului 


Simple Risiility 


Volunu Eludelt; 




Dy™ 


Lb. p« 
in. sq. 


Dyn« 
P«r em' 


Lb. per 
in. sq. 


Dyne, per «m. 


Brass . .. 


7X10" 
10X10" 
12X10" 
13X10" 
20X10" 
22X10" 


9.5X10« 
14X10' 
17X10' 
18X10' 
28X10' 
31X10' 


3X10" 

4X10" 

4.5X10" 

5.6X10" 

7.7X10" 

8X10" 


4X10* 
5.4X10' 

6.5X10' 
7.8X10' 
11 X 10' 
12X10' 


7.5X10" 
10.5X10" 


Copper 

Cast iron 

Wrought iron. 
Steel 


12.5X10" 
9.5X10" 
16.5X10" 
18.5XJ0" 


Water 


0.22X10" 
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Air atCC and 6 cm 0. 

Alcohol 0. 

Alvuninum 2, 

Antimony 6. 

Beeswax 0, 

Bismuth 9. 

Brasa 8. 

Coal 1.3to 1. 

Copper 8. 

Cotton-eeed oil 0,{ 

Diamond 3 . 

Ether 0, 

German silver 8, 

GlasB, crown 2. 

GlasB, flint 3. 

Glycerine 1 . 

Gold 19. 

Granite 2. 

Human body 0. 

Hydrochloric acid 1 . 

lee 0. 

Illuminating gas 0. 

Iron, wrought 7. 

Ivory J. 



APPENDIX , 1' 
VI. Denbitikb 

0. 00129 Magnesium 1.7 

Marble 2.7 

Mercury, at 0°C 13.5 

Milk 1.0 

tTickel 8.9 

Nitric acid 1.5 

OhveoU 0.9 

Paraffin O.B 

Hatinum 21 . 6 

Silver 10.6 

Steel 7. 

Sulphuric acid 1.8 

Sulphur 2.0 

Sugar 1 . fl 

Tin 7.3 

Turpentine 0.8 

Water, at 0°C 0.9 

Water, at 4''C 1.0 

Water, eea 1.0 

Wood, beech 0.7 to 0.9 

Wood, maple 0.6 to 0.8 

Wood, pine 0.4 to 0.6 

Wood, lignum vihe 1.3 

Zinc 7.2 



Vn. Surface Tensions 



laquid 


T in degrees per sm in id 


uuctwiih 


Air 


Water 


Meroory 


Water 

Mercury 

OUveoil 


75 

635 
37 
29 
26 



41S 
21 
12 


430 



347 


Alcohol 


400 




*' 
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VIII. DtFTUBioN Const ANTS 

Note. — ^The conoentration n ia expieaaed in gram-moleculea per liter; 
1 IB the temperature; and k ia the diffoBion conatant, expreaaed in grams 
per cm*, per day. 



Subrtuoe 1 » 


*• 


It 


Hydrochloric acid 


1.0 
1.0 
1.0 
1.0 
1.0 
1.0 
1.0 


5° 
12' 

fi' 
10" 

9' 
13' 
12° 


X.74 


Sodium chloride 




Sodium chloride 

Sugar 


0.91 


Albumen 


0.06 







IX. Coefficients of Lineab I^cpanbion 

Aluminum 0.000023 Iron and ateel 0.000012 

Bia« 0,000018 Lead 0.000028 

Copper O.0OOO17 Platinum 0.000008 

Glaaa 0.000008 Silver 0.000019 

Ckild 0.000014 Zinc 0.000029 



X. CoEPPiciKNTS OF VoLUMB Expansion, Solids 

Note. — The coefficients of volume expansion of the solids named in 
Table IX may be found by multiplying the linear coefficients by three; 
that is J} =■ 3a. 



XI. COBFFICIBNTa OF VoLDMB EXPANSION, LIQUIDS 

-V. = V,C1 +0t + p't* + B"t'). 



Alcohol, ethyl 1,020X10"' 220X10-* 

Alcohol, methyl 1,134X10-' 136x10-* STXIO-*" 

Benzol 1,176X10-' 128X10-' 80XlO->* 

Ether 1,500X10-* 360X10-' 40X10-'* 

Pentane 1,405X10-' 310X10-' 16X10-" 
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APPENDIX 
Xn. SeacMic Heats 



Air, constant preaBure . 0.237 Iron 

Alcoho! 0.602 Lead.-. 

Aluminum 0.22 Marble. 

Brass 

Copper 

Glycerine — 
GUss 



0.U6 

0.03 

0.21 

0.0d4 Mercury 0.033 

0.094 Silver 0.056 

0.55 Steam, lOO'C, 76cm.. 0.48 

0.2 Water ,•. 1.0 

0.5 Zinc 0.094 



XIII. Specific Heat Sotbkheatbd Steam 




P™«i«inlb.p8r«,.ln. | 14.2 


» 


.00 


300 




0.46 
0.46 
0.46 
0.46 


0.61 
0.50 
0.49 
0.49 


o'se 

0.S3 
0.51 




Temp. 400°F 


0.68 






Temp. eOO-F 


0.55 



XIV. Melting Points 

Mercury -38.8° Aluminum . . 

Phosphorus 44.3 Silver 



961 

115 Gold.. 

232 Copper 1,084 

260 Iron 1,100 

320 Platinum 1,778 

327 Iridium 2,200 

419 Tungsten 2,960 



Ethylene 


XV. BoiLiNO Points 

. - 103" Alcohol 

38.5 Benzene 


78' 


Chlorine 

Chktrofonn 


. -33.6 Toluene 

36 Turpentine 


110 

160 




367 



XVI, BoiLiNQ Points or Wateb Under Different Prbssdres 



. 99.26 77 ci 
. 99.63 78 ci 



, 100.00° 

, 100.37 

100.73 
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XVn. ExTaBMBLY Low FRKKiino and Boilino Points 



Nitrogen. . . 
Oxygen — 
Hydrogen. . 

Helium . . . 



Fr«eiuii« Point Bailiac Point 

-210''C -194. CC 

-227 -181.0 

-260 -252.fi 



XVIII. NcMBEB OP GaAMS op Water Vapob REamitED to Satdbatb t 
Air, peb Cubic Mkteb 



. 3.171 
, 3,407 
. 3.659 
. 3.926 
. 4.211 
. 4.513 



, 5.176 
. 5.538 

. 5.922 



6.761 g '. 
, 7.219 
7.703 
. 8.215 
, 8.757 
. 9.330 
9.935 
. 10.574 

11.24d 

11.961 

12.712 
, 13.505 

14.339 

15.218 

16.144 



. 19.222 

, 20.355 

, 21.546 

, 22.796 

. 24.109 

. 25.487 

. 26.933 

. 28.450 

. 30.039 

, 31,704 

. 33.449 

. 35.276 

. 37.187 



XIX. Heats op Combdstion in Calorieb per Gram 

Hydrogen 34,700 Alcohol 7,183 

Gunpowder 700 Illuminating gas 6,000 

Dynimiite 1,300 Wood about 4,300 

Sulphur 2,200 Anthracite coal 8,000 



XX. Heats op Coubitstion in B.t.u. pbb Pound 



uCoU 






1 Coal 



Streator, 111 13,700 Blassburg, Pa 13,500 

Wihnington, lU 14,000 Pocahontas, W. Va. 15,700 

St«inaw, Mich 13,500 Cumberland, Md 16,300 

Hocking VaUey, 14,000 

Jackaon, 14,000 Anthnnati! Cod 

Turtle Creek, Pa 16,000 Lackawanna 13,900 

Youghiogheny, Pa 15,000 Lykens VaUey 13,700 

Thacker, W. Va 15,200 Scranton 13,800 



Carbon burned to CO, 14,660 Sulphur burned to SO^ 4,000 

Carbon burned to CO 4,400 Marsh gaa to CH, 23,500 

Hydrogen burned to H,0.. . . 62,100 Wood, hard 8,600 
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XXI. Thermal Conductetity' 
Note. — In thia table h is the number of calories which will pass per 
second throt^ 1 cm' of a plate 1 cm thick, the difierence of temperature 
on the two sides being 1°C. 

h k 

Air O.OOOOfl Ice 0.005 

Aluminum 0.5 Mercury 0.016 

Copper 0.9 Platinum 0.17 

Cotton 0.00004 Pine wood 0.0002 

B«t 0.00009 Silver 1.0 

Glass 0.0016 Snow 0.0001 

Gold 0.7 Water 0.0015 

Iron 0.15 Zinc 0.25 

XXIL Thermal Conbuctivitt 
Note. — In this table k is the number of B.t.u.'e which will pass per 
hour throi^ 1 sq. ft. of a plate 1 in. thick, the difference of temperature 
on the two sides being IT. 

k h 

Copper 515.0 Glass 7.0 

Iron 233.0 Brickwork 6.0 

Lead 113.0 Plaster 4.0 

Stone 17.0 Pine wood 0.75 

XXIII. Atomic Weights 



El...., 


w^i°t 


Vilenoa 


Elennmt 


%Sr. 


Valmw 


Aluminum. . . . 
Antimony.... 

Arsenic 

Barium 

Bismuth 

Boron 


27.0 
120.0 
75.0 
137.4 
208.0 
11.0 
80.0 
112.4 
40.0 
12.0 
36.45 
62.0 
59.0 
63.57 
19.0 
197.2 
4.0 
1.0 
126.9 
193.0 
56.8 
207.0 


3 

3,5 

3,5 

2 

3,5 

3 

1 

2 

2 

4 

1 

2,3,6 

2,3 

1.2 

1,3 

1 

1 

4 

2,3 

2,4 


Lithhim 

Magnesium 

Manganese 

Mercury 

Nickel _. 

Nitrogen 


7.0 
24.3 
66.0 

200.0 
58.7 
14.0 
16.0 

106.7 
31.0 

19B-2 
39.0 

226,4 
79.0 
28.0 

107.88 
23.0 
87.6 
32.0 

119.0 

184.0 

238,6 
65.37 


1 

2 

2,3,7 

1.2 

2,3 

3,5 


Cadmium 

Calcium 

Carbon 

Chlorine 


Palladium 

Phosphorus 

Platinum 

Potassium 


2,4 
3,5 
2,4 

1 


Cobalt 

Copper 


Selenium 


2,4,6 


Silver 










HeUum 

Hydrogen... 


Strontium 


2 






Iridium 


Tungsten 

Uranium 


6 
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XXIV. REsiBTmrr Vai.de8 at 0"C 




Conduotor 


Ohm-em 


'Ssr 


Conduct™ 


OhMo^m 


Ohms per 

mil-foot 




2.6X10-' 
1.6X10-' 
2.2 X 10-' 
9.7X10-' 
20.9X10-' 


17.5 
9.5 
12.6 
68.3 
12fi.7 


Silver 


I-SXIO-" 
42X10-' 
94X10-' 
12X10-' 
9X10-' 




Copper 

Gold 


Manganin 20°C 

Mercury 

Nickel 

PUtinum 


260.0 






German silver, . 


64.0 



XXV. WiEE Gagb Values, Ambbigan (B. & S.) 













Di»m.in 


Dkam in 














mm 






0000 


11.684 


460.00 


211,600.0 


19 


0.899 


35.39 


1252.4 


000 


10.405 


409.64 


167,805.0 


20 


0.812 


31.96 


1021.5 


00 


9.266 


364.80 


133,079.4 


21 


0.723 


28.46 


810.1 





8.254 


324.95 


105,692.5 


22 


0.644 


25.55 


642.7 


1 


7.348 


28S.30 


83,694.2 


23 


0.573 


22.57 


509.5 


2 


6.644 


257.63 


66,373.0 


24 


0,511 


20.10 


404.0 


3 


5.827 


229.42 


52,634-0 


25 


0.465 


17-90 


320.4 


4 


5.189 


204,31 


41,742,0 


26 


0.406 


16.94 


254.0 


5 


4.621 


181.94 


33,102,0 


27 


0.361 


14.19 


201.5 


6 


4.115 


162.02 


26,250.5 


28 


0.321 


12.64 


159.8 


7 


3.665 


144.28 


20,816.0 


29 


0.286 


11.26 


126.7 


8 


3.264 


128.49 


16,509.0 


30 


0.255 


10.03 


100.5 


9 


2.907 


114.43 


13,094.0 


31 


0.227 


8.93 


79.7 


10 


2.588 


101.89 


10.381.0 


32 


0.202 


7.95 


63.2 


11 


2.305 


90.74 


8,234.0 


33 


0.180 


7.08 


50.1 


12 


2.053 


80.81 


6,529.9 


34 


0.160 


6.30 


39.7 


13 


1.828 


71.96 


5,178.4 


35 


0.143 


5.61 


31.5 


14 


1.628 


64.01 


4,106.8 


36 


0.127 


5.00 


26.0 


15 


1.450 


57.07 


3,256.7 


37 


0.113 


4.45 


19.8 


16 


1.291 


50,82 


2,582.9 


38 


O.IOl 


3.96 


15.7 


17 


1.150 


45.26 


2,048.2 


39 


0.090 


3.53 


12.5 


18 


1.024 


40.30 


1,624.3 


40 


0.080 


3.14 


9.9 



XXVI. Thekmoelxcttbic Powers in Mickovolts per Dbobeb 

Biemuth -89 Zinc +3.7 

Cobalt -22 Copper +3.8 

German silver. - 12 Iron +17.6 

Platiniun — 1 Constantan +19.3 

Lead Antimony +24 

Silver +3 Selenium +807 
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XXVIL Magnetic Pbrmeabiutt 





Solt Iron ' 


CMti™ 


8l«l 


H 


B 1 . 


B 


» 


B 


« 


6 


10,050 


2,010 


3,000 


600 


760 


160 


10 


12,5fiO 


1,255 


6,000 


600 


1,660 


165 


20 


14,550 


727 


6,000 


300 


5,876 


294 


30 


16,200 


507 


6,600 


217 


9,876 


328 


40 


15,800 


396 


7,100 


177 


11,600 


290 


50 


16,000 


320 


7,350 


149 


12,000 


240 



XXVIII. DiBLKcnuc Constants, k 

Vacuum 1.0000 Mica 6 

Air 1.0006 Paper 2 

Glass, crown 7.0 Paraffim 2 

Glass, flint 8.0 Sulphur 3 

Guttapercha 4.0 Water 81 



XXIX. Indices or RBraACnoN 

Water 1.33 Benzene l.SO 

Carbon bisulphide 1.64 Crown glass 1.52 

'I\irpentine 1.47 flint glass 1.62 

Alcohol 1.36 Mamond 2,47 



XXX. Indicbs ot Rbpbactiok for Certain Lines 

B C D P H 

Flint glass 1.6127 1.6144 1.6193 1.6316 1.6527 

Crown glass 1.5301 1.5311 1.5339 1.5404 1.6509 

Water (I8°.7 C) . . . 1.3310 1.3320 1.3336 1.3380 1.3448 

CS. (18'.7 C) 1.6182 1.6219 1.6308 1.6565 1.7020 
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Absolute zero, 92 
Acceleration, formuUe, 10 

and moment of inertia, 41 
Achromatism, conditions for, 186 
Alternating-current phenomena, 159 
Ai^e, of contact, 73 

of lag, 160 

of lead, 162 
Angular measure, 6 

diapersiou, 186 
Archimedes' principle 56 
Atomic weights, table, 199 
Average value of E and /, 160 



Boiling paints, table, 197 
Boyle's law, 93 
Britieh thermal unit, 97 
Buoyancy, 5fi 



Capacity, unit of, 2 

electrical, \52 
Capillary action, 72 
Camot's cycle, 99 
Cells, in series and in parallel, 116 
Center of, buoyancy, 66 

gravity, 33 

mass, 33 

percussion, 43 

pressure, 54 
Centigrade thermometer, 89 
Centrifugal force, 18 
Centripetal force, 18 
Chemical equivalent, 126 
Circular motion, 18 
Ooe£Scienta of expansion, 91 

table, 196 



Coins, U. 8., mas8 of, 4 
Compound microscope, 188 
Condensers, electrical, 152 
Conductance, electrical, 113 
Conductivity, electrical, 113 

thermal, 100 
Constant volume gas thennometer, 

94 
Conversion tables, 193 
Correction for temperature, sound, 

79 
Coulomb's law, electrostatics, ISO 

magnetism, lOG 
Counter e.m.f., 137 
Critical angle, 177 
Current, electrical, unite of. 111 
Curvature, 6 



Density, 67 

Uble of, 195 
Diatonic scaJe, 84 
Dielectric constante, teble, 201 
Diffusion of liquids, 74 

constants, table, 196 
Dimensional formulffi, 
Dispersion, light, 185 
Dispersive power, 186 
Dynamo, 143 

efficiency of, 145 



EfBux, velocity of, 62 

EfFuaion of gases, velocity of, 62 

Elasticity, coefliciente of, 66 

constants, table, 104 
Electric power, 128 
Electrochemical equivalent, 126 
ElectrolyaiB, 126 
ESeotiomagnetic units, IS6 
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Electromotive force, uoitB ot, 115, J 

116 

Joule's equivalent, 99 



Electrostatic units, 166 
Electrostatics, 149 
Ezpansioii, 91 

coefficients, table, 1 



FahiraiWt thermometer, 89 
Faraday's laws of electrolysis, 127 
Force, units of, 13 
Fraunhofei lines, 185 



Oaslaw, 93 
Gay-Lussac's law, 93 
Generator, fundamental equation 
of, 144 
efficiency of, 14S 



of combustion, table, 198 

of fusion, 98 

of vaporization, 98 

units of, 97 
Hooke'B law, 66 
Hysteresis, magnetic, 134 

I 

Image and object, relative si 
mirrors, 173 
lenses, 181 
Image, in plane mirror, 169 

in spherical mirror, 171 
Images of imt^;es, 169 
Impact, 67 
Index of refraction, 176 

table, 201 
Induced e.m.f., 136 
Inductance, 138 
Induction, electromagnetic, 13 

electrostatic, 151 

magnetic, 106, 133 
Interference of sound, 81 
Inverse squares, law of, 167 



K 



Kinetio energy, 25 
of rotation, 40 



Laplace's correction, 79 
Length, units of, 2 
Lenses, 178 

combination of, 189 
Lens formula, 179 
Lens's law, 137 
Light, 167 

intensity of, 167 

velocity of, 167 
Low freezing points, table, 198 

M 

Machines, law of, 36 

efficiency of, 37 
Magnetic declination, dip, 106 

field, lOS 
due to current, 110 
intensity of, 105 

flux, 106, 133 

induction, 106, 133 

moment, 106 

needle, deflection of, 132 

permeability, table, 201 

reluctance, 135 
Magnetism, lOS 
Magnetomotive force, 135 
Magnification, 187 
Mass, unit of, 3 
Mechanical advantage, 36 

equivalent of heat, 99 

powers, 37 
Melting points, table, 197 
Metacenter, 66 
Metric standards, 1 
Mirror, formula, 173 

plane, 169 

spherical, 171 
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Moment of a force, 20 

of inertia, 40 
table, 194 
Motion of connected maaaes, 14 
Motor, efficiency, 146 

fundamental equation, 14fi 

work done by, 146 
Mutual induotanoe, 13S 

N 

Newton's equation, Bound, 79 



iEX 205 

Kmple harmonic motion, 20 

equations, 21 
Simple microscope, 137 
Siphon, 60 
Solenoid, 133 
Sound, 78 

correction for temperature, 79 
Specific gravity, 57 

heat, 98 
table, 197 
Steam engine, efficiency, 99 
Strained body, energy stored in, 67 
Surface tension, 71 

table, 195 



Pascal's law, 50 
Pendulum, compound, 43 

conical, 42 

simple, 42 
Permeability, 106 

curve, 133 

table, 201 
Photometry, 167 
Potential, difference of, IIS 

units of, 116 
Power, units of, 25 

in an A.C. Byst«m, 164 
Practical electrical units, 156 
Preesure thermometer, 91 



Telescope, 188 
Temperature, 89 
Thermal capacity, 97 

conductivity, 100 

tables, 190 

Thermoelectric power, 11 

table, 200 
Thermoelectromotive force, 117 
Thermometer scales. Centigrade, i 

Fahrenheit, 89 

pressure, 94 
Time, unit of, 3 
Torque, 29 

developed by a motor, 146 
Transformer, 144 



Quantity, electrical, units of, 111 



Refraction, 175 
Resistance, 112 
Resistivity, table, 200 



Ri^dity, coefficient of, 66 
table, 194 



Values of g, table, 194 
Vibration of tdr columm 

of strings, 85 
Volume, units of, 2 



Water vapor in air, table, 198 
Weight, 13 

Wire gage values, table, 200 
Work, units of, 25 



Second, 3 
Self-induction, 13S 



Voung's modulus, ( 
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